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1. Introduction

The last two decades have witnessed the development of the approximation and
interpolation theories for minimal surfaces in Euclidean space R™, n > 3 (see
the monograph by Alarcén, Forstneri¢, and Lépez [6]). In particular, analogous
results to the seminal Runge, Weierstrass, and Mittag-Leffler theorems in complex
analysis from the 19th century have been recently established for the family of
conformal minimal immersions M — R"™ of any open Riemann surface M, leading to
a considerable number of applications to the global theory of minimal surfaces. The
key tool for this task has been the well known close connection of minimal surfaces
with complex analysis via the Weierstrass representation formula, together with the
classical theories of approximation and interpolation for holomorphic functions on
open Riemann surfaces, as well as the modern Oka theory (see [16] for background).
Recall that an immersion v = (uy,...,uy) : M — R™ is conformal if and only if the
(1,0)-differential ou = (Juq, ..., Ou,) of u satisfies the nullity condition

(Our)? + -+ + (Qun)? = 0.

Such an immersion u is minimal if and only if it is harmonic if and only if du
is holomorphic. Conversely, a nowhere vanishing C"-valued holomorphic 1-form
¢ = (¢1,...,¢,) satisfying ¢? + -+ + ¢2 = 0 and the period vanishing condition
R fogi) = 0 for every closed curve C' in M integrates to a conformal minimal
immersion u =R [ ¢ : M — R™ with du = ¢.

The Mittag-Leffler theorem from 1884 [25] states that for any closed discrete
subset £ C C and any meromorphic function f on a neighbourhood of E there exists
a meromorphic function g on C which is holomorphic on C\ E and satisfies that the
difference g — f is holomorphic at every point in E. This result was extended by
Florack in 1948 [14] (see also Behnke and Stein [10]) to functions on open Riemann
surfaces, including interpolation on a closed discrete set; approximation on Runge
compact subsets was added by Bishop in 1958 [I1]. The natural counterpart of a
pole of a meromorphic function in minimal surface theory is a complete end of finite
total curvature (see e.g. [20, Chap. 9] or [6, Chap. 4] for background). Indeed, if



2 Antonio Alarcén and Tjasa Vrhovnik

u:D,={Ce€C:0<|¢| <1} — R"is a complete conformal minimal immersion of
finite total curvature then Ou is holomorphic on D, and extends meromorphically to
D = D, U {0} with an effective pole at 0. Moreover, u : D, — R™ is a proper map.
Alarcéon and Loépez proved in [§] that for any closed discrete subset E of an open
Riemann surface M and any complete conformal minimal immersion w : V'\ E — R"
on a neighbourhood V of E such that every point in E is an end of finite total
curvature of u, there is a complete conformal minimal immersion @ : M \ E — R"
such that every point in E is an end of finite total curvature of @ and the map
@ — u is continuous (hence harmonic) on V' and vanishes at all points in E; that is,
a Mittag-Leffler theorem for complete immersed minimal surfaces. Their theorem
also includes approximation and jet-interpolation. In this paper we shall extend
this result in two different directions, namely, we shall establish Mittag-Leffler-type
theorems for proper minimal surfaces in R", embedded if n > 5 (see Sect. , and
for meromorphic curves in C" directed by Oka cones (see Sect. .

1.1. The Mittag-Lefler theorem for proper minimal surfaces. Here is our
first main result.

Theorem 1.1. Let M be an open Riemann surface, @ # E C M be a closed discrete
subset, and V. C M be a locally connected smoothly bounded closed neighbourhood of
FE all whose connected components are Runge compact sets. Let n > 3 be an integer
and assume that u : V \ E — R"™ is a complete conformal minimal immersion whose
restriction to each component of V '\ E is of finite total curvature; that is, every
point in E is a complete end of finite total curvature of u. Then there is a proper
full conformal minimal immersion 4 : M \ E — R"™ such that @ — u is continuous
(hence harmonic) at every point in E. Moreover, if n > 5 then we can choose U to
be injective (hence a proper embedding).

Furthermore, if in addition w : V \ E — R™ is a proper map, and if we are
given a number € > 0, a closed discrete subset A C M such that A C V \ E and
ulp : A — R” is injective if n > 5, and a map r: EUA — N ={1,2,...}, then there
is an immersion @ as above such that |4 —u| < e on V and 4 — u vanishes to order
r(p) at each point p € E'UA.

This result may be upgraded to include Mergelyan approximation on admissible
sets, as opposed to mere Runge approximation (cf. Theorem , and control on
the flux as in [8, Theorem 6.1]. Nevertheless, the latter is well understood and we
do not repeat it here. The main improvements of Theorem with respect to the
result by Alarcén and Loépez in [§] are that we can ensure the conformal minimal
immersion @ : M \ E — R"™ to be proper (instead of just complete), and in addition
an embedding if n > 5. Concerning the latter, Theorem gives the first general
existence result for embedded minimal surfaces in R® with complete ends of finite
total curvature; see (ii) in the following immediate corollary.

Corollary 1.2. If M is an open Riemann surface and E C M is a closed discrete
subset, then the following hold.

(i) There is a proper full conformal minimal immersion u : M\ E — R® such that
every point in E is an embedded end of finite total curvature of u.

(ii) There is a proper full conformal minimal embedding v : M\ E — R"™ (n > 5)
such that every point in E is an end of finite total curvature of u.
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Recall that, by a result of Jorge and Meeks [21], a complete minimal end of finite
total curvature u : D, — R3 is embedded (on a neighbourhood of 0) if and only if
Ou has a pole at 0 of order 2. The special cases of the corollary when F¥ = & were
established in [9] and [5], respectively. Delving into the direction of statement (ii),
we record the following corollary to the effect that complete minimal ends of finite
total curvature in R™, n > 5, are generically embedded.

Corollary 1.3. Let K be a smoothly bounded compact domain in an open Riemann
surface, @ # E C K be a finite set, and u : K\ E — R™, n > 5, be a complete
conformal minimal immersion of finite total curvature. Then for any € > 0 and
any r € N there is a complete conformal minimal embedding of finite total curvature
u: K\ E — R" such that @ — u is continuous on K, |t —u| < e on K and @ — u
vanishes to order r at every point in E.

We emphasize that the approximation in the corollary is uniform everywhere on
K \ E. If the map u|p given in Theorem is not injective, then the statement
remains to hold except that 4 cannot be chosen injective. Likewise, if u : V\ E — R™
is not proper, then the statement holds except that u cannot be a proper map. In
this case we may choose 4 : M \ E — R" to be an almost proper map, hence
a complete immersionﬂ Almost proper maps are in some sense the best class of
maps M — R™ that can hit an arbitrary countable set in R™. Thus, we obtain the
following result.

Corollary 1.4. Let M be an open Riemann surface and @ # E C M be a closed
discrete subset. For any integer n > 3 and any countable set C C R"™ there is an
almost proper (hence complete) conformal minimal immersion u : M\ E — R™ such
that every point in E is an end of finite total curvature of u and C C u(M \ E);
i particular, there is such an immersion u whose image s everywhere dense:

u(M \ E) = R"™. Furthermore, if n > 5, then there is an immersion u with these
properties which is in addition injective.

Corollary is new even in case F = &. Several existence results for complete
densely immersed minimal surfaces in R™ with arbitrary complex structure were
provided by Alarcén and Castro-Infantes in [2] [3].

By a theorem of Huber [20] (see also Chern-Osserman [13]), if R is a Riemann
surface, possibly with nonempty boundary bR C R, and there is a complete
conformal minimal immersion R — R of finite total curvature, then R is of finite
conformal type, meaning that R is conformally equivalent to a Riemann surface of
the form R \ X, where Risa compact Riemann surface, possibly with nonempty
compact boundary bR C E, and X C R \ bR is finite. If M is an open Riemann
surface, then a complete conformal minimal immersion uw : M — R"™ is of weak finite
total curvature, according to Lépez [22, 23], if the restriction u|r : R — R™ is of finite
total curvature for every region R C M of finite conformal typeﬂ Note that if M is
of finite topology, then u is of weak finite total curvature if and only if it is of finite

1A map f: X — Y between topological spaces is almost proper if the connected components of
f7Y(K) are all compact for every compact set K C Y. If M is a smooth surface, then every almost
proper immersion M — R"™ is complete by completeness of R".

2A connected subset R C M of a topological surface M is a region if it is closed and, endowed
with the induced topology, a topological surface with possibly nonempty boundary bR C R.



4 Antonio Alarcén and Tjasa Vrhovnik

total curvature, and in this case M is a compact Riemann surface with finitely many
punctures. By the aforementioned theorem of Huber, if an open Riemann surface
M admits a complete conformal minimal immersion M — R™ of weak finite total
curvature, then every region R C M with compact boundary and finite topology
must be of finite conformal type. Theorem implies that the converse statement
also holds; this is (iii)=-(ii) in the following characterization result.

Corollary 1.5. Let M be an open Riemann surface and n > 3 be an integer. Then
the following are equivalent.

(i) There exists a proper full conformal minimal immersion M — R™ of weak
finite total curvature.
(ii) There exists a complete full conformal minimal immersion M — R™ of weak
finite total curvature.
(iii) Ewvery region R C M with compact boundary and finite topology is of finite
conformal type, that is, every annular end of M is a puncture.

Furthermore, if M is of infinite topology and n > 5, then either of the above
conditions is equivalent to the following.

(iv) There exists a proper full conformal minimal embedding M — R™ of weak
finite total curvature.

Proof. The result is known in the case when M is of finite topology. Indeed,
(1)< (ii)=-(iii) follows from the classical theorems of Huber [20], Chern-Osserman [13]
and Jorge-Meeks [21], while (iii)=-(ii) is ensured by a recent result of Alarcén and
Lépez [8, Theorem 1.2] (see also Pirola [27] for n = 3).

Now assume that M has infinite topology. The implications (iv)=(i) if n > 5
and (i)=-(ii) are obvious, while (ii)=-(iii) is again due to Huber [20]. Let us explain
how (iii) implies (iv), if » > 5, and (i). Assuming (iii), M is biholomorphic to
an open Riemann surface of the form M’ \ E, where M’ is still an open Riemann
surface (perhaps of finite topology) and E C M’ is a (possibly empty) closed discrete
subset, such that every proper region in M’ \ E with compact boundary and finite
topology is a finitely punctured compact Riemann surface with compact boundary
whose punctures are interior points and belong to E (they are the only ends of the
region). Theorem applied to M’ and E then furnishes us with a proper full
conformal minimal immersion (embedding if n > 5) u : M’ \ E — R" such that
every point in E is a complete end of finite total curvature of u. In these conditions,
the restriction of the immersion to any proper region of M\ E as above is complete
and of finite total curvature, hence u is of weak finite total curvature. O

It is easily seen that on every open Riemann surface M’ there is a closed discrete
subset E such that M = M’ \ E satisfies condition (iii) in Corollary and
hence, M is the complex structure of a proper minimal surface in R3 of weak
finite total curvature and of a properly embedded minimal surface in R® of weak
finite total curvature. There are several restrictions (even topological ones) on an
open Riemann surface M of finite conformal type (thus, conformally equivalent to
a finitely punctured compact Riemann surface with empty boundary) to be the
complex structure of a complete embedded minimal surface of finite total curvature
in R3; see e.g. [19, Sect. 3] or [24) Sect. 5]. It is an open question, likely very
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difficult, whether every such M admits a complete conformal minimal embedding of
finite total curvature into R* or even into R>.

