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Abstract

Let I be a discrete and torsion-free subgroup of PU(n, 1), the group of biholomorphisms
of the unit ball in C", denoted by H¢. We show that if I is Abelian, then HZ /T is a Stein
manifold. If the critical exponent §(I") of I is less than 2, a conjecture of Dey and Kapovich
predicts that the quotient Hg /T is Stein. We confirm this conjecture in the case where I’
is parabolic or geometrically finite. We also study the case of quotients with §(I") = 2 that
contain compact complex curves and confirm another conjecture of Dey and Kapovich. We
finally show that H /T is Stein when I is a parabolic or geometrically finite group preserving
a totally real and totally geodesic submanifold of H¢, without any hypothesis on the critical
exponent.

In this article we study the existence of non-constant holomorphic functions on quotients of
the complex hyperbolic space Hf of dimension n, thought of as the unit ball in C", by discrete
and torsion-free subgroups I' of PU(n, 1). More precisely, we give sufficient conditions for Hg /T
to be holomorphically convex or Stein. These conditions involve the group structure of I" or its
critical exponent §(I"), which is defined by

() :=inf{s € Ry | Z e300 < 0}, (1)
~el

where o is an arbitrary point of H and d the complex hyperbolic distance on the ball, normalized
so that the associated Riemannian metric has sectional curvature pinched between —4 and —1.
This number §(I'), which does not depend on the choice of 0 € HE, has been first related with
the analytical properties of Hi/T" by Dey and Kapovich in M] These authors have proposed
the following conjecture, and have solved it for convex-cocompact subgroups of PU(n, 1).

Conjecture ([DK20]). Let T' be a discrete and torsion-free subgroup of PU(n,1). If §(T) < 2,
then HE /T is a Stein manifold.

Our first main result confirms in particular this conjecture for geometrically finite subgroups
of PU(n,1).

Theorem 1. Let T’ be a geometrically finite and torsion-free subgroup of PU(n,1).
(a) If T is Gromov-hyperbolic, then HE /T is holomorphically convex.
(b) If T is a free group or if 6(T') < 2, then HE/T is a Stein manifold.

(c) If T preserves a totally real and totally geodesic submanifold of HE, then HE/T' is a Stein
manifold.
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We recall that a parabolic subgroup of PU(n, 1) is a subgroup of PU(n,1) that fixes a point
at infinity and does not contain any hyperbolic element. To establish Theorem [II we need to
understand when the quotient of the complex hyperbolic space by a discrete parabolic subgroup
is Stein. For unipotent parabolic subgroups this has been done in |[Mie24|, and we settle the
general case, obtaining the following result.

Theorem 2. Let T be a discrete and torsion-free parabolic subgroup of PU(n,1).

(a) If 6(T') < 2 or T preserves a totally real and totally geodesic submanifold Huk{ C Hg, then T’
is virtually Abelian.

(b) If T is virtually Abelian, then HE/T' is a Stein manifold.

The second point of Theorem Plis a consequence of Theorem[I3] stated in Section 2l which pro-
vides a complete characterisation of discrete and torsion-free parabolic subgroups I' of PU(n, 1)
for which Hg/I" is Stein, and whose proof consists in reducing the problem to the unipotent
case solved earlier in [Mie24]. In complex dimension 2, this characterisation takes the following
simpler form: a parabolic quotient HZ /I is Stein if and only if T is virtually Abelian (Corollary

In [DK20], Dey and Kapovich have shown on the one hand that H/T" does not contain any
compact analytic subset of positive dimension if §(I') < 2 and on the other hand that Hg/I" is
holomorphically convex if I' is convex-cocompact. By contrast, when I' is geometrically finite,
the manifold H /I" is not always holomorphically convex. Using techniques from |[Chel3], we get
the following characterization.

Theorem 3. Let T be a geometrically finite and torsion-free subgroup of PU(n,1). The following
are equivalent:

1. The manifold HE /T admits a plurisubharmonic ezhaustion function.

2. For any parabolic subgroup P < T', the quotient HE /P is holomorphically convez, or equiv-
alently a Stein manifold.

3. The manifold HE /T is holomorphically convez.

The strategy for proving Theorem [l is to use Theorems[2 and [8] by showing that if I" satisfies
one of the assumptions of Theorem [l then its parabolic subgroups are virtually Abelian. We do
not recall the definition of a geometrically finite group in this article, but instead refer the reader
to [Bow95|, or to the description given in [Chel3, p. 1031]|. In connection with the conjecture of
Dey and Kapovich, we also show that quotients Hg /T" with §(T") < 2 always admit non-constant
holomorphic functions, as a particular case of Proposition [6] below.

We provide in Section 2] an example showing that the constant 2 in Theorem [2 is optimal,
and an example of a unipotent parabolic group I' for which Hg/T" is biholomorphic to a bundle
of punctured disks over a non-compact Cousin manifold, and is not holomorphically convex. By
a Cousin manifold, we mean a quotient of C"~! by a discrete subgroup, which does not admit
any non-constant holomorphic function, see [Coul(; Kop64;|AK01]. The critical exponent of this
example is equal to g

A complex Fuchsian group is a discrete and torsion-free subgroup I' of PU(n, 1) which acts
cocompactly on a I'-invariant complex geodesic. If I' is a complex Fuchsian group, then its
critical exponent is equal to 2, and the quotient H /T" contains a compact subvarietyl] of positive
dimension. When T is a convex-cocompact and torsion-free subgroup of PU(n, 1) with critical

IHere and throughout all this article we use the word subvariety as a synonym of closed analytic subset.



exponent 6(I') = 2, Dey and Kapovich conjecture that HZ/T' is non-Stein if and only if T' is
a complex Fuchsian group, see |DK2(, Conjecture 17]. Using techniques from [CMW23|, we
confirm this conjecture as follows.

Theorem 4. Let T be a discrete and torsion-free subgroup of PU(n,1) with §(T') = 2. Suppose
that HE /T contains a compact subvariety of positive dimension. Then I' is a complex Fuchsian
group.

We now discuss the relation of our results with earlier works. Theorem [Mlapplies in particular
to representations of free groups seen as finite-index subgroups of the examples in |[GP92; [FP03].
They also apply to Schottky quotients, recovering [MO18&, Theorem 4.3]. Theorem [2 together
with the fact that the quotient of Hf by a loxodromic cyclic group is Stein (see for example
[dFab9g], [Cheld] or Section [l below), implies that the quotient of the complex hyperbolic space
by any discrete and torsion-free Abelian subgroup of PU(n, 1) is a Stein manifold. In |[Cheld],
Chen asks whether the quotient of H by a discrete and torsion-free subgroup of PO(n, 1) is
Stein. Theorems [1l and @] yields a positive answer to this question for geometrically finite or
parabolic subgroups.

Here are some earlier results about the analytic properties of quotients of the complex hy-
perbolic space Hg. It is known that the quotient of H by an infinite discrete cyclic group is a
Stein manifold [dFab98; dFI01; Miel]. The article [Chel3| gives criteria for a quotient of H by
a discrete subgroup to be Stein, and in particular shows that a quotient of the complex hyper-
bolic space by a unipotent Abelian parabolic group is Stein. It also contains results in the more
general setting of quotients of Kéhler-Hadamard manifolds. The case of quotients by unipotent
parabolic subgroups is completely solved in [Mie24]. Finally, as mentioned above, the article
[DK20] in which the above conjecture appears contains the analogue of Theorem [I] in the case
of convex-cocompact groups. Section 9 of the overview article [Kap22] also contains interesting
results on the ends of H/I', which are related to the analytic properties of this manifold.

In another direction, we generalise the results of Dey and Kapovich to non-symmetric spaces.
In the following two propositions and the subsequent corollaries, which provide an alternative
proof of the results of [DK20], (X,w) is a simply connected complete Kahler manifold with sec-
tional curvature bounded above by —1, and I' a group acting freely and properly discontinuously
by holomorphic isometries on X. One can define the critical exponent §(I') of I' by the same
Formula () as for discrete subgroups of PU(n, 1), by choosing an arbitrary point o of X and
with d the Riemannian distance associated with w. This number does not depend on the choice
of o € X. Moreover, in this context, pinched means, when referring to the sectional curvature
of (X,w), that it is bounded below by —b, and when referring to the Ricci curvature, that it is
bounded below by —bw(-, J-), for some constant b > 1.

Proposition 5. Let C be a I'-invariant closed and geodesically convex subset of X. Then the
compact connected subvarieties of positive dimension of X/T' are included in C/T'. Moreover, if
the action of T on C' is cocompact, then X /T is holomorphically conver.

Proposition 6. Assume that §(T') < 2. Then X/T' admits a strictly plurisubharmonic function
and in particular does not contain any compact subvariety of positive dimension. If moreover X
has pinched Ricci curvature, then holomorphic functions on X /T separate points and define local
coordinates at all points of X/T .

Corollary 7. Assume that §(I') < 2 and T" is convex-cocompact. Then X/T is a Stein manifold.

The proof of Proposition [6] uses Patterson-Sullivan theory, of which we give a brief account
in the article, referring to [Rob03; INic89] for more details. Our next corollary, proven in Section



[ also involves an assumption on the Patterson-Sullivan measure (py).cx. This is a family of
finite measures on 90X, indexed by points x € X whose construction is recalled in Section [I} It
is said to have subexponential growth if for all n > 0, there is a constant ), > 0 such that

Ve € X, p,(0X) < Cne”d(m’o),

for some basepoint 0 € X, see [CMW23, §1.4]. For instance, if X has pinched sectional curvature,
X /T has positive injectivity radius and if the Bowen-Margulis measure v associated with (pz)zex
is finite, then the total masses 1, (0X) are uniformly bounded, see [CMW23, Theorem 1.15]. We
also refer to the latter article for a definition of the Bowen-Margulis measure v.

Corollary 8. Assume that §(T') < 2, X has pinched sectional curvature and the Patterson-
Sullivan measure (jiz)zex has subexponential growth. Then X/T is a Stein manifold.

This article is organised as follows. In the first section, we recall what holomorphically convex
and Stein manifolds are, we give the definition and some basic properties of Patterson-Sullivan
measures, we prove Propositions [l [6] and Corollaries [7} B and we give criteria for asserting that
a quotient of the form X/T" does not admit any compact subvariety of positive dimension, with
X and T" as above. Theorem [2is proved in Section 2l Section [ contains the proof of Theorem
[Bl from which is deduced the proof of Theorem [l Section Ml is independant from Sections 2] and
Bl and contains two proofs of Theorem [El
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1 Quotients of negatively curved Kiahler-Hadamard mani-
folds

We begin by recalling some definitions from complex analysis and then review some results of
negative curvature geometry. After that, we prove Propositions [0l and [6] in Subsections and
[[L4l then prove Corollaries [7l and [B] in Subsection Finally, we summarize known criteria for
asserting that X /T" does not admit a compact subvariety of positive dimension in Subsection [[.6l

1.1 Generalities about Stein manifolds

We first recall the definition of plurisubharmonic and strictly plurisubharmonic functions, and
we refer to |Deml| for more details. Let X be a complex manifold. A C? function f: X — R is
plurisubharmonic (resp. strictly plurisubharmonic) if the (1,1)-form i9df is nonnegative (resp.
positive). A continuous function f : X — R is plurisubharmonic if for every chart ¢ : V C X —
W C C", every a € W and every £ € C" such that |£] < d(a, W), we have
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It is strictly plurisubharmonic if for every x € X there are holomorphic coordinates (z1,. .., z5)
defined on some neighborhood of = and a constant ¢ > 0 such that z — f(z) — c||z||? is plurisub-
harmonic. N

A complex manifold X is said to be holomorphically convez if the holomorphic hull K of any
compact subset K of X, which is defined by

K:={zeX |VfecOX)|f(z) < s;l(plf|},

is compact. The manifold X is Stein if it is holomorphically convex and if, in addition, for
any pair of distinct points z,y of X, there is a holomorphic function f : X — C such that
f(z) # f(y). Grauert’s theorem asserts that a manifold is Stein if and only if it admits a strictly
plurisubharmonic exhaustion function, see |Gra5&]. Alternatively, a manifold is Stein if and only
if it is holomorphically convex and does not contain any compact subvariety of positive dimension.
This follows from the existence of the Remmert reduction of a holomorphically convex manifold
[Pet94, Theorem 2.1]. We will also use the following result, that we subsequently refer to as
Grauert’s theorem, since it derives from it.

Theorem (|Gra58|, [Pet94, Corollary 2.4]). Let X be a complex manifold admitting an exhaus-
tion function which is smooth and strictly plurisubharmonic outside a compact set. Then X is
holomorphically convex.

We will also use the following version of Docquier-Grauert’s theorem.

Theorem (|[DG60|, [Siu78, Theorem 5.2]). The union of an increasing 1-parameter family of
Stein manifolds is Stein

1.2 Convexity, Busemann functions and Patterson-Sullivan measures

For the remainder of the section, (X,w) denotes a simply connected complete Kéhler manifold
with complex structure denoted by J and sectional curvature bounded above by —1, and I is a
group acting freely and properly discontinuously by holomorphic isometries on X. Let d be the
Riemannian distance associated with w. We recall that if ¢ : X — R is a function of class C2,
then the form i09¢ is related to the Riemannian Hessian D?(¢) of ¢ by

2i006(v, Jv) = D*(¢)(v,v) + D*(¢)(Jv, Jv), (2)

see |[GWT3].
Fix a point 0 € X. For all £ € 0X, the Busemann function at £ is the function defined by
Vo € X, Be(x) := Be(z,0) 1= hr%(d(z,z) —d(o, 2)).
z—>
The Busemann function at £ depends on o € X only up to an additive constant. This fonction is

of class C?, see [HHT71, Proposition 3.1], and it depends continuously on ¢ € 9X. It is moreover
strictly plurisubharmonic and more precisely we have

i00B¢ > w. (3)

This inequality is a consequence of |GW7Y, Proposition 2.28], see also [SY82; [Chel3]. We also
call (§,z,y) € X x X? — Be¢(x,y) € R the Busemann function on X.