1.2. The Mittag-Leffler theorem for directed meromorphic curves. A
conformal minimal immersion M — R™ (n > 3) of an open Riemann surface M
is locally on every simply connected domain in M the real part of a holomorphic
null curve into C™. Recall that a holomorphic immersion F' : M — C" is null if it is
directed by the null quadric

(1.1) A={z=(z,...,2,) €C": 22 + ...+ 22 =0} cC",

meaning that the complex derivative F’ of F with respect to any local holomorphic
coordinate on M assumes values in A, = A\ {0}. Equivalently, for any holomorphic
1-form @ vanishing nowhere on M, the range of the holomorphic map dF'/0 : M — C"
lies in A,. We refer to [6] for background. More generally, assuming that A C C"
is a closed irreducible conical complex subvariety of C™ which is smooth away from
0, a holomorphic immersion F : M — C" is directed by A, or an A-immersion, if
its complex derivative F’ with respect to any local holomorphic coordinate on M
takes its values in A, = A\ {0}. Every such subvariety A is algebraic and is the
common zero set of finitely many homogeneous holomorphic polynomials by Chow’s
theorem, and it turns out that A, is the punctured cone on a connected submanifold
Y of CP"~!. That being so, holomorphic null curves are a special type of directed
holomorphic immersions of open Riemann surfaces into C”. Directed holomorphic
immersions were studied by Alarcén and Forstneri¢ [4], who proved an Oka principle
with Runge and Mergelyan approximation for holomorphic A-immersions, and that
every holomorphic A-immersion can be approximated uniformly on compact sets
by holomorphic A-embeddings under the assumption that A, is an Oka manifold,
which holds if and only if YV is an Oka manifold (see [4, Proposition 4.5], see [16]
for background on Oka theory). Interpolation was added by Alarcén and Castro-
Infantes in [3]; we refer to [I7, [12], [7] for further recent results in the subject.

The proof of the Mittag-Leffler theorem for conformal minimal surfaces by Alarcén
and Loépez in [§] uses in a strong way the special geometry of the null quadric, as
well as fairly technical results from the function theory of open Riemann surfaces.
Our approach to the proof of Theorem is different, relying mainly on modern
Oka theory. This enables us to establish analogues for the more general family of
directed holomorphic immersions, thereby extending the results from [§] in a different
direction. Given an open Riemann surface M, a closed discrete subset @ # E C M,
and a cone A as above, we shall say that a holomorphic A-immersion M \ E — C"
is a meromorphic A-immersion if it extends to M as a meromorphic map with an
effective pole at each point in E. Here is our second main result.

Theorem 1.6. Let A C C" (n > 3) be a closed irreducible conical subvariety
which is not contained in any hyperplane, is smooth away from 0, and such that
A, = A\ {0} is an Oka manifold. Let M be an open Riemann surface, @ # E C M
be a closed discrete subset, and V. C M be a locally connected smoothly bounded
closed neighbourhood of E all whose connected components are Runge compact sets.
Let F : V\ E — C" be a holomorphic A-immersion extending meromorphically to
V' with an effective pole at each point in E. Then, for any number e > 0, any closed
discrete subset A C M with A C V' \ E, and any map r : EUA — N there is a
holomorphic A-immersion F:M \ E — C" satisfying the following conditions.
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(i) F — F is continuous (hence holomorphic) on V. In particular, F extends
meromorphically to M with an effective pole at each point in E.
(ii) |F — F| < e everywhere on V.
(iii) F — F vanishes to order r(p) at every point p € E U A.

Furthermore, the following hold.

(iv) If the map F|a : A — C™ is injective, then we can choose F : M\ E — C™ to
be in addition injective.

(v) If An{z1 = 1} is an Oka manifold and the coordinate projection m1: A — C
onto the zi-axis admits a local holomorphic section p1 near zy = 0 with
p1(0) # 0, then we can choose F : M\ E — C™ to be in addition an almost
proper map, and hence a complete immersion.

(vi) If An{z; = 1} is an Oka manifold, the coordinate projection m;: A — C onto
the zj-azis admits a local holomorphic section p; near z; = 0 with p;(0) # 0 for
everyi=1,...,n, and F : V\ E — C" is a proper map, then we can choose
F:M \ E — C" to be in addition proper.

The punctured cone A, on any connected Oka submanifold Y of CP"! satisfies
the assumptions in the theorem, so there are lots of examples of subvarieties
A = A, U {0} C C™ which the result applies to. The extra assumptions on A
in statements (v) and (vi) were already used in [4, Theorems 7.7 and 8.1] (see
also [3l Theorem 1.3]) and are technically required in our proof to ensure the global
properties. This is due to the need of a Mittag-Leffler-type theorem for meromorphic
A-immersions with fixed components, which we establish in Theorem We note
that the null quadric A directing null curves and minimal surfaces meets all
these requirements (see [4, Example 7.8] or [3, p. 570]).

Finally, let us record the following analogues of Corollaries and [L.4] for
directed meromorphic curves. In case E = @ this follows from the results in [4] [3].

Corollary 1.7. If A and M are as in Theorem[1.6, then the following hold.

(i) If A is as in Theorem (vi) and @ # E C M is closed and discrete,
then there is a proper full holomorphic A-embedding M \ E — C" extending
meromorphically to M with an effective pole at each point in E. (See
Proposition for a more precise statement.)

(ii) Let K C M be a smoothly bounded compact domain, & # E C K be a finite set,
and F': K\E — C" be a holomorphic A-immersion extending meromorphically
to K with an effective pole at each point in E. Then, for any e > 0 and any
r > 0 there is a holomorphzc A-embedding F:K \ E — C" such that F—Fis
continuous on K, \F F\ < e on K and F — F vanishes to order r at every
point in E. In particular, F extends meromorphically to M with effective poles
at all points in F.

(iii) For any closed discrete subset @ # E C M there is a holomorphic A-immersion
F: M\E — C" extending meromorphically to M with an effective pole at
each point in E, such that F(M \ E) is dense in C™. If in addition A is as in
Theorem[1.6 (v), then F : M \ E — C" can be chosen to be almost proper.

Organization of the paper. We introduce the notation and the relevant
definitions in Section[2] In Section[3] we obtain a semiglobal Mergelyan-type theorem
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for directed meromorphic immersions with approximation and interpolation (see
Theorem and Proposition . This is our main technical result and the key
tool to be exploited in the rest of the paper. On the other hand, we prove in Section 4]
a desingularization or general position lemma for meromorphic A-immersions. By
combining these results in a recursive procedure, we establish Theorem (the
Mittag-Leffler theorem for directed meromorphic immersions) in Sections 5| to |7} see
the more precise version in Theorem[7.1] We point out that Theorem [I.1]on minimal
surfaces is granted by a very minor modification of the proof of (the somehow more
general) Theorem one just has to choose the directing cone to be the null
quadric in C" and ignore the imaginary parts of the periods in the construction.
This connection between minimal surfaces and directed immersions is already well
understood (see e.g. [3| Sect. 7]) and we shall not include the details.

2. Notation and preliminaries

We write N = {1,2,...} and Zy = NU{0}. Let |-| denote the Euclidean norm in R"
for n € N. Given a compact topological space K and a continuous map f : K — R",
we mean by || f||x the maximum norm of f on K. Given f,g: K — R", we say that
f approximates g on K, and write f ~ g, if ||f — g||x < € for some ¢ > 0 which
is sufficiently small according to the argument. Throughout the paper, we assume
that surfaces are connected and n € N, n > 3.

Let A C C™ be a closed irreducible conical complex subvariety of C™ which is not
contained in any hyperplane and is smooth away from OE| We denote by A, := A\{0}
the punctured subvariety, assuming that it is smooth and connected.

Definition 2.1. Given an open Riemann surface M and a closed conical complex
subvariety A C C™, a holomorphic map F : M — C" is an A-immersion if its
complex derivative F’ on M with respect to any local holomorphic coordinate on
M assumes values in A, = A\ {0} (see [4, Definition 2.1]). Given a closed discrete
subset E C M, by a meromorphic A-immersion M\ E — C" we mean a holomorphic
A-immersion M \ E — C" extending to M as a meromorphic map with effective
poles at all points in E. We denote by

Ja(M|E)
the space of all meromorphic A-immersions M \ E — C". An injective meromorphic

(or holomorphic) A-immersion is said to be a meromorphic (or holomorphic) A-
embedding.

Definition |2.1|extends to the case when M is a compact bordered Riemann surface
with smooth boundary bM C M, E C M = M \ bM is a finite set, and the map
F: M\ E — C" is continuously differentiable on M \ E and meromorphic in M.

Let FF = (F1,...,F,): M — C™ be a meromorphic map which is holomorphic
on M \ E and has effective poles at all points in F. Fix a nowhere vanishing
holomorphic 1-form § on M (see [18]) and write dF; = f;6, j = 1,...,n. Then the
map F' is a meromorphic A-immersion M \ E — C" if and only if its derivative
f=dF/0 = (dF1/0,...,dF,/0) : M \ E — C" has the range in A.. On the other
hand, given a meromorphic map f = (fi,..., fn): M — A, with effective poles in F,

3A complex subvariety A C C" is conical if A\A = A for all A € C\ {0}.
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the vectorial 1-form f0 = (f16,..., f,0) integrates to a meromorphic A-immersion
F: M — C"in J4(M|E) if and only if f6 is holomorphic and exact on M \ E. The
corresponding meromorphic A-immersion is then obtained by

D
F(p)=F(po)+ [ f0, peM,
Po

where po € M \ E and F(py) € C" are arbitrary initial point and condition.

Definition 2.2. Let A be as in Definition 2.1, M be either an open Riemann surface
or a compact bordered Riemann surface, and 6 be a nowhere vanishing holomorphic
1-form on M. A holomorphic A-immersion F': M — C" is full if the C-linear span of
the tangent spaces Ty, A, © € M, equals C". (Here, dF' = f0.) Full meromorphic
A-immersions are defined analogously.