In this article, we will also use Patterson-Sullivan theory. It is used in the proofs of Proposition
6l Corollary Bl and Theorem [@. We now recall the definition and some basic properties of



Patterson-Sullivan measures, and we refer the reader to [Rob03; [Pat76; ISul79; INic89] for more
details. Let X and I'" be as above, and § be the critical exponent of I', whose definition was
recalled in the introduction. We also assume that I' is non-elementary, which means that I" does
not stabilize a geodesic of X, nor a point of 9X. A Patterson-Sullivan measure is a I'-conformal
density of dimension ¢, which means that it is a family of measures (u,).ex on 90X such that
Veltz = fye for all x € X and y € I', and such that

Va,y € X, s = ¢ 0Be(zw), (4)
dpiy

We now recall a construction of a Patterson-Sullivan measure when I' has divergent type, i.e.

when the series
E e—9d(0,70)
~yer

diverges. The general case is explained for instance in [Nic89, Section 3.1]. Fix an arbitrary
point 0 € X and for s > 4, set
D(s) := Z e~ sde70),

veT

The space of probability measures on X := X UOX being compact for the weak topology, define
1o as an accumulation point as s > § tends towards ¢ of the probability measures

1 E —sd(0,70)
sd(0,70) § o,
D(s) € v
~el

where 6, denotes the Dirac measure at yo. It can be verified that this measure is supported on
0X. The other measures p, for x € X are defined from p, by means of Formula ({@). All these
measures are finite and we denote by ||pg|| := p5(0X) the total mass of the measure p,. It is
not difficult to see that these measures are supported on the limit set A(T") of T". Since A(T") is
the smallest non-empty closed and I'-invariant subset of X, we deduce that the support of the
Patterson-Sullivan measures is exactly A(T).

1.3 Proof of Proposition

Propositionflis proven by an application of the next lemma to the square of the distance function
to C/T' C HE/T'. In this lemma, a continuous function ¢ from a complete Riemannian manifold
M to R is called convex if for all geodesic  : R — M, the function ¢ o n is convex, and it is
called strictly convex if for any compact subset K C M, there exists a constant o > 0 such that,
for any unit-speed geodesic 7 : [0,1] — K, the function ¢ € [0,1] = ¢ o n(t) — at? is convex.

Lemma 9. Let (M,w) be a Kihler manifold. Assume that there exists a continuous function
¢ : M — R which is convex on M, and strictly convex on M\ ¢~1(0). Then the compact connected
subvarieties of positive dimension of M are included in the level set ¢=1(0). If moreover ¢ is an
erhaustion, then M is holomorphically convex.

Proof. We are going to use that on a Kéhler manifold (M,w), every continuous convex function
is plurisubharmonic |[GW73, Theorem 3|, from which it follows that a strictly convex function
f M — R is strictly plurisubharmonic. Indeed, let z be a point in M and (z1,...,2,) be
holomorphic coordinates defined in a neighborhood €2 of . Then for any open subset V with
V C Q, there exists a constant ¢ > 0 such that z — f(z) — c|[z||? is convex, and therefore



plurisubharmonic, on V. Thus f is strictly plurisubharmonic. When f is of class C?, these
statements are a simple consequence of Formula (2]).

Let ¢ : M — R be a continuous function which is convex on M, and strictly convex on
M\ $=1(0). Then ¢ is plurisubharmonic on M and strictly plurisubharmonic on M \ ¢~1(0).
Moreover for any connected compact subvariety A of M, the function ¢|4 is constant by the
maximum principle, so A is included in ¢~1(0) or in M \ ¢~1(0). Notice that A cannot be
contained in M\ ¢~ (0) because in that case |4 would be constant and strictly plurisubharmonic.
Thus A C ¢~1(0). If moreover ¢ is an exhaustion, then by Richberg’s theorem |[Dem, Theorem
1.5.21], there exists a continuous plurisubharmonic function 5 : M — R which is smooth and
strictly plurisubharmonic on M \ ¢~!(0) and such that 6>¢don M \ $~1(0). In particular b is
an exhaustion, and by Grauert’s theorem, M is holomorphically convex. O

Proof of Proposition[3. Let d% : X — R, be the square of the distance function to C. This
function is convex on X, and it is strictly convex on X \ C. This is proved in [BH23, Lemma 4.5],
and for the sake of completeness we now outline a proof of the strict convexity of d% on X \ C.
Fix some € > 0 and let v : [0,L] — X be a unit-speed geodesic such that d(y(0),C) > e and
d(y(L),C) > e. Denote by = and y the projections of v(0) and v(L) in C and let n: [0, L] = X
be the unit-speed geodesic joining x and y. Using |[KS93, Corollary 2.1.3 - Formula 2.1(iv)], we
get :

222 (+(5) ) - BOO) - B60) < 5@ P

Finally, since X has sectional curvature bounded above by —1, there is a positive constant a
depending only on € such that (L — L')> > aL?. Using |[GW76, Lemma 1|, we conclude that dZ,
is strictly convex on X \ C.

To conclude, notice that the function dZ, is I-invariant, so it defines a convex function ¢ :
X /T — R, which is strictly convex outside C'/T". The proposition is obtained by applying Lemma
with the function ¢. O

Remark. Proposition Bl provides an alternative proof of [Kap22, Proposition 5]: suppose that X
has negatively pinched curvature and that there is a surjective holomorphic map f : X/T' — B
with compact fibers on a complex manifold B with dim(B) < dim(X). Then A(T') = 6X. In
particular X/T' cannot have convex ends.

1.4 Proof of Proposition

The next lemma, used in the proof of Proposition [B asserts that a certain function defined
in [CMW23] is strictly plurisubharmonic when the critical exponent of T' is less than 2. This
function and the flow it defines also play an important role in Section @l An alternative proof
of the first point of Proposition [6] which uses comparison arguments from |[GWT79] is outlined
below.

Lemma 10. Let (X,w) be a simply connected complete Kihler manifold with sectional curvature
bounded above by —1, and I' be a non-elementary group acting freely and properly discontinuously
by holomorphic isometries on X . Denote by ¢ the critical exponent of T, by (pa)zex a Patterson-
Sullivan measure associated with T' and by ||p.|| the total mass of the measure p,, for every x € X.
Then the T-invariant function on X defined by f(x) := — In||u.|| satisfies

i00f > 5(1 — g)w.



Proof. For every x € X, let 1i; be the normalized probability measure u; = m’%” Fixing a
point p € X, denote by By := By(+,p) the Busemann function at a point § € 9X which vanishes
at p. From dominated convergence together with the C?-regularity of Busemann functions and
Formula (@), it follows that f is of class C?. Moreover, a computation using Formula (@) shows

that the Hessian D?(f) at a point x € X is given by

D*(f)(v,v) =6 D?By (v, v)diiz(0) + 62 ((/ ng(v)dm(H)) —/ ng(v)%iE(@)) .
X X ax
Using Identity (2)), we get
i00f (v, Jv) > 6 | i00By(v, Jv)diiz(0) — § / (dBg(v)? + dBy(Jv)?)dpiz ().
X X

It is easily verified that for all tangent vector v,

dBg(v)? + dBy(Jv)* < ||v||?,

where ||v]|? := w(v, Jv). Using this minoration together with Inequality (3], we deduce that

i00f > 6(1 — g)w. O

Proof of Proposition[d. If T' is elementary, the result is already known, see |[Chel3, Theorem 1.1
and Proposition 1.3]. Assume that T' is non-elementary and that 6 < 2. Then the function f
defined in Lemma [IQ is strictly plurisubharmonic. Suppose moreover that there is a constant
C > 0 such that
Ricci(w) > —Cw(-, J+).
Then there is a constant C’ > 0 such that
i00(C" f) + Ricci(w) (-, J-) > 0.

Using [Chel3, Proposition 4.1], we obtain that the holomorphic functions on X/TI" separate points
and give local coordinate systems. O

Remark. A strictly plurisubharmonic function on X/T' can also be constructed following Dey
and Kapovich’s ideas, providing an alternative proof for the first point of Proposition[6l Here is
an outline of the argument. Let ¢ be the function defined on X by ¢(x) := tanh(d(o,z))? for
some basepoint 0 € X. An application of the comparison result [GW79, Theorem A] together
with Formula ([2]) gives that ¢ is strictly plurisubharmonic on X: this is obtained by comparing
the Hessian of ¢ with the Hessian of the function q~5 defined on HZ", the real hyperbolic space of
dimension 2n, by ¢(z) := tanh(d nyp (5, z))2 for some basepoint & of H2". Then because

0<1—¢<de o),
we deduce that the convergence of the series
Z e*Zd(o,’yo)
yel

implies that

S 6y -a) 1)

vel
converges uniformly on compact subsets of X to a strictly plurisubharmonic and I'-invariant
function ¥. When X = HE, ¢ is the squared euclidean norm on the unit ball, and the above
series is the one constructed in [DK20].



1.5 Proofs of Corollaries [7] and [§

Proof of Corollary [l This follows directly from Propositions Bl and [B using that a manifold is
Stein if and only if it is holomorphically convex and does not contain any compact subvariety
of positive dimension. Alternatively, each one of the three strictly plurisubharmonic functions
¢+ ef, ¢+ e?¥ and f is an exhaustion on X/I', with ¢ as in the proof of Proposition B, f as in
the proof of Proposition [0l and %) as in the remark above. For the function f, this can be shown
using that (X UQ(T))/T is compact, where Q(T') C 0X is the discontinuity subset of T'. O

Proof of Corollary[8 Let f be the I'-invariant function defined in Lemma [0 and o be a point of
X/I. By |[Taml(] or [Cho+10, §4 of Ch. 26], there is a constant C' > 0 and a smooth function
g : X/T — R such that g > d(-,0) and D*(g) > —Cw(-,J-). Using Identity (@), we deduce that
i00g > —Cw. Now define

p=g+C'f,

where C’ is a positive constant such that
, )
—C+C§(1—§) > 0.

Then ¢ is strictly plurisubharmonic by Lemma [[0l Since (u;).cx has subexponential growth,
there is a constant C” > 0 such that

1
d(-,0) —InC".

>
/= 2C"

We deduce that )

6= d(-0) = InC",
which implies that ¢ is proper. Thus X/T is a Stein manifold. |
Remark. The hypothesis of bounded sectional curvature can be weakened to bounded Ricci
curvature together with an assumption on the ball volumes, see [Huald|.
1.6 Compact subvarieties of positive dimension of X/I"

We now summarize known criteria for asserting that X/T" does not admit a compact subvariety
of positive dimension.

Proposition 11. Let (X,w) be a simply connected complete Kihler manifold with sectional
curvature bounded above by —1, and I' a group acting freely and properly discontinuously by
holomorphic isometries on X. Denote by d the Riemannian distance associated with w. Then
each one of the following condition is sufficient to assert that X/T' does not admit a compact
subvariety of positive dimension.

(a) The group T is parabolic.
(b) The critical exponent of T' satisfies 6(I') < 2.

(c) There exists a T'-invariant geodesically convex subset C of X which is included in a totally
real submanifold M of X.

(d) The Kdihler form w is exact on X/T.

(e) The cohomology group H?(T',R) vanishes.



(f) There is a complete vector field on X /T whose flow contracts complex subspaces.

Proof. (a) If T is parabolic, there is a Busemann function at some point £ € 90X which is
invariant under the action of T', see [EQ73, Proposition 7.8]. As a consequence X/T" admits
a strictly plurisubharmonic function.

(b) This follows from |[DK20] for the complex hyperbolic space and from Proposition [l in the
general case.

(c) This is a consequence of Proposition Bl Indeed, let A be a compact connected subvariety of
positive dimension included in X/T". Then A C C/T', and taking a smooth point z of the
lift A of A in X, we obtain that T, A N J(T,A) C T, M, which contradicts the hypothesis
that M is totally real. Alternatively, it can be shown that in this case the distance squared
function to the convex core is strictly plurisubharmonic, see [Cheld].

(d) This is a well known fact about K&hler geometry.

(e) The manifold X/T" is a K(T',1), and in particular its cohomology identifies with that of T
Therefore, if H?(I',R) = 0, the Kiihler form w is exact on X/I". This argument appears in
a dual version in [MO18&, Lemma 4.2], and also in [Kap22, page 27].

(f) See for instance |[CMW23, Proof of Theorem 1.5]. O

Ezxamples. 1. When X = Hf and T is a discrete and torsion-free subgroup of PO(n, 1), em-
bedded in PU(n,1) so as to stabilize a copy of HE, the quotient H/I" does not contain
a compact subvariety of positive dimension by the third point. In particular, as proven
in |Chel3], the quotient of X by the group generated by a hyperbolic element is a Stein
manifold.

2. Let T’ = m(X,) be a surface group and p : I' — PU(n,1) be a discrete and faithful
representation of I" in PU(n,1). The Toledo invariant T of p is the real number

1
= —[od*w] € H*(Z,,R) ~ R,
where ¢ : £, — X/p(T') is any homotopy equivalence between ¥, and X/p(I'). Then w is
exact on X/p(T") if and only if 7 = 0. This example appears in [Kap22, page 27].