Given complex manifolds X, Y and a subset M C X, we denote by €°(M,Y) the
space of continuous maps M — Y, and by &'(M,Y") the space of holomorphic maps
from some neighbourhood of M in X to Y. If X is a Riemann surface, Y C C" is a
submanifold and E C M is a finite subset, then

(2.1) Osx(M|E,Y)

denotes the space of meromorphic maps from some neighbourhood of M in X to
Y with effective poles exactly at points in E. If we do not specify the polar set of
meromorphic maps in the latter space, we shall write O (M,Y") instead. Moreover,
given a closed subset K C X, we denote by «/(K,Y) = ¢°(K,Y)N O(K,Y) the
space of all continuous maps K — Y which are holomorphic in the interior KCK
of K. Similarly, for a finite subset F¥ C K ,

(2.2) oo (K|E,Y)

denotes the space of meromorphic maps K — Y with effective poles exactly at
points in E that are continuous on K \ E. When Y = C, we shall omit writing
the latter in the corresponding spaces of functions, so we have the spaces €°(M),
O(M), Ox(M|E), o/ (K) and @ (K|E).

Let now X be a set. Then
n
Div(X) = {Hpji: pi€X, s, €7, ne N}
i=1

denotes the free commutative group of finite divisors of the set X. (Note that we use
multiplicative notation.) Given two divisors Dy, Dy € Div(X), we write D1 > Do
whenever the divisor Dngl is of the form D1D271 =i, pi" with p; € X, 5, > 0,
n € N. In such case, we say that D1D, L'— D is an effective divisor. Moreover, the
set supp(D) = {p;: s; # 0} is called the support of D =[]}, pi* € Div(X).

7
Assume that M is a Riemann surface, K C M is a compact subset and
f € Ox(K), f # 0, is a meromorphic function on a neighbourhood of K. Then
(f) € Div(K) denotes the divisor of f in K, that is, the quotient of zeros of f
by poles of f (counted with multiplicities). Furthermore, given an effective divisor
D € Div(K) we write

(23)  Op(K):={f€OK):(f)>D}, p(K):=(K)NOp(K"),
where K’ C K is any compact neighbourhood of supp(D).
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Definition 2.3. (See [0, Definition 1.12.9].) Given an open Riemann surface M,
an admissible set in M is a compact set S = K UT, where K is a finite (or
possibly empty) union of pairwise disjoint compact domains with piecewise smooth
boundaries in M and I' = S\ K is a finite (or possibly empty) union of pairwise
disjoint smooth Jordan arcs and closed Jordan curves intersecting K only at their
endpoints (or not at all) and such that their intersections with the boundary bK of
K are transverse.

Remark 2.4. If M is an open Riemann surface and E C S = K is a finite
subset of an admissible set S = K UI' C M, then the notion of a meromorphic
A-immersion (see Definition extends to maps F': S\ E — C" of class (S \ F)
that satisfy F| éam € Z4(S|E) and the complex derivative F’|p with respect to
any local holomorphic coordinate on I' assumes values in A,. As before, we write
F € J4(S|E).

Definition 2.5. Let S = K UI' C M be a connected admissible set and ) C S be
a finite set. A skeleton of S based at @ is a finite collection {C; : j = 1,...,1} of
smooth oriented Jordan arcs in S such that the following hold.

(S1) C = Ué‘:1 C; is Runge on a neighbourhood of S and a strong deformation
retract of S.

(82) Ifi,j € {1,...,1},i# j, and C; N C; # &, then C; N C; = {p; ;} where p;; is a
common endpoint of C; and Cj.

(S3) Every point in @ is an endpoint of an arc in {C; : j =1,...,1}.

Given a connected admissible set .S, one can always find skeletons of S based at
any finite set () C S as in the definition. For a detailed construction of a family of
such curves we refer to the proof of [6l Proposition 3.3.2]. We emphasize that by
property (S1), C' is Runge in M whenever S is so. Recall that a compact set K in
a Riemann surface M is holomorphically conver or a Runge set in M if and only if
K has no holes in M (see [0, Lemma 1.12.3]).

Let M be an open Riemann surface, S C M be a connected Runge admissible
set, and E C So', A C S be disjoint finite subsets. Also let A C C" be a closed
irreducible conical complex subvariety and 6 be a nowhere vanishing holomorphic
1-form on M. Assume that € = {C4,...,C;} is a skeleton of S based at F U A and
set C = Ué»:l Cj (see Definition . For any map f € €°(C \ E, A.) we define the
family of maps

(2.4) ¢°(C, f) ={he € (C\ E,A): h— fe€°(C,C")}
and the period map
P = (P,...,?):€°C, f) — (C")
(2.5) P(h) = (/ (h — f)@) , heg C,f).
% j=1,...1

Recall that a complex manifold X is called an Oka manifold if every holomorphic
map K — X from a neighbourhood of a compact convex set K C C" can be
approximated uniformly on K by entire maps C" — X. (See [16, Definition 5.4.1].)
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3. The Mergelyan theorem for meromorphic A-immersions

In this section we establish Mergelyan and semiglobal approximation results for
meromorphic A-immersions; see Theorem and Proposition 3.2 The former,
which is used to prove the latter under extra assumptions, can be seen as our main
new technical tool.

Theorem 3.1. Let M be an open Riemann surface, S = K UL be an admissible
set in M, and E C S, A C S be disjoint finite subsets. Let A C C" (n > 3) be a
closed irreducible conical subvariety which is not contained in any hyperplane and is
smooth away from 0, and let F € Z4(S|E). Then, for any e > 0 and any r € Z4
there exist an open neighbourhood ScM of S and a full meromorphic A-immersion
G € Z4(S|E) such that the following are satisfied.

(i) G — F is continuous on S, vanishes on A\ S and vanishes to order r on
EU(ANS).
(i) [|G - Flls <e.

Recall the notation .#4(S|F) in Remark and Definition The following
result extends [4, Theorem 7.2] to the meromorphic framework.

Proposition 3.2. Let M, S, E, A and A C C" (n > 3) be as in Theorem and
assume that S is Runge in M and A, is an Oka manifold. Let r € Z, and & > 0.
Given a meromorphic A-immersion F € Z4(S|FE), there ezists a full meromorphic
A-immersion G € I4(M|E) satisfying the following conditions.

(i) The difference G — F extends continuously to S, vanishes on A\ S and
vanishes to order r on EU (ANS).
(i) [|G = Flls <e.

We begin with preparations for the proof of Theorem Here is the key step.

Lemma 3.3. Let M, S, E, A and A be as in Theorem and assume that
S is connected. Let € = {Cy,...,Ci} be a skeleton of S based at EU A (see
Definition [2.5). Then for any e > 0, any r € Zy and any f € @oo(S|E, A) (2.2)
there exist an open neighbourhood S C M of S and a full map f € ﬁoo(§|E, Ay) (2.1)
such that:

(i) f— f is continuous on S and ||f — f||s < e.
(ii) 2(f) =0, where P is the period map associated to €, f and a given
nowhere vanishing holomorphic 1-form 6 on M.
(iii) f and f agree to order r on EU (AN S).

Proof. We proceed in two steps. Firstly, we approximate and interpolate f by a full
map f € Yoo (S|E, Ay) with gz(f) = 0. Secondly, we find a period dominating spray
of maps in o7 (S|F, A.) with core f and then approximate and interpolate it by a
spray in S. A suitable parameter value will then furnish a map f € ﬁoo(g |E, Ay)
satisfying the conclusion of the lemma.

Step 1: Approximation and interpolation by a full map. We say that a map
h € @ (S|E,Ay) is full if it is full on every relatively open subset X of S\ E,
meaning that the C-linear span of the tangent spaces Tj,(,) A, z € X, equals C". We
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shall explain the argument in the case when S = K is a connected compact domain
(hence I' = @). For a general admissible set of the form S = K U we repeat the
argument on every connected component of K, however, on each arc in I, a suitable
small continuous deformation of f provides fullness on I' while preserving the other
conditions; see [4, Lemma 7.3].

Assume that the map f € o (K|E,As) is not full; otherwise skip the first
step. Denote by X(f) the C-linear subspace of C™ spanned by all tangent spaces
T.A, z€ f(K\ E). Since f is not full, ¥(f) is a proper subspace of C".

Claim 3.4. There is a full map f: K \ E — A, of class o/ (K|E, A,), such that
f — f is continuous on K, vanishes to order r on EU (AN K), f is as close as

desired to f on K, and Z(f) = 0.

Proof. Choose points x1,...,xx € K\ (EUA) such that TiepA, j=1,...,k, span
Y(f). Set A" :={0}U{z € A.: T,A C X(f)}. Choose a holomorphic vector field V
on A tangential to A such that it vanishes at 0 and is not everywhere tangential to A’
along f(K \ E). Let C >t — ¢(t,z) € A be the flow of V for small values of |t| and
#(0,z) = z € A. Fix a nonconstant function h € 0(K) with h(z;) =0, j=1,...,k,
and vanishing to order r at all points in £ U A. For any function g on a small
neighbourhood of the constant zero-function in 27 (K), define ®(g) € o (K|E, Ay)
by
(9)(p) := ¢ (9()(p), f(p)), pe€K\E,
and note that ®(g) € €°(C, f), where C = Ué‘:l Cj; see (2.4). Consider the map

g Z(2(9)) € (C"),

where &7 is the period map in Lemma (ii). We have Z2(®(0)) = Z(¢(0, f)) =
Z(f) = 0 and since the vector space 7 (K) is of infinite dimension, there exists
a nonconstant function ¢ € &/(K) close to the zero-function on K, satisfying
P(®(g)) = 0. It follows that the map f := ®(g): K\ E — A, lies in o (K|E, A,)
and satisfies the requirements in lemim except that f may fail to be full. Indeed,
note first that if p € EU A, then (f — f)(p) = ®(g)(p) — f(p) = ¢(0, f(p)) — f(p) =
f(p) — f(p) = 0 (to the correct order, as h vanishes to order r at p), and
approximation on K follows by construction.

A ~

Let us check that dim 3(f) > dim X(f), where X(f) denotes the C-linear subspace
of C" spanned by all tangent spaces T, A with z € f(K \ E). Firstly, observe that

X(f) € E(f). Indeed, since h(z;) =0, j =1,...,k, the inclusion follows from the

equality f(z;) = ®(g)(x;) = ¢(g(x;)h(x;), f(x;)) = (0, f(x;)) = f(x;). Moreover,
g is nonconstant on K (hence so is gh) and V is not everywhere tangential to A" along
f(K\ E), which implies that there exists a point 29 € K\ (FUAU{z1,...,zx}) such

that f(zg) € A\ A’. Therefore, TA(zo)A C S(H\Z(f) and dim 2(f) > dim 2(f), as

f
claimed. Finally, a finite recursive application of this argument enables us to assume
that dim 3(f) = n, thereby concluding that f is full. O

Step 2: Approximation and interpolation by maps in ﬁoo(§|E, Ay). By the
previous step, we may assume that f is full on S. Choose a function g € (M) with

(3.1) (9) = [T»"",

peEE
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where o(p) = max{Ord,(f;): i = 1,...,n} and Ord,(f;) denotes the order of f; at
the pole p. Define

(3.2) fo:=fg.