3. If T" is a free group, then H?(I',R) = 0 so X/T" does not contain any compact subvariety of
positive dimension.

To conclude this section, let us note that the question of finding sufficient conditions on the
group I' for the quotient X/T' to be Stein admits a natural generalization to the case where
X is a higher rank Hermitian symmetric space and T' is a group acting freely and properly
discontinuously by holomorphic isometries on X. Here is a family of examples of quotients of
the bidisk D x D that are easily proven to be Stein manifolds.

Ezample. Let T' = m1(Sy) be a cocompact lattice in PSLa(R). Define the following action of I’
on the bidisk D x D

V’YEF,V(Z,’U}) EDXD) ’Y(Z,’LU) = ('YZ,’Y’U})

Then A :={(z,%Z) | z € D} is a totally real geodesically convex subset of D x D, on which I" acts
cocompactly. Using [Chel3, Proposition 3.2, we get that (D x D)/T" is a Stein manifold.
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2 Discrete parabolic subgroups of PU(n, 1)

This section is organised as follows. We first recall the definition of the complex hyperbolic
distance on the ball, and describe the stabilizer of a point at infinity. Then we state and prove
Theorem [[3] which characterises the discrete and torsion-free parabolic subgroups of PU(n, 1) for
which H/TI" is a Stein manifold, and which implies Theorem 2F(b). We then show that if I' is a
discrete parabolic subgroup which satisfies §(I') < 2 or preserves a totally real geodesic subman-
ifold of Hf, then I' is virtually Abelian, thus completing the proof of Theorem Afterwards
we give an example of a discrete parabolic subgroup with §(I') = 2 and for which HZ/T" is not
Stein. We also construct a complex hyperbolic bundle of punctured disks over a non-compact
Cousin manifold. This complex hyperbolic bundle is not holomorphically convex, but holomor-
phic functions separate points by [Mie24, Theorem 1.1]. Notice that a parabolic quotient Hg/T"
is Stein if and only if it is holomorphically convex, as follows from Proposition [[T}H(a).

2.1 The parabolic biholomorphisms of the ball
Let h be the Hermitian form on C™t! associated with the quadratic form

n+1
q(zla .- '7z7l+1) = _|’21|2 + Z|Zi|2’
=2

and [] : C"*1\ {0} — CP" denote the projection onto the complex projective space CP™. The
open subset of CP” defined by

¢ = {[v] € CP" | q(v) < 0}

is biholomorphic to the unit ball of C". It can be endowed with a complete K&hler metric of
negative sectional curvature pinched between —4 and —1, for which the distance between two
points x,y € HE is given by the formula

hE, y)h(y, T)
Wz, D)y, y)’

where Z,7 € C™*! denote lifts of ,y. Moreover, every biholomorphism of the ball is an isometry
for this metric, and the group of biholomorphic isometries of H. is isomorphic to PU(n,1). The
action of PU(n, 1) on H{ extends to an action by homeomorphisms on the closed ball Hf U 9HE,
where

cosh? d(z,y) =

OHG := {[v] € CP" | g(v) = 0}.

Let us fix a point £ € OHP. There exists a basis fe = (f1, f2,€1,...,e,—1) of C"™! such that
¢ = [f1] and in which the quadratic form ¢ has the following expression

n—1 n—1
q <af1 +bf2+ Z Ui€i> = 2%(6@) + Z|u1|2

i=1 i=1

The biholomorphism

{ {(a,u) eCx C"' | 2R(a) + ||ul|* < 0} — HP
(a,u) — lafi + f2+u]

11



defines a global chart of H, in which Busemann functions at [fi1] are the translates of the
function b defined by
-2

2% (a) + [|ul[*>*

e21)(11,u) —

A horoball at [f1] is a sublevel set of b.
In the basis f¢, let us define three subgroups M, A and N of PU(n, 1) by the associated groups
of matrices

1 0 0
M = 01 0 ||TeUmn-1),,
00 T
et 0 0
A= 0 et 0 [teR,,
0 0 I,
1 a -
N = 01 0 |beC" ! acC,|b|? =—-2R(a)
0 b I,

Then the stabilizer of a point £ € OHF in PU(n, 1) decomposes as
Stabe (HE) = MAN.

For T € U(n—1),b € C"~! and ¢ € R, let (T, b, c) denote the element of the group M N defined
in the basis f¢ by the matrix

1 R e ()

0 1 0

0 b T

The group law on M N is given by
(T,b,c)- (T, V, )= (TT b+ TV,c+ c + (b, TV)),

where (-, -) is the standard Hermitian product on C"~!. This group identifies with a semi-direct
product U(n — 1) x N, and N is isomorphic to the Heisenberg group of real dimension 2n — 1.
The center Z(N) of N is the set of elements of the form (Id, 0, ¢), with ¢ € R. We denote by 7 the
projection of U(n—1)x N onto U(n—1), and by II the morphism U(n—1)x N — U(n—1)x C"~1
which to (T,b,¢) € U(n — 1) x N associates the holomorphic isometry z +— Tz + b of C*~1.

A subgroup I' of PU(n, 1) acts freely and properly discontinuously on H if and only if it is
torsion-free and discrete in PU(n, 1). It is said to be parabolic if it fixes a point § in OHE and if
all the eigenvalues of its elements are of modulus 1, which amounts to saying that, in the model
described above, I' is a subgroup of U(n — 1) X N, or equivalently that ' preserves horoballs at
& We write for all y e T

v = (7(7),b(7), (7)), with 7(y) € U(n —1),b(y) € C"~,¢(y) € R, and
(L) = (7(7),b(7))-

The parabolic group I is said to be unipotent if ©(T') is trivial.
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2.2 A characterization of Stein parabolic quotients of the ball

As explained in Subsection [ZT] we identify a parabolic subgroup of PU(n, 1) with a subgroup of
U(n—1) x N, and we denote by m, respectively II, the projection of U(n — 1) x N onto U(n — 1),
respectively U(n — 1) x C*~!. The following lemma is probably classical, and we give its proof,
after the statement of Theorem [I3] for the reader’s convenience.

Lemma 12. Let T' be a discrete and torsion-free parabolic subgroup of PU(n,1). Then there
exists a finite-index subgroup T'1 of T' such that TI(T'y) is Abelian.

Let I and I'; be as in this lemma. Set

Vi = ﬂ ker(Id —m(v)),

yel'y

and let p : C"~! — V; be the orthogonal projection onto V;. Finally, define

Wi = Span({p(b(7)) | v € I'1}),

where b(y) = II(y) - 0 € C*~L. In the following statement, a linear subspace W of C*~! is said
to be totally real if W NiW = {0}.