Since f € W (S|E, As), we have by that fo € «7(S, A,). Choose holomorphic
vector fields Vi,...,Vx on C" (N € N) that are tangential to A along A, vanish at
0 € A and such that span{Vi(z),...,Vy(z)} = T, A for each z € A,. Let ¢! denote
the flow of V; for small ¢t € C and all i = 1,..., N. Recall that [ is the number of
arcs in the skeleton ¢ = {C1,...,C}} in the statement of the lemma.

Claim 3.5. There exist an open neighbourhood U of 0 € CN' and a map <5f~0 €
(U x S, Ay) such that the map

Ux (S\E)> ((p) — 7, (¢p)/9(p) € As

is continuous, holomorphic on U x (S'\ E) and satisfies 6}50(0, Vg = fo)g = f.
Moreover, 6f0(c,’)/g is meromorphic on S, the difference :ISJ;O(C, Vg — f extends

continuously to S, hence &ODJ;O(C, /g € €°C, f) [2.4), <T>]g0(§,-)/g — [ wanishes
to order r on E U (AN S) for each parameter ( € U, and the period map
Us(— @(@fO(C, )/g) € C™ [2.5) has mazimal rank equal to nl at ¢ = 0.

Proof. Let v; C é'j, j =1,...,1, be Jordan arcs. Since f is full on S, the same
holds for fy (3.2), implying that the tangent spaces T];O ( x)A, x € S, span C", which

is also true on the arcs v;, 7 = 1,...,l. Thus, there exist pairwise distinct points
Dij,---,PN,; € 7; such that
(3.3) Span{m(fo(pl,j))y y -7VN(f0<pN,j))} =C" j=1,...,L

Choose functions ij, ceey fN,j € ¢°(C,C) with pairwise disjoint supports such that
pij is an interior point of supp(f; ;) C v; and

(3.4) A_'JZJ'(WOfo)@%W(fO(pi,j))a i=1,...,N;

see (3.1). Set F = (ij,...,fN’j)j:L“_’l € ¢°(C,(CM)Y) and let W be an open
neighbourhood of 0 € (CV)! so small that the map Qr: W x O x Ay — A,

_ — (Hl oY L e
(I)F(Capa z) = <¢§171f1,1(p) e ¢CN,1fN,1(p) °

1 N
o O¢C1,zf1,l(l’) e CN,lfN,z(P)) (2),
is well defined, where ¢ = ((Gij)i=1,..N);— ; € W. Also, define the map
CI)ﬁfO:WXC%A* by

O 7 (Cp) = Pi(¢p, folp),
that is, a spray of continuous maps with core
(3.5) O 5 (0,7) = fo.
Observe that @z ; (¢,-)/g € €°(C\ E,A.) and @55 (C-)/g = fo/g = f on

C\ Ui,j supp( fi,;j), hence @5 ];O(C,-)/g — f = 0 on a neighbourhood of F U A in
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C. Consequently, ®x fO(C,-)/g € ¢°C,f), ¢ € W; see (2.4). We are therefore
entitled to define the period map 2 = (2y,...,2;): W — (C")! by

(3.6) 2Q) = P(®5: (C)]9), CEW:
see (2.5). Then, for each pair of indices i € {1,...,N} and j € {1,...,1}, we have
02y, .
. = for k 1,...,0H k
(3.7 Ty =0 ok (Lol kA
since supp(ﬁj) Cv; C é’j, while
33 fij
(3:8) 5o lo= [ 7 e 0 Vi),

The matrix <(38C7i‘4=0)i=1,m,1\1>j:1 N has block structure with [ x [ blocks, each of

them being of size N xn, and by (3.7]), these blocks are nonzero only on the diagonal.
Therefore, assuming that the approximation in (3.4) is close enough, (3.3)), (3.4)
and (3.8) guarantee that

l
rank((;@i’@o)i: )] 1,..,0 Zrank(ag]‘c o>z 1,.. ’N:nl.

Jj=1

Thus, the implicit function theorem gives a closed ball U’ ¢ W < (CN)! around
0 € (CM)! such that

(3.9) 2: U — 2(U') is a holomorphic submersion and 2(0) =
The latter follows from (3.2), (3.5), (3.6) and (2.5). Choose U’ so small that
b5 (¢~ fo forall¢elU’.

To finish, we shall approximate ® 7 by a map that satisfies the claim. For this,

choose an integer

(3.10) ro > T+ Z ZOrdp(fi).

peE i=1

Using the Mergelyan theorem, we approximate each f” € ¢°(C,C) uniformly on C
by a function h; ; € O(S) with
(3.11) (hij)>Dy= [ »°*,

peEEUA

which is possible since f” = 0 on a neighbourhood of F U A and C is Runge in
a neighbourhood of S. Set H = (h1,...,hnj)j=1,.1 € (ﬁpl(S)N)l; see .
Choose an open neighbourhood U of the origin, 0 € U ¢ U’ ¢ (CV)! and consider
the map (I)H,f}): U xS — A, given by

— 1 N
(I)H,fo (Cp) = (¢C1,1h1,1(27) oo ¢<N,th,1(p) ©

1 N .
© D¢ ihaa() © " O Py ahina(p) ) (fo(p)),

which is a spray of class &/ (U x S, A,) with core @ = (0,-) = fo. Tt is clear that the
map ® = (¢,-)/g lies in oo (S|E, Ay) for all ¢ € U and @ 7 (0,-)/g = folg =
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Letting Ds := HpeEuApT, it follows that @, ];0((, /g —f € ap,(S)" forall ( € U
(see (2.3), (3.11)), so, in particular, @ #(C,-)/g € €°(C, f); see (2.4). This implies

that the map
(3.12) ()= 2 (0 1(6)/9), CeU,

is well-defined with 2(0) = 2(f) = 0. Assuming that each function h;; is
sufficiently close to fiJ on C, and provided that U is small enough, we have that
the period map 2:U — Ccn has maximal rank at ( = 0 by . It is now
clear that ® = d H.fo satisfies the conclusion of the claim. ([l

We now continue the proof of Lemma by proceeding with Step 2. We let
S be an open neighbourhood of S in M where the functions h;; in are
holomorphic and, by the standard Mergelyan theorem, approximate fo € (S, A,)
in uniformly on S by a function hg € & (§ , Ax) which agrees with fo to order
ro + 1 on (EUA)OSO'; see . Define ® gy p,: U x S — A, by

(3'13) (I)H’ho (C’p) = (qbél,lhl,l(p) oo ¢gv,1h1v,1(17) ©

1 N
o ¢C1,lh1,l(P) R ¢<N,th,l(p)> (ho(p)) :

Note that ®gp,(0,) = hg, the map ®pp,(¢,-) is holomorphic on S for each
¢ €U, &gp, ~ q)Hfo uniformly on U x S, and ®pp, agrees with q)Hfo to
order 79+ 1 on U x ((EUA) N'S). Moreover, ®p4,(¢,-)/g € Ox(S|E, A,) and
D po(C,) /g — f € 9p,(S)". In particular, @ p,(C,-)/g € €°(C, f), which enables
us to consider the period map #Z: U — C™ given by

Z(C) == P (Pr,ne(C,0)/9) -
If the approximation of fo by ho is sufficiently close on S, then Z() =
P(@un(C.)/9) = P(Pp f(C,0)/g9) = 2(¢) for each ¢ € U, implying that #
is submersive at 0 € CV! and 0 € C™ lies in the range of % by the implicit function
theorem. Thus, there exists a parameter (o € U close to 0 such that Z({y) = 0.
Defining f := ® .4, (C0,-)/g € Ose(S|E, A,), it satisfies the following properties.

o f—feop,(S)" and it is continuous on S. This implies condition (iii) and
the first part of (i) in the statement of the lemma.
o P(f)=%(() =0, and hence (f — f)f is exact on S; see (2.5) and recall

that C' is a strong deformation retract of S. This shows (ii).
o f=Pupn(Co,")/9~ Py 7 (Co,)/9= fo/g=f on S, proving (i).

This concludes Step 2 and completes the proof of the lemma. O

Proof of Theorem[3.1. Assume that the admissible set S is connected; if not, apply
the same argument on each of its connected components. Moreover, assume that
K # @; otherwise S =T and F': S — C" is an A-immersion of class ¢1(S) as in [4]
Sect. 7], hence [4, Theorem 7.2 (a)] solves the problem except for the interpolation,
which is achieved as in what follows. Fix a nowhere vanishing holomorphic 1-form 6
on M and write dF = f6. Pick a point py € S\(EUA) C K and let € = {C1,...,C;}
be a skeleton of S based at EUA U {po} (see Definition 2.5). By Lemma we
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may approximate f uniformly on S by a full meromorphic map f € ;zfoo(g |E, Ay)
defined on a neighbourhood S of S such that S is a strong deformation retract of
S, f agrees with f to order r on EU (AN S), and @(f) = 0, where & is the period
map associated to €, f and 0. In particular, f@ is exact on S ; indeed, f0 = dF
and (f — f)0 are exact on C = Ui’:1 C;, and C is a strong deformation retract of S,
hence of S (see the last part in the proof of Lemma . Therefore, the formula

P _ ~
G(p) = F(po)+/ f0, peS\E,
P

0

defines a full meromorphic A-immersion on S arbitrarily close to F' on S, and such
that the difference GG — F' is continuous on S, vanishes at all points in A and vanishes
to order r+1 on EU (AN S); take into account that € is based at EUA U {po}, C

is connected and Z(f) = 0. We conclude that G satisfies the theorem. O

Remark 3.6. If in Theorem we additionally assume that A, = A\ {0} is an
Oka manifold, S is connected and the inclusion S < M induces an isomorphism
Hy(S,Z) — H{(M,Z) of the homology groups, then there is a full meromorphic
A-immersion G € #4(M|E) satisfying (i) and (ii) in the statement of Theorem
Indeed, for this we adapt the proof of Lemma [3.3] as follows. Firstly, using Oka
approximation [16, Theorem 5.4.4] (see also [6, Theorem 1.13.3]), we approximate
the map fo € «7(S, A,) in uniformly on S by hg € (M, A,) such that ho — fo
vanishes to order 7o +1 on FU (AN S ). Secondly, by the Mergelyan approximation
theorem on admissible sets [I5, Theorem 16] (see also [6, Theorem 1.12.11]), we
approximate each h; ; € €(S5) in uniformly on S by h;; € ¢(M) such that
fzz-yj — h;j vanishes to order ro +1 on EU (AN S) Write H = (ﬂ”)” The
map (I)ﬁ,h(): Ux M — A, defined as but using hg and ﬁ” from above,
satisfies (I)fl,ho(O’ -) = ho, 5
vanishes to order 79 + 1 on U x (E U (AN S)). By the same argument as before,
provided that all approximations are sufficiently close, the implicit function theorem
furnishes us with a parameter (o € U close to the origin, such that the full map
fi=®5,,(00,)/9 € Ox(M|E, A,) satisties 2(f) = 2(f) =0, f =~ f on S, and
the difference f — f vanishes to order r on E U (AN S) The immersion G is then
obtained as in the proof of Theorem

~Q, o uniformly on U x S, and their difference

Proof of Proposition[3.9. Let F be as in the statement. Set gy := /2 and
fix a nowhere vanishing holomorphic 1-form 6 on M. Remark [3.6] provides a
neighbourhood U C M of S with Hy(S,Z) = Hy(U,Z), and a full meromorphic
A-immersion F° € .7, (U|E) such that FO — F is continuous on S, vanishes on A\ S,
vanishes to order 7 on EU (AN S) and ||[FO — F||s < e0.

Choose a strongly subharmonic Morse exhaustion function 7: M — R with
S c{r<0}c{r <0} CU;seee.g. [0, Proposition 1.12.5]. We may assume that
0 is a regular value of 7 and that every level set {r = ¢}, ¢ > 0, contains at most
one critical point of 7. Choose a strictly increasing sequence 0 = ¢y < ¢; < ¢2 < ...
with lim;_, ¢; = 400 and such that for every j € Z, ¢; is a regular value of 7,
and the set A; = {¢j_1 < 7 < ¢;} (j € N) contains at most one critical point of
7. Set M; = {7 < ¢;}, j € Z;. We shall inductively construct a sequence of full
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meromorphic A-immersions {F7: M;\E — C"};, F € .#4(M;|E), and a decreasing
sequence of positive numbers {¢;};, satisfying the following conditions for all j € N.

(1;) F7 — FI=1is continuous on M;_y and ||[F7 — FI=Y |y, <ej_1.

(25) F7 — Fis Dcontinuous on M, vanishes on A\ S and vanishes to order 7 on
EU(ANY). ‘

(3j) 0<ej <egj-1/2,and if G: M\ E — C" is holomorphic with ||G—F7|[y\p <
€j-1, then Gy, \p: Mj—1\ E — C" is an immersion.

If such sequences exist, then the sequence {F7 }; converges uniformly on compact
sets to the limit map G := lim;_ o F' J: M\ E — C", which is a full meromorphic
A-immersion of class 4 (M|E), the difference G — F' extends continuously to S,
vanishes on A \ § and vanishes to order r on EU (AN S), and ||G — Fl|g < . So,
G satisfies the conclusion of the theorem.

We now explain the induction. The base of induction is provided by the already
chosen F': U\ E — C" and gy9. Assume that for some fixed integer j € N we
have already found maps F* and numbers &; meeting the above conditions for all
i €{0,1,...,5—1}. To construct F7, we consider the following two cases.

Case 1: The domain A; = {cj—1 < T < ¢;} does not contain any critical point of T.
In this situation, Remark[3.6{gives a full meromorphic A-immersion F7: M A\E —C"
satisfying properties (1;) and (2;). Choosing €; > 0 sufficiently small fulfils (3;) as
well; note that here we use Cauchy estimates and the fact that 7 has effective poles
at all points in F/, hence so does G.

Case 2: The domain A; = {cj_1 < T < ¢j} contains a critical point p of T.
By assumption, p is the unique critical point of 7 on A; and it is a Morse point
with Morse index either 0 or 1. If the Morse index of 7 at p equals 1, the change
of topology is described by attaching to M;_; a smoothly embedded oriented arc
I'; € Aj UbM;_; with an initial point p; € bM;_; and a final point ¢; € bM;_1,
and such that I'; intersects bM;_; transversely and is otherwise contained in A;.
The set S; := M;_1 UT'; is admissible in M; and has the same topology as M. If
the points p;, ¢; belong to the same connected component of M;_1, a new nontrivial
curve appears in the homology, however, if they belong to different components of
M, _1, we have that Hy(M;_1,Z) = Hy(S;,Z). In either case, we proceed as follows.
By [6, Lemma 3.5.4], we extend f/~! smoothly to the arc I'; such that it still maps
to A, and satisfies

/ 710 = F7=Ng5) — F/~ 1 (p))

Ly

The extended map f/~!, defined on S; = M;_; UT;, yields a meromorphic A-
immersion F7=1 € #4(S;|E); note that F/=! = Fi=! holds on M;_;. Remark
then furnishes the succeeding map F7 € 4 (M;|E).

Otherwise, the Morse index of 7 at p equals 0. This time, a new connected
component of {r < ¢} appears at p when ¢ passes 7(p). Let A C A; denote a
smoothly bounded disc around p. We extend FV~! to S; := M;_1UA by defining any
full holomorphic A-immersion on A. Since S; is admissible in M; and has the same
topology as M, Remark applied to each component of S; furnishes a suitable
map F7 € .#4(M;|E). This closes the induction and completes the proof. O
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4. Desingularizing meromorphic A-immersions

In this section we prove the following more precise version of Corollary (b) for
removing self-intersections of directed meromorphic immersions. We shall later use
it in proofs of Theorems [5.1] and [7.1] in order to ensure the embeddedness.

Theorem 4.1. If M 1is a compact bordered Riemann surface, EE C M is a finite
subset, and A C C™ (n > 3) is a closed irreducible conical subvariety which is not
contained in any hyperplane and is smooth away from 0, then every meromorphic
A-immersion F: M\ E — C" of class I4(M|E) can be approzimated uniformly on
M\ E by meromorphic A-embeddings G € S4(M|E) such that the difference map
G — F is continuous on M and vanishes to any given finite order on E.

Moreover, if A C M \ E is a finite set such that F|p: A — C" is injective, then
G can be chosen to agree with F' on A to any given finite order.

We emphasize that the approximation by embeddings is uniform in the non-
compact surface M \ E. We establish the theorem by a recursive application of the
following result, which gives the technical tool to overcome this difficulty.

Lemma 4.2. Let M, E and A be as in Theorem[{.1. Given an open neighbourhood
A C M of E, every meromorphic A-immersion F: M \ E — C" of class S4(M|FE)
can be approximated uniformly on M \ E by a meromorphic A-immersion G €
IA(M|E) such that Gypa : M\ A — C" is injective, the difference map G — F is
continuous on M and vanishes to any given finite order on E.

Moreover, if A C M \ E is a finite set such that F|x: A — C" is injective, then
G can be chosen to agree with F on A to any given finite order.

The key condition in the lemma is that, while the self-intersections are eliminated
only from a compact subset, namely, M \ A, the approximation is uniform on M\ E.

Proof of Theorem assuming Lemma[{.3 We may assume that M is a smoothly
bounded compact domain in the interior of a compact bordered Riemann surface M
and, by Theorem that F' € JA(M]E). Let A C M \ E be a finite set such that
F|p is injective. Choose a sequence of open sets A; C M (j € N) such that E C A,
A;NA =g and Aj; C A for all j, making sure that

(4.1) Uarnay) =m\E.

Jj=1
We choose each A; to be a finite union of mutually disjoint smoothly bounded discs
centred at the points in E. Let F¥ := F and fix g > 0. We claim that there is a
sequence of numbers ¢; > 0 and meromorphic A-immersions F? € 4 (M|E), j € N,
such that the following hold for every j € N.

;) F9 — Fi~1 is continuous on M and ||Fi — Fi-| & < egjo1.

1;) FY

2;) FJ — F is continuous on M and vanishes to any given finite order on E'U A.

3;) F7 is injective on M \ A;.

4;) 0 < g5 < €j-1/2, and if G: M \ E — C" is a holomorphic map with
|G — FJ

(
(
(
(

HM\E < 2¢j, then G is an embedding on M \ A;.
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Indeed, we proceed by induction. The base is provided by the immersion F = F9
and the number ¢p chosen at the beginning of the proof. Observe that (2¢) holds.
For the inductive step, assume that for some fixed j € N we have already found a
number €;_1 > 0 and a map F/~1 € JA(]\AﬂE) satisfying (2;-1). Lemmaapplied
to (M ,E,A,FI71 A; e;_1) then furnishes us with a meromorphic A-immersion
Fie JA(M|E) satisfying (1,;)—(3;). Then, in view of (3;), the existence of a number
e; fulfilling (4;) is granted by Cauchy estimates. This closes the induction.

By (1), (2j), (4;) and the properties of Aj, there exists the limit map G =
lim;j o0 Fi: M \ E — C™, which is meromorphlc on M with effective poles precisely
in F and satisfies that G — F' is continuous on M. In fact, for each j > 0 we have
that G — F7 is continuous on M and

oo o0
. (Lr+1) (45)
(4.2) IG — Fil[ g < STIFH - PRl <0 S e < 2e,
k=j k=j
As a consequence, by property (4;), G € Z4(M|E) and is injective on M \ A; for all
j>1. By 4.1 ., it turns out that G is a meromorphic A-embedding on M. Flnally,

condition (2;) ensure that G — F vanishes to the given finite order on EUA, whereas
the approximation of F' by G is guaranteed by (|4.2)), closing the proof. O

Proof of Lemma[{.3 The proof follows closely the arguments in that of [4
Theorem 2.4] and [6, Theorem 3.4.1] for the case E = @. We shall only point
out the modifications which are necessary to deal with the poles and explain the
first part of the lemma; the second part concerning interpolation on A is established
exactly as in the proof of [6, Theorem 3.4.1] and we leave it out.

So, let A C M be a small open neighbourhood of F in M as in the statement

and assume that M := M \ A is a smoothly bounded compact domain. Define the
difference map 0F: (M \ E) x (M \ E) — C" by

6F(p,q) == F(p) — F(q), p,qe M\E.

Let D3z ={(p,p): p € M} be the diagonal of M x M. Since F is an immersion on

M\ E and M cC M\ E is compact, there exists an open neighbourhood U C M x M
of D7 such that 0F does not take the value 0 € C" on U\ D37 Our aim is to find
a meromorphic A-immersion G: M \ E — C" of class .#4(M|FE) such that G — F'is
continuous and arbitrarily close to 0 uniformly on M, G — F vanishes to the given
finite order on E, and the difference map 0G is transverse to 0 € C™ on (M x M)\ U.
By dimension reasons and the Abraham transversality argument [I], provided that
G is close enough to F on U, then G results to be injective on M=M \ A. For
this, we need to find a neighbourhood Q € CV of 0 € CV (for some large N € N)
and a holomorphic map H: (M \ E) x Q — C" meeting the following.

e H(-,0) = F and for every t € 2, the map H(,t) : M\ E — C" is a
meromorphic A-immersion of class Z4(M|E), the difference H(-,t) — F is

continuous on M and vanishes to the given finite order on F.
e The difference map dH: (M \ E) x (M \ E) x Q — C", defined by

(4.3) 6H(p,qt) == H(p,t) — H(g,; 1), (p,q,t) € (M \ E) x (M\ E) xQ,
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is such that the differential map
6t|t:06H(p> q, t) : (CN - C"
is surjective for every (p,q) € (M x M)\ U.