Theorem 13. Let T be a discrete and torsion-free parabolic subgroup of PU(n, 1), and let Ty, p, V1
and W1 be as above. Then HE/T is a Stein manifold if and only if W1 is totally real.

Proof of Lemma[I3. As in Subsection 1], let us fix a basis of C**! which induces an identi-
fication between I'" and a discrete subgroup of U(n — 1) x N. By Margulis Lemma, T' is vir-
tually nilpotent. The existence of I'; follows from the classical fact that a nilpotent subgroup
of U(n — 1) x C*~! is virtually Abelian. To show this fact, the first observation, that we will
not prove here, is that a nilpotent subgroup of U(n — 1) is virtually Abelian. Let I'; be a
finite-index nilpotent subgroup of T" such that 7(T';) is Abelian. Seeking a contradiction, let us
assume that the nilpotent group II(T'1) is not Abelian. There is a non-trivial element z in the
center of II(I'1) which can be written as a product of commutators z = [z1,41] ... [z, Y|, with
XT1yeoo s Thy Y1, -- -, Yk € II(T'1). Let us write

—~

W(xl)ab($1))
= (m(y:),b(yi)),
2 = (id, (=),

—~

with 7(x;), 7(y;) € U(n — 1) which commute, and b(z;),b(y;),b(z) € C*~1. We will now show
that b(z) = 0, which means that z is trivial, a contradiction. Given 71,79 € U(n — 1) which
commute and by, by € C*"" 1 we compute that

[(71,01), (2, b2)] = (1, b1) (72, b2) (7y —7T1 'by) (w3 !, =75 tbo)

(7r1772,b1+7r1b2)(7r1 my b =ty — g thy)
(Id b1 +7T152+(7T17T2( T bl—ﬂ'l Ty bg))
= (ld

(Id 7T2 b1 (Id —7T1)b2).

Therefore

k
b(z) = Z(Id —m(y:))b(w:) — (Id —m(2:))b(y:)- (5)

13



Moreover, z commutes with all elements of E := {x1,...,Zk,y1,...,Yx}, which implies that

Vy e E, 7(y)b(z)=b(2). (6)

Choose a basis e = (eq, ..., en—1) that diagonalizes all elements of m(E) and express 7(7y) in this
basis as Diag(ai(7),...,an—1(y)) for v € E. For all j € {1,...,n — 1}, if there exists v € FE
such that a;(vy) # 1, then the j* coordinate b;(z) of b(z) in the basis e must vanish according
to Formula (@), and if a;(y) = 1 for all ¥ € E, then b;(z) = 0 according to Formula (Bl). Thus
b(z) = 0, which gives the contradiction we were looking for and proves that II(T'y) is Abelian. O

Proof of Theorem[I3. Let I'; be as in Lemma [I2 Since H/T'y is a finite covering of H/T', one
of these two manifolds is Stein if and only if the other one is. To simplify the notation, we can
thus assume without loss of generality that 'y =T.

Step 1. Separation of the elliptic and unipotent parts of I'.

The group 7(T") is Abelian, hence there is an orthonormal basis e = (ey,...,e,_1) of cr-t
as well as morphisms ay,...,a,_1 from I' to the unit circle in C such that, in the basis e

m(y) = Diag(a1(7), - .-, an-1(7))

For v € T, let (b1(Y),...,bn—1(7)) be the coordinates of b(7y) in the basis e. Up to permuting

the elements of e, we can assume that (eg41,...,en,—1) forms a basis of V; for some integer
ke{0,...,n—1}. Foralli € {1,...,k}, there is an element ~; € I" such that a;(y;) # 1. Set
bi (i
Aj = 7(/7 ) .
1—ai(7i)

As TI(T") is Abelian, we have
Vy e T, Vi < k,bi(y) = Mi(1 — ai()).
We set A :=t(\1,...,\,0,...,0) € C"L 5o that
Vy e, (n(y) —Id)A = (b1 (%), ..., —bk(7),0,...0).

Let T be the element (Id, A,0) of U(n — 1) X N and, for all v € T, define ¢(v) := TA_lfyTA. A
computation shows that for all v € I', we have

o(7) = (7(7),b(6(7)), c(¢(7))), where b(¢(7)) = b(v) + (7(7) — Id)A € V1 and ¢(¢(7)) € R.

¢(7)e = (W(7)7 0, 0) and ¢(7)u = (Idv b(¢(7))7 C(¢(7)))
Using that b(¢(7)) € Vi for all v € T, we get

v’% '7/ € F’ [¢('7)e; ¢(’7/)u] =1d.

It is also easily verified that ¢(y) = ¢(y)ed(7). for all v € T. More generally, U(k), seen as
a subgroup of U(n — 1) fixing Vi pointwise, commutes with ¢(y), for v € T'. In particular,

o) e = {p(Y)e | v €T} and ¢(T)y := {d(7)u | v € T'} are groups and ¢(I')y < N. Moreover,
¢(T)y is discrete in N. Indeed, let (y%)kren be a sequence in I' such that ¢ (i) k—+> Id. After
— 400

passing to a subgroup, we can assume that the sequence ¢(7x). converges to a limit M € U(n—1).
Thus ¢(v;) converges to M, and since ¢(T") is discrete, this sequence has to be stationary. Hence
¢(T)y is discrete in N.
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Step 2 Characterization of Stein quotients.
We can rewrite W7 as

Wy = Spang ({b(¢(7)) | v € T'}).

From |[Mie24, Theorem 1.4|, we obtain that the quotient H2/¢(I')yy is Stein if and only if W, is
totally real.

Assume that W; is totally real. Then H/¢(I')y is a Stein manifold, so it has a strictly
plurisubharmonic exhaustion function ¢y : H¢/¢(I')yr — R. Moreover, the holomorphic action
of U(k) on HE descends to the quotient H/¢(I')7, and by averaging ¢y over the orbits of U(k),
we can assume that ¢y is U(k)-invariant. Then vy lifts to a strictly plurisubharmonic function
Yy HE — R4 which is invariant by ¢(I')y and U(k). This function descends to a strictly
plurisubharmonic function ¢ : H/¢(I') — Ry, which is an exhaustion. Thus, Hg/¢(I"), and
therefore H./I", are Stein.

Conversely, if Hg/T', hence Hg/#(I'), is a Stein manifold, then Hg/¢(I') admits a strictly
plurisubharmonic exhaustion function. This implies that HZ/¢(I")y has a strictly plurisubhar-
monic exhaustion function, thus H/¢(I")y is a Stein manifold. Therefore, W is totally real. O

Using Theorem [I3] we obtain as a corollary the second point of Theorem

Corollary 14. Let T be a discrete and torsion-free parabolic subgroup of PU(n,1). If T is
virtually Abelian, then HE /T is a Stein manifold.