That being the case, the map G = H(-,t) satisfies the conclusion for almost every
parameter t € ) close enough to 0.

The main step to achieve that is given by the following analogue of [4, Lemma 6.1].

Claim 4.3. For any pair of points p,q € M \ E, p # q, there is a deformation
family H = HPD (- t) as above, t € C", such that d;|i—od0H (p,q,t) : C" — C™ is an
isomorphism.

Proof. Let T C M \ E be a smooth embedded arc connecting ¢ to p. Choose a
point pg € M \ (EUTY) and a skeleton {C1,...,C;} of M based at E U {pg} (see
Definition such that C' = Ué‘:1 C; C M\ Y. Let § be a holomorphic 1-form
vanishing nowhere on M and write dF' = ff. Choose g € O(M) as in and define
fo as in , so fo € O(M,A,). A modification of the proof of [4, Lemma 6.1],
using the ideas in the proof of Claim [3.5] provides a C™-valued 1-form

@fo(t,m,v), reM,veT,M,

depending holomorphically on a parameter ¢t = (¢y,...,t,) € C" on a neighbourhood
of 0 € C", such that for every such t the difference 1-form @fo (t,-,-)/g — f0O is
holomorphic on M, it vanishes to the given finite order at every point in F, and

/O‘ <®f0(t,-,-)/g—f9) —0 forj=1,....1
J
(cf. (3.6) and (3.12))). Moreover, O (¢,,-)/0 takes its values in A,, and, defining

T
HF(x7t) = F(p0)+ efo(tv'a')/ga JZ‘EM\E
Po
(cf. M, Eq. (6.6)]), it follows that Hp(-,0) = F and Hp(-,t) : M\ E — C" is a
well-defined meromorphic A-immersion of class .Z4(M|E) such that Hp(-,t) — F
is continuous on M and vanishes to the given finite order on E for every t € C"
sufficiently close to 0. Furthermore, we may ensure that the vectors

0 1 ) o
N AT ORI V= R

are C-linearly independent, where v : [0,1] — T is a smooth parametrization of the
arc T connecting ¢ to p. Since

1
SHp(p,q,t) = Hr(p,t) — Hr (g, 1) 2/0 07 (tv(s), v(s)) /9,

the latter implies that the partial differential 0;;—00 Hr(p, gq,t) is an isomorphism.
We refer to the proof of |4, Lemma 6.1] for further details. O

As HP9 satisfies that 9;|,—od HP (p, §,t) : C* — C™ is an isomorphism for any
pair of points p ~ p and § = g in M\ E, p # ¢, we may consider a finite open covering
U = {U;}*, of the compact set (M x M)\ U C M x M and the corresponding
families of maps {H'(-,t"): M \ E — C"}™,, where t' € ; C C" and €, is a
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neighbourhood of 0 € C", such that H'(-, %) is a meromorphic A-immersion of class
IA(M|E), the difference H(-,t') — F is continuous on M and vanishes to any given
finite order on E for every tt € Q;, H'(-,0) = F, and dH'(p,q,t"): C* — C" is
submersive at t* = 0 for every (p,q) € U;. It turns out that the composition map
H(p,t) = (HY --4H™) (p,t',...,t™), pe M\E, t= (', ...,t") eC",

defined analogously to those in the proofs of [4, Theorem 2.4] and [6, Theorem 3.4.1],
satisfies H(-,0) = F and its difference map 6 H (4.3 is submersive on (M x M)\ U
for all t = (t!,...,t™) close to 0 € CV (here, N = mn). Moreover, H(-,t) is a
meromorphic A-immersion of class Sy (M|FE), H(-,t) — F' is continuous on M and

vanishes to any given finite order on E for every t € Q ¢ CV (where Q ¢ CV is a
neighbourhood of 0 which depends on all €;).

The proof is now finished by the aforementioned transversality argument. ]

5. The Mittag-Leffler theorem for meromorphic A-immersions

In this section we establish the Mittag-Leffler theorem with approximation and
interpolation for directed meromorphic immersions by proving the following more
precise version of the first part of Theorem 1.6} including also condition (iv). We shall
complete the proof of Theorem by checking assertion (v) and (vi), concerning
global geometry, in Section [7| (see Theorem [7.1)).

Theorem 5.1. Assume that A C C" (n > 3), M and E are as in Theorem[1.6 Let
U C M be alocally connected closed neighbourhood of E whose connected components
are all Runge admissible compact subsets in M, A C U\ E be a closed discrete subset
of M, e >0 a number, andr: EUA — N a map. Given a map F: U\ E — C" such
that Flyngrwy: W\ (ENW) — C" is of class SA(W|ENW) for each component
W of U, there exists a full meromorphic A-immersion G: M \ E — C™ of class
JA(M|E) satisfying the following conditions.

(i) G — F is continuous on E, that is, it extends continuously to U.
(ii) G — F vanishes on A\ U and vanishes to order r(p) atp € EU(ANU).
(iii) |G = Fllv <e.

Furthermore, if F' is injective on A, then G can be chosen an embedding.

Proof. Assume that U has infinitely many connected components; otherwise the
proof is simpler. By the assumptions, U consists of countably many components
which are Runge admissible compact sets, and there exists a normal exhaustion of
M by a sequence of connected smoothly bounded Runge compact domains

[e.@]
(5.1) MyeMyeMe- - e|)M=M,

j=0
such that My is a disc, UN My = @, and for every j > 1, UNbM; = @ and M;\ M;_,
contains exactly one component of U; call it W;. In particular, U N M; = ngl W;
and U = |J;» Wi.

Fix a nowhere vanishing holomorphic 1-form 8 on M. Choose an arbitrary
full holomorphic A-embedding F°: My — C" and write dF° = f°9. (Note that
MynU = @.) Set gy := ¢/2. We shall inductively construct a decreasing
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sequence of positive numbers {¢;}; and a sequence of full meromorphic A-immersions
{F7: M;\ (ENMj) — C"}; of class Z4(M;|E N M;) such that, writing dF7 = f76,
the following properties hold for all j > 1.

(1;) F7 — F7~1is continuous on M;_; and ||[F7 — FI= 4|y, | <ej_1.

(2j) F7 — F is continuous on U N M; and ||[F? — Fllynn, < €j-1.

(3;) F/ — F vanishes on (A \ U) N M; and vanishes to order r(p) at p €
(EUANT)) N M.

(4;) If F|p: A — C" is injective, then FV is injective on M; \ (E N M;).

(5;) 0 < g5 < €j—1/2, and if G: M \ E — C" is a holomorphic map with
|G — FjHM].\(EmMj) < 2¢j, then G is an immersion on M;_; \ (E N M;_q).

The base of induction is provided by the already chosen gy and F°. (Note that
MoNU = @ and FY: My — C" is a full holomorphic A-embedding.) Properties (1)
and (5p) are void, whereas (29)—(4p) hold for free as U N My = @. For the inductive
step, assume that for some fixed j € N we have already found numbers ¢; > 0 and
full meromorphic A-immersions F* satisfying (2;)—(4;) for all i € {0,1,...,j — 1}.
Let us construct €; and F 7. Firstly, we shall connect M;_1 and W; C Mj \ M;_1 to
obtain a compact connected admissible set L; which is Runge in M. For that, pick
points p; € bM;_1 and g; € bW, such that g; does not belong to any of the finitely
many Jordan arcs in the description of W; as admissible set (see Definition .
Take a smooth oriented arc I'; C Mj with the endpoints p; and ¢; such that it
intersects M;_1 U W; only at its endpoints p;, g; and the intersection is transverse.
Apply [6, Lemma 3.5.4] and extend f/~1: M;_1 \ (EN M;_1) — A, smoothly to I';
such that it still maps to A, and satisfies

[ F70= Pla) ~ ),

Thus, we obtain an admissible set L; := M; 1 UT'; UW; C Mj (see Figure and
a map FV on L;, defined by

Fi=1(p) if pe M,
Fi(p) = q FI=Hpj) + [ f7710 ifpeTy,
F(p) iprWj.

By construction, Fi e FA(L;j|E N Lj). In this setting, Proposition furnishes
us with a full meromorphic A-immersion F7: M; \ (E N M;) — C™ of class
I 4(M;|ENM;) such that FV — FJ extends continuously to L, vanishes on (A\f])ﬂLj
and vanishes to order r(p) at p € (EU (ANU)) N Lj, and ||F7 — ﬁj||L]. < €j1.
Furthermore, by Theorem [4.1 we may assume that FY is an A-embedding on
M; \ (E N Mj) provided that F| is injective.

Let us check the properties. Firstly,
1 = B agy_, < 9 = By, + 19 = P97 ag,, <2,
as M;_1 C Lj, which proves (1;). Similarly,

|F9 — Flloam, < |[FY = F||yang, + ||F? = Fllunm, < €j-1,
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Figure 5.1. Sets in the inductive process of the proof.

proving the second part of (2;). (Note that in both inequalities above, the second
summand equals 0.) Furthermore, F¥ — F = (Fi — FJ) + (FJ — F) extends
continuously to UNM; since the first summand extends and the second one vanishes;
by a similar argument, the difference vanishes on (A\ U)N M ; and vanishes to order
r(p) at p € (EU(ANU))NM;, fulfilling (2;) and (3;). Property (4;) is already seen.
Finally, use Cauchy estimates to get a number ¢; > 0 so small that (5;) holds. This
closes the induction.

By (5.1), (1;) and (3;), there exists the limit map
G:=lim F/: M\ E —C"
J—oo

which is meromorphic on M with effective poles precisely in E. We estimate

, > (Ls1) o= (5))
(52) |G = F|lp, <Y NP — PRy, <> er < 285, j20.
k=j k=j
By (55), G € Za(M;—1|ENM;_q) for all j > 1, and hence G € #4(M|E). Moreover,
the difference G — F' is continuous on M by property (2;), vanishes on A \ U and
vanishes to order r(p) at p € EU (ANU) by (35). To check the approximation,
observe that

G — Fllven, < |G — Follunn, + ||[FY — Fllooar, < 2gj-1<2e0=c¢

holds for each j > 1, and, noting that U N My = &, we conclude that ||G — F||y < ¢,
as desired. The fullness of G is achieved for g > 0 small enough. Finally, in view
of (4;) and arguing as in the proof of Theorem if F'|A is injective, then we can
grant that G is an embedding by choosing each number €; > 0 sufficiently small. [

6. The Mittag-Leffler theorem for meromorphic A-immersions
with fixed components

In this section we establish a version of Theorem with the addition that, in
the approximation, we keep fixed up to n — 2 > 1 component functions of the given
meromorphic directed immersion M — C", assuming they extend meromorphically
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to the whole open Riemann surface M. This generalizes [4, Theorem 7.7] to the
meromorphic framework.

Theorem 6.1. Let M, E, U, A, r and € be as in Theorem A C U\E be a
closed discrete subset of M, and k > 1 and m > 2 be integers. Set n =k + m, and
assume that A" = AN{z1 = 1,..., 2z = 1} is an Oka manifold and the projection ™ =
(m1,...,m): A — CF onto 21, ..., zx-azes admits a local holomorphic section p near
(21,...,2k) = (0,...,0) with p(0,...,0) #0. Let F = (F',F"): U\ E — C", where
F' = (F1,....,Fy), F" = (Fyt1,...,F,), be as in Theorem[5.1] and assume that F
extends to a nonconstant meromorphic map F': M — CF that is holomorphic on
M\E and such that the zero set (f1,..., fx)~1(0,...,0) intersects U only at points in
U, where f; = dF;/0,i€{1,...,n}, with 0 a given holomorphic 1-form with no zeros
on M. Then there exists a meromorphic A-immersion F = (F',F") € Z4(M|E)
satisfying the following.

(i) F" — F" extends continuously to U and vanishes to order r(p) at p € EUA.
(i) ||F" — Fly < e.

As in the general case, we obtain this theorem by a recursive application of the
following approximation result of semiglobal type. We omit the proof of Theorem|[6.]]
as it is analogous to the proof of Theorem[5.1} the only difference being that we apply
Proposition [6.2] in place of Proposition [3.2] in order to keep the first k-component
functions fixed at all steps of the induction.

Proposition 6.2. Assume that M, S, E, A and r are as in Proposition
AcCS \ E is a finite set, and A', w, k, m and n are as is Theorem . Let
F=(F',F"): S\ E — C" be a map of class 4(S|E) and assume that F' extends
to a nonconstant meromorphic map F': M — CF that is holomorphic on M\ E and
such that the zero set (f1,..., fr) 2(0,...,0) intersects S only at points in S =K,
where F', F" and f; are defined as in Theorem |6.1l Given € > 0, there exists a
meromorphic A-immersion F = (F'|F") € Z4(M|E) satisfying the following.

(i) F" — F" extends continuously to S and vanishes to order r on E U A.
(i) |F" — Fls <e.

Proof. We combine ideas from the proof of Theorem with those of the proofs
of [4, Theorem 7.7] and [0, Theorem 3.7.1]. Firstly, observe that by assumptions
on A = An{z =1,...,2, = 1}, the projection 7 = (my,...,m): A — CF is a
trivial fibre bundle with Oka fibre A’ except over (0,...,0) € C*. Given a nowhere
vanishing holomorphic 1-form 6 on M, we write dF = f0 and f = (f', f") for
=1, -, fx) and " = (fxs1,---, fn).- By assumption, f’ is meromorphic and
nonconstant on M, hence its zero set Q := (f')~1(0) = {q1, g2, . .. } is discrete in M.
Take a holomorphic function g € &(M) with

(6.1) (9) =[] »™,
peEE

where o(p) = max{Ord,(f;): ¢ = 1,...,n} and Ord,(f;) denotes the order of f; at
the pole p € E. Let

h:=fg
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and write h = (', h”) as above (cf. and (3.2)). It follows that h € &7 (S, A.)
and (h')~1(0) C QUE is discrete in M. For simplicity of exposition, we may assume
that (h')~1(0) = Q U E. Denote the pullback bundle ¥ := (h')*A. The pullback
(R')*m: ¥ — M of the projection m: A — C¥ to M is a trivial holomorphic fibre
bundle over M\ (h')~1(0) = M\ (QUE) with Oka fibre A’ and has singular fibre over
points in QU E. Since (W', h")(x) € n~1(h/(x)) for z € S, the map z + (x, h”"(z)) is
a section of ¥ — M over S. In the sequel, we shall say that h” is a section of X.

To prove the proposition, we shall approximate A" on S by a global holomorphic
section h” of ¥ over M meeting interpolation conditions on £ U A. And we shall
apply control on the periods to make sure that, defining

F= (0 1")/g: M\E = A.,

the meromorphic 1-form f@ on M integrates to a meromorphic A-immersion
F: M \ E — C" satisfying the proposition. In order to achieve that, we wish
to apply [6 Theorem 1.13.4] (cf. [16l, Theorem 6.14.6]); however, we need a
globally defined continuous section of ¥ over M which is holomorphic on a small
neighbourhood of any point in M over which (A')*r is ramified, i.e., on Q U E, and
on a small neighbourhood of any point of interpolation, i.e., on A U E. Note that if
p € (QUEUA)NS, then p € § = K and h” is holomorphic around p by assumption.
The other possibility is that p € Q@ N (M \ 5), because E U A C S. So, on a disc
neighbourhood of any such point p we choose a holomorphic section h” such that
h"(p) # 0 and (R/,h”) maps to A,. We add all these disc neighbourhoods to the
domain of holomorphicity of h”.

We aim at approximating hz on S and interpolating on A= QUFEUA at the same
time. Observe that (M, S U A) is homotopy equivalent to a relative CW-complex
of dimension 1, therefore, a skeleton of M is obtained from S U A by attaching
points and edges. Moreover, regular fibres Ay, . = AN{z =ci1,...,2, = ¢} for
(c1y...,¢ck) # (0,...,0) are connected, which implies that any holomorphic section
of ¥ over S U A can be extended to a continuous section over M. Hence, the
assumptions in [0, Theorem 1.13.4] (the basic Oka principle for sections of ramified
maps) are satisfied. We shall adapt the proof of Lemma to the current aim.

Let € = {C1,...,C;} be a skeleton of S based at ANS (see Deﬁnition. Recall
that the union C' = Uézl C; is Runge in S and contains a homology basis of S and
arcs enabling to interpolate on A N S. Recall that m =n — k > 2, and let

N iLN
(62) 2 =(2,....2): {icw(C.Cm): e e} - @,

defined by

"
P;(h") = / (fL — f”)9 eC™, i=1,...,1,

c; N9
be the period map, applied to B ; cf. . Throughout the proof, we shall consider
holomorphic vector fields V on A, vanishing at 0 € A, which are tangential to the
regular fibre A, . = AN{z =c1,...,2 = cx} of the projection 7 : A — CF at
every point z € A, ., (c1,...,¢x) # (0,...,0). The latter simply means that the
vector field is tangential to A and orthogonal to C* x {(0,...,0)} C C". Note that
if C>tw ¢(t,z) € A, z € A, denotes the flow of such a V for small values of |¢],
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then ¢(0,2) = z for all z € A and
(6.3) 7 (¢(t,h(p))) = W (p) for every t and all p € S.

We prove the proposition in five steps. Let ' > r + max{o(p) : p € E}; see (6.1]).

Step 1: Approzimating h" by a full map. Following the arguments in the proof of
Claim but using vector fields of the above kind, the period map & in , and
the holomorphic section h”, we obtain a holomorphic map h” € 7 (S, C™), which is
full on any curve C; € ¢ and approximates h” uniformly on S, such that -
vanishes to order " on ANS, h"/g— f" is continuous on S, 2 (k") = 0 and, taking
into account , (W,h")(S) C A.. In particular, A" is a section of ¥. Let us
replace b by h” and assume in what follows that A" is full.

Step 2: Finding a period dominating spray. Now choose a family of holomorphic
vector fields Vi,...,Viy (N € N) as above such that span{Vi(z),...,Vn(2)} =
T.(Ag,. o) foral ze Ay and (c1,...,¢) # (0,...,0). Set

@y (t,p) :== h'(p) € C* forallt € (C™)! and p € S.

By (6.3) and following the arguments in the proof of Claim we can obtain a
holomorphic spray ®p» : U x S — C™ of sections of ¥ of class &7 (S,C™), where
U C (C™)! is an open neighbourhood of 0 € C™, such that the holomorphic spray

(6.4) Py, = ((I)h/, (I>h”) :Ux S —C?

assumes its values in Ay, ®4(0,-) = h, Ppn(t, )/g 1" is continuous on S and
vanishes to order 7’ on A ﬂ S for all t € U, and at|t 02 (®pu(t,-)): (C™)E — (C™)!
is an isomorphism; see

Step 3: The noncritical case. Assume that S is a connected admissible set in an
open Riemann surface M such that the inclusion S — M induces an isomorphism
H\(S,Z) — H,(M,Z). Let A C S be a finite subset and ¢ be as above. (Note that
at the moment, S and A are not the ones in the statement of the proposition.)
Assume that (h)*m is as above, with its ramification values in § = K, and
h = (W,h") and ®) are as in the previous steps for this pair (M,S). By [0
Theorem 1.13.1, Theorem 1.13.4], there exists a holomorphic section W' of & on M
which approximates h” unlformly on S, and is such that k" /g— f’ "is continuous on S
and h” — h" vanishes to order 7/ on A. Replace h = (W/,h") by h = (', h"): M — A,
as the core of the spray ®; in . then interpolate and approximate uniformly
on S all functions used in the constructlon of ®; by global holomorphic functions
on M (see the proof of Claim (3 The new spray ®; U x M — A, (where

0elUcCU-CcC Cc™), given by ® i = (Pw,®;,), has the same properties as @,
provided that all approximations are close enough. Consequently, the implicit
function theorem guarantees existence of a point tg € U near the origin such that
the map h” := ®;,(to,-) is a section of M — X satisfying P =0, b ~ K" on
S, h'/g — f" is continuous on S and A" — k" vanishes to order 7’ on A.

Step 4: The induction and the critical case. We proceed by induction as in the
proof of Proposition We shall briefly explain the procedure at the j-th step
(j > 1) where we have a suitable meromorphic section (h”)?~! of ¥ defined on
the compact set M;_; and wish to approximate it with interpolation by a section
(h")7 defined on M; (here, the sets M; form an exhaustion of M as in the proof of
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Proposition. We distinguish two cases. In the first one, the annulus A; (defined
as in the proof of Proposition does not contain any critical points of the Morse
exhaustion function 7 on M; this case is solved by the noncritical case. On the
contrary, when p € A; is the unique critical point of 7 on Aj;, as described in the
proof of the cited proposition, we add certain arcs (denoted by I';) if necessary. We
keep the first k component functions fixed (i.e., h’ = (h’)7), and apply the argument
to (h")71, such that the extension of (h”)7~! to T'; is a holomorphic section of ¥

myj—1
and fl“j (h 2; 0 equals a prescribed vector in C"™. (Note that the use of an analogue

of Gromov integration lemma is justified by [6l, Remark 3.5.5]).