Proof. As in the proof of Theorem [[3] we assume without loss of generality that I' is Abelian
and we decompose ¢(I") into an elliptic part ¢(I') g and a unipotent part ¢(I')y. Then ¢(T)y
is a discrete and Abelian parabolic subgroup of PU(n,1). It is known that the quotient of the
complex hyperbolic space by such a subgroup is a Stein manifold, see [Chel3]. This is also a
particular case of [Mie24, Theorem 1.4], because with the notations of Step 1 above, it can be
verified that for all 7,4 € T, the identity [¢(7), #(7')] = Id implies that

and this implies that W, is totally real, so that Hg/T" is a Stein manifold. |

2.3 Proof of Theorem

We first recall a formula for the critical exponent of a discrete and torsion-free parabolic subgroup
T of PU(n, 1), for which we refer to |[CI99] or [DOP0G, §3]. Let I'; be a finite-index subgroup of
I such that II(T';) is Abelian. Define [ € {0,1} as the dimension of the real subspace spanned
by Z(N)NTy, where Z(N) ~ R is the center of R, and k € {0,...2n — 2} as the dimension of
the subspace of C"~! spanned by II(I';). Then

sy = 218 ™)
Proof of Theorem[d The second point of the theorem is given by Corollary [dl For the first
point, let T be a discrete and torsion-free parabolic subgroup of PU(n, 1) which is not virtually
Abelian. We will show that 6(T') > 2 by finding two elements z,y € T" that generate a group of
critical exponent equal to 2. Let us fix, as in Subsection [} a basis f of C**! which induces an
identification between I and a subgroup of U(n — 1) x N. Let I'; be a finite-index subgroup of T’
such that II(T';) is Abelian, given by Lemma[I2l Since the set of commutators of elements of I'y
is included in the kernel of II, which coincides with the center Z(N) of N, and I'y is not Abelian,
we deduce that T' contains two elements x and y such that II(z) and II(y) commute, but  and

15



y do not. Then according to Formula (7)), the critical exponent of the group generated by x and

y is M, where [ € {0,1} is the dimension of the R-span of the elements ¢() for v € T' and
ke {0 ,2} is the dimension of the R-span of w(z) and 7(y). Since z and y do not commute,
we see that [ =1 and k = 2. Thus §((z,y)) = 2. O

Corollary 15. Let T be a discrete and torsion-free parabolic subgroup of PU(n,1). IfT preserves
a totally real geodesic submanifold of HE, then HE /T is Stein.

Proof. We can realize I as a discrete and virtually nilpotent subgroup of
P((O(k — 1) x R*"1) x U(n — k)

for some integer k € {1,...,n}. Consequently, I" is virtually Abelian. We deduce from Theorem
I3 that HE/T is a Stein mamfold O

Corollary 16. Let T be a discrete and torsion-free parabolic subgroup of PU(2,1). Then H%/F
is Stein if and only if T is virtually Abelian.

Proof. If T is not virtually Abelian, choose two elements x,y € I' as in the proof of Theorem 21
Since z and y do not commute, we get that I(b(x), b(y)) # 0, and thus W := Spang (b(x), b(y)) C
C is equal to C. In particular W is not totally real and using Theorem [[3, we deduce that Hg/I"
admits a covering H7/(zo, yo) which is not Stein. As any covering of a Stein manifold is Steln
see |Steb6; [Siu7q]|, this implies that HE /T is not Stein. O

2.4 Examples of parabolic quotients of the ball

In the following two examples, we fix, as in Subsection 2] a basis f = (f1, f2,€1,...,€n—1) of
C"*! which induces an identification between parabolic subgroups of PU(n,1) fixing [f1] and
subgroups of U(n — 1) x N.

Ezample. Here is an example of a discrete unipotent subgroup I' of PU(n, 1) with 6(T") = 2,
for which H /T is not holomorphically convex. The group I' generated by 7 := (Id, e;,0) and
v2 := (Id, ieq,0) is the set of all elements of the form

(Id, (k/’l + ikg)el, 20 — k/’lk/’g),

where (k1,ko,f) € Z3. In particular, T' is discrete, and Formula (7)) shows that §(I') = 2.
Finally, the quotient H ¢/T naturally identifies with a bundle of punctured disks over the base
B :=C/(Z+iZ)x C"=2. If HZ/T were holomorphically convex, it would be Stein by Proposition
[[TH(a) and we would deduce that B is a Stein manifold by [CD97, Lemma 1.6], which is not the
case. Therefore, H/I" is not holomorphically convex.

Ezample. Here is an example of a complex hyperbolic bundle of punctured disks over a Cousin
group. We work in dimension n = 3, but this example generalizes to any dimension n > 3. Using
the identification introduced before the previous example, define three vectors in C2 = Ce; ®Ces
by v1 = e1, v2 = ez, and v3 = aej + bes for (a,b) € C? two complex numbers such that

{A S(a) = 3(b) # 0,
R(a) - R() ¢ Q.

The fact that S(a) # 0 and I(b) # 0 implies that vy, v and vz are R-linearly independent,
and both conditions together imply that 1,a and b are Z-linearly independent. We deduce that
the subgroup I'g of C? generated by v1, v, and v3 is discrete, and that the quotient C2/T'y has
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no compact factor and does not admit any non-constant holomorphic function (see for example
[Nap90, pages 451-452]). Let I" be the subgroup of U(n— 1) x N generated by the three elements
vi = (Id, v;,0) for i = 1,2 and 3. The equality I(a) = S(b) = XA implies that

[737 71] = [737 72] = (Ida 0, 2>‘)

Any element of I" is of the form 7{“2752753 [v3,71]¢, with (ki1, k2, k3, £) € Z*, and we deduce that
I" is the set of all elements of the form

(Id, kivo + kovy + k3us, ((kl + k/’g)k/’3 + 26))\)

with (k1, ko, k3, () € Z*. Consequently, I is discrete, and H% /T is biholomorphic to a bundle of
punctured disks over C2?/T'g. Since C2/Ty is not Stein, we deduce as in the previous example

that H2 /I is not holomorphically convex. Additionally, Formula (7)) shows that §(I') = 2.

3 Holomorphic convexity and geometrically finite subgroups

We begin by reviewing the structure of a geometrically finite quotient of the ball, then we prove
Theorems [3] and [I1

3.1 A description of geometrically finite quotients of the ball

We first recall some general concepts about discrete subgroups of PU(n,1). Let I be a discrete
subgroup of PU(n, 1). Its limit set A(T') is the closed subset of OHY. defined as the accumulation
set of an orbit I'o, for some point o € HE, and it does not depend on the choice of the point
o € HE. The domain of discontinuity (T") of T' is an open subset of OH which can be defined
as the complement of the limit set. These sets are invariant under the action of I' on OH, and
in particular, the closed geodesic convex hull of the limit set forms a I'-invariant closed subset of
HZ. The quotient Cr of this convex hull by T is a closed subset of HE /T, called convex core of
HZ/T.