Step 5. Completion of the proof. Performing the induction process, we then
obtain in the limit a holomorphic map h” = lim; oo (h")? : M — C™, such that
(W,h") : M — C" takes its values in A,, h”/g is holomorphic on M \ E, the
difference h” — ' is uniformly close to 0 on S and it vanishes to order ' at every
point in FUA. Thus, A /g— f” is continuous on S and vanishes to order r everywhere
on F UA. Furthermore, by the control of periods, we have that (k”/g)6 is exact on
M \ E and the holomorphic map F” : M \ E — C™, defined by

()= F'() + [ ()90, peM\E.

Po

for any given base point pg € S\ E, satisfies that F” — F" is continuous and e-close
to 0 on S, and it vanishes to order r at every point in £ U A. It is now clear that
the well-defined meromorphic A-immersion F' := (F',F") : M \ E — C" of class
JA(M|FE) satisfies the conclusion of the proposition. O

7. Global properties and completion of the proof of Theorem

Recall that an immersion f: M — C" from an open Riemann surface M is
complete if the path f o~ has infinite Euclidean length in C" for any divergent
path v in M. (A path v: [0,1) — M is divergent if y(t) ¢ K for any given compact
set K C M ast— 1.) A continuous map f: X — Y of topological spaces is almost
proper if for every compact set K C Y the connected components of f~!(K) are all
compact. If for every such K C Y the preimage f~!(K) is compact in X, then the
map f is proper. Every proper map is also almost proper, and every almost proper
immersion M — C” is complete, whereas the contrary implications do not hold.

In this section, we shall complete the proof of Theorem by checking the global
properties in assertions (v) and (vi). This is granted by the following more precise

statement, which is an extension of the Mittag-Leffler theorem for A-immersions in
Theorem [5.1]

Theorem 7.1. Let M, E, U, A, A, r, n, ¢ and F be as in Theorem[5.1 Then
there exists a meromorphic A-immersion G € Z4(M|E) satisfying the conclusion of
Theorem and also the following properties.

(i) If in addition AN{z = 1} is an Oka manifold and the coordinate projection
m1: A — C onto the z1-axis admits a local holomorphic section p1 near z1 = 0
with p1(0) # 0, then G can be chosen an almost proper map, and hence a
complete immersion.
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(ii) If in addition AN{z; = 1} is an Oka manifold for every i € {1,...,n}, each
coordinate projection m;: A — C onto the z;-axis admits a local holomorphic
section p; near z; = 0 with p;(0) # 0, and either U has finitely many
connected components or U = UjeN W; and

(7.1) lim min {|F(p)|: p € W;} = 400,
j—o0

where {W;};en is the family of connected components of U, then G can be
chosen a proper map.

The proof relies on improving the inductive construction in the proof of
Theorem by implementing the following two results, which are the new key
ingredients. The first lemma concerns almost proper maps, and the second lemma
the proper ones.

Lemma 7.2. Let M, A and n be as in Theorem- (i), assume that K and L are
smoothly bounded Runge compact domains in M such that K C L and B, A C K
are finite disjoint sets. Let F': K\ E — C™ be a meromorphic A-immersion of class
JA(K|E). Then for any numbers r € N, ¢ > 0 and § > 0, there is a meromorphic
A-immersion F = (F|, Fy, ..., Fy,) € Z4(L|E) such that the following hold.

(i) F — F is continuous on K.

(ii) F — F vanishes to order r on E U A.
(i) |IF = Flli < =.
(iv) max{|Fi(p)|, [F2(p)|} > & for allp € bL.

Proof. For simplicity of exposition, assume that bL is connected, hence a Jordan
curve. Pick an open neighbourhood L of Lin M and choose closed discs AQC L\K
such that bL C AU). Note that ANQ # & and assume that it is the union of two
disjoint discs; see Figure

Figure 7.1. Discs A and Q in the proof of Lemma

Firstly, consider a map G = (G1,...,Gy): (K\E)UA — C" of class JA(KUA]E)
such that G = F on K \ E and |G1(p)| > 6 + ¢ for all p € A. By Proposition
there exists a map G = (G1,...,Gpn): L\ E — C" of class J4(L|E) such that
the difference map G — G extends continuously to K U A, vanishes to order r on
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E UA, and satisfies |G — G| < /2 on K UA. Therefore, |G1(p)| > 0 for every
p € A. Secondly, define a map H = (Hy,...,Hy,): (K \ E)UQ — C" of class
IANKUQE)by H=G on K\ E and H = (G1,G2 + ¢,Gs, ..., Gy) on Q, where
¢ > 0 is so large that |Hy(p)| > 6 + € for all p € Q. Proposition [6.2] furnishes a
map F = (F1,...,F,): L\ E — C" of class .#4(L|E) such that F H extends
continuously to K U (2, vanishes to order r on E'U A, satisfies |F — H| < ¢/2 on
KuQ andF1 G1 on L.

It is clear that F satisfies the conclusionNOf the lemma. In particular, we have
that F' — F' vanishes to order r on EUA, |F — F|<|F - H|+|G—-F|<eon K,
|F1(p)| = |G1(p)| > d for all p € A, and |Fa(p)| > |Ha(p)|—€/2 > forallpe Q. O

Lemma 7.3. Let M, A andn be as in Theorem (ii), and assume that K, L, E
and A are as in Lemma . Let F: K\ E — C™ be a meromorphic A-immersion of
class I4(K|E) mapping bK into C"\ {0}. Let r € N and ¢ > 0, and pick a number

0< 8 < min{||F(p)l|: p € DK},

where || - ||oo denotes the infinity norm in C". Then there exists a meromorphic
A-immersion F' € Z4(L|E) such that the following hold.

(i) F — F is continuous on K.
(ii) F — F vanishes to order r on E U A.
(iii) HF Fllg <e.
(iv) [[F(p)lloc >0 for allp e L\ K.
(V) ||F(p)||oe > 1/ for all p € bL.

The proof is very similar to that of [0, Lemma 3.11.1] (see also [4, Lemma 8.2])
and we leave the details out. The main difference is that we use Propositions
and in place of [6, Theorems 3.6.1 and 3.7.1]. Moreover, in the inductive process,
we ask the map F?, constructed at the b-th step of induction, to satisfy analogous
properties to (C1)—(C7;) except (C3p) in the cited proof, and also that the difference
Fb — Fb=1 i5 continuous on L and vanishes to order » on E U A, which is possible
by our mentioned results.

Proof of Theorem[7.1 We shall begin by carefully explaining the proof of asser-
tion (ii). The proof of part (i), being less involved, follows the same line of arguments
and is briefly discussed at the end. Without loss of generality, we may assume that
U is an infinite union of connected components {W;};en; the proof is again simpler
otherwise. Set

(7.2) pj := min {|[F(p)|lec: p € Wi} = 1> —1

and note that, by , lim; o ptj = +00. As in the proof of Theorem take a
normal exhaustion {M;}; of M satisfying the same properties as , and assume
that W; is the unique component of U lying in M;\ M;_; for every j > 1. Choose a
full holomorphic A-embedding F°: My — C" such that F? has no zeros on bM, let
0 < 8o < min{||F°(p)||sc: p € bMp} and &g := £/2. We shall inductively construct
a decreasing sequence of positive numbers {€;};, a sequence of positive numbers
{6;}; with limj o 6; = +o00, and a sequence of full meromorphic A-immersions
{Fi: M;\ (ENM;) — C"}; of class #4(M;|E N M), such that properties (1;)—(5;)
in the proof of Theorem as well as the following ones hold for all j > 1.
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(67) 6; > min{j,d;—1,;}.
(75) [1F7 (p)lloo > 5 for all p € bM;.
(8;) ||F7(p)||oo > min{d;_q, p;} for all p € M; \ M;_;.

The base of induction is provided by the triple (F°, 8y, &0). (Observe that (69) and
(8p) are void.) For the inductive step, assume that for some fixed integer j > 1, we
have already found (F?,d;,¢;) for all i € {0,...,j — 1}, satisfying properties (2;)—
(4;) and (7;). Following the ideas in the proof of Theorem we construct the
admissible set L; = M;_1 UT'; UW; (see Figure and extend F/~! to I'; with
the same properties as in the cited proof, while ensuring in addition that

(7.3) |F9Y|oo > min {5;_1,p;} on T},

as we may by (7.2) and (7;_1). Call this extended map FJ; note that FJ €
fA(Lj|EﬂL'), ENL; = ENM;, FJ = Fon W;, and Fi=Fi—lon M;_1UTl';. By
Proposition assume that F7 is a meromorphic A-immersion on a small smoothly

bounded compact neighbourhood J\Af/j_l C M; of L; (see Figure , satisfying the
required interpolation and approximation conditions, and such that

(7.4) 1F||oo > min{d;_1,;} on Mj_y \ Mj_i;

see (7.2)), (7;-1) and (7.3). Pick §; satisfying (6;). In view of (7.4)), Lemma[7.3] and
Theorem furnish us with a meromorphic A-immersion F7: M; \ (ENM;) — C"
satisfying (1,)—(4;) and (6;)—(8;), whilst condition (5;) is fulfilled by choosing £; > 0
small enough. This closes the induction.

Figure 7.2. Sets used at the j-th step of induction.

By the proof of Theorem the limit map
G:= lim F/: M\ E —C"

Jj—00
exists and satisfies the conclusion of that theorem. In particular, we have that
(7.5) |G — F7||n, < 2e5 <&, j=>0;

see (5.2)). It remains to check that G : M \ E — C" is a proper map. So, take a

divergent sequence {py}m C M \ E. If {py }m diverges on M, then (5.1), (7.5 and
(8;) imply that {G(pm) }m diverges in C™; recall that lim;_,o 6; = lim; o0 ptj = +00.
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If on the contrary, {pm, }m» admits a subsequence {¢, }», converging to a point in F,
then {G(gm)}m diverges in C™ as well since G has an effective pole at every point
in E. This shows that G is proper, concluding the proof of (ii).

For assertion (i), apply Lemma[7.2]instead of Lemma[7.3]and omit condition (8;)
in the induction process. By (7;) and (7.5)), it follows that ||G(p)||sc > &; — € for all
p € bM;, which goes to +o00 as j — +o00. Taking into account and that G has
an effective pole at every point in E, this implies that G : M \ E — C™ is an almost
proper map. O

A simplification of the proof of Theorem also gives the following.

Proposition 7.4. Let A, M and E be as in Theorem [7.1], and assume that for
i=1,2, An{z; = 1} is an Oka manifold and the coordinate projection w;: A — C
onto the z;-axis admits a local holomorphic section p; near z; = 0 with p;(0) # 0.
Then there exists a meromorphic A-embedding F = (Fy,...,F,) : M\ E — C" of
class I4(M|E) such that (F1, Fy) : M \ E — C? is proper.
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