We now pass to geometrically finite groups, for the definition of which we refer to [Bow95)|.
Let T’ be a geometrically finite and torsion-free subgroup of PU(n,1). We are going to use the
following description of Xt := Hg/T". This manifold has a boundary 0Xr := Q(I')/T" and it
decomposes as

k
XF = Q @] U Ei,
i=1
where @ is relatively compact in X U 0Xr, k is an integer, and for ¢ € {1,...,k}, each E; is
an open subset of Xt biholomorphic to the quotient of a horoball b; ! ((—00,0)) by a maximal
parabolic subgroup P; of I, for some Busemann function b;. Moreoever Cr N @ is compact.

3.2 Proof of Theorem 3

For the proof of Theorem B, we will need the following lemma about parabolic quotients of the
ball.

Lemma 17. Let P be a discrete and torsion-free parabolic subgroup of PU(n,1), and & € OHE
a point fized by P. The following statements are equivalent:

1. HE/P is a Stein manifold.
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2. For any horoball H C H at &, the quotient H/P is a Stein manifold.
3. There exists a horoball H C HE at & for which H/P is a Stein manifold.

Proof. (1 = 2) If HY/P is a Stein manifold, it admits a strictly plurisubharmonic exhaustion
function ¢ : HE/P — Ry. The Busemann function b : HE — R at £ is invariant under the action
of P. Let Hy := b~'((—00,A)) be a horoball at £&. The function ¢ + 11 defined on H,/P is
a strictly plurisubharmonic exhaustion function on Hy /P, which shows that Hy/P is a Stein
manifold.

The implication 2 = 3 is immediate. We now show that 3 = 2. We fix, as in Subsection
21 a basis f = (f1, f2,€3,...,eny1) of C"*! which induces an identification between parabolic
elements of PU(n, 1) fixing £ = [f1] and elements of U(n — 1) x N. The elements of P, seen as
biholomorphisms of CP", commute with the biholomorphisms L; : CP" — CP"™ defined for all
real numbers ¢ in the basis f by the matrices

1 ¢t 0
0 1 0

00 T,
With the notations of Subsection 1] it is easily checked that for any pair (A, p) of real numbers,
the map L; with t = e™2* — ¢=2# sends the horoball Hy := b~ !((—o00,\)) to the horoball
H, :=b"*((—o0,p)). We deduce that the quotients of horoballs at £ by P are all biholomorphic.

(2 = 1) The manifold H /P is the union of a one-parameter family of Stein manifolds, so
it is Stein by the theorem of Docquier-Grauert recalled in Subsection [[1] O

We now come to the proof of Theorem [l

Proof of Theorem[3 (1 == 2) Suppose that H/T' admits a plurisubharmonic exhaustion
function ¢ : H¢/T' — R. Let P be a maximal parabolic subgroup of I'. There exists a Busemann
function b, invariant under P, such that the set C' := b=!((—00,0))/P is biholomorphic to an
open subset of HE/T'. The function ¢|c + _Tl is a strictly plurisubharmonic exhaustion function
of C, and therefore C is a Stein manifold. Using Lemma [[7} we deduce that HZ/P is a Stein
manifold. If now P is any parabolic subgroup of I', it is contained in a maximal parabolic
subgroup Py of I'." The manifold H/P is a covering of H/Fy, which is Stein, and therefore
HZ/P is Stein.

(2 = 3) This proof is inspired by |Chel3, Proof of Theorem 1.4]. Suppose that, for every
maximal parabolic subgroup P < T', the quotient H/P is a Stein manifold. As explained in
Subsection B.1] the manifold Xt := H{/T" decomposes as

where @ is relatively compact in X U 0Xr, k is an integer, and for ¢ € {1,...,k}, each E; is
an open subset in Xr biholomorphic to the quotient of a horoball b;” '((=00,0)) by a maximal
parabolic subgroup P; of I', for some Busemann function b;. We also define E; C E; as the
quotient of the horoball b, ((—oc, —1)) by P;. Moreover, the convex core Cr of Xr has compact
intersection with @. By the arguments given in the proofs of Proposition [f] and Lemma @] we get
that the squared distance function to the convex hull C(T") of the limit set descends to a convex
function ¢ on X, which is strictly convex outside Cr. By Richberg’s theorem, there exists a
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continuous plurisubharmonic function 5 which is smooth and strictly plurisubharmonic outside
Cr, and such that

~ 1

see [Dem, Theorem 1.5.21]. Moreover, Lemma [I7] implies that for any ¢ € {1,...,k}, the open
subset F; of Xr is a Stein manifold, and admits a strictly plurisubharmonic exhaustion function.
Let ¥; be a smooth non-negative function that coincides with this function on E. and vanishes
outside F;. For any integer j € N, let T; be the compact subset of Xt defined by

T} :=={z € B\ B} | j < d(a) <j+1}.

Then, as soon as j > 1, the function qz is strictly plurisubharmonic on Tij , SO there exists a

constant 37 > 0 such that i00W; > fﬂ;-iag% on T7. Tt follows that there exists a strictly
increasing convex function A : Ry — Ry such that A(¢) ST ~+o0 and such that
— o0

On @, this function N coincides with A o qz and it is strictly plurisubharmonic on @ N X \
Cr. On each E!, since ¥, is strictly plurisubharmonic and ¢ is plurisubharmonic, N is strictly
plurisubharmonic. In conclusion, N is strictly plurisubharmonic outside the compact set

k
(Crn@)u T
1=1

Moreover, N is an exhaustion function. Indeed, if (z,)nen is a sequence in X1 without accu-
mulation point, then, after extracting a subsequence, it converges to the boundary dXr or has
values in one of the open sets E/. In the first case where z, — 2o € Q(I')/I", we claim that
¢(xn) — +00. Assuming the contrary, we obtain a sequence (Z,)nen in H converging to an
element T € (T'), which remains at bounded distance from C(T"), and thus another sequence
(¢n)nen in C(T") converging to Too. Thus, 2o € Q(I') N OC(T"). This is a contradiction, because
0C(T') = A(T"), see |And83|. In the case where the sequence lies in EY, it does not accumulate
and therefore, after after passing to a subsequence, we have ¥(z,) — 4+o0c. Thus N is an ex-
haustion function. Finally, a second application of Richberg’s theorem shows that there exists
a continuous exhaustion function NV : X — R which is smooth and strictly plurisubharmonic
outside a compact set. Therefore, X is holomorphically convex.

The implication 3 = 1 is classical, see for example |[Deml, Theorem 1.6.14]. O

Remark. If we replace HE by a simply connected complete Kahler manifold (X, w) with negatively
pinched sectional curvature, and assume that I' is a group acting freely and geometrically finitely
by holomorphic isometries on X, I do not know if Lemma [I7 remains true (the proof uses the
holomorphic maps L; whose existence is specific to the complex hyperbolic case). In Theorem
Bl it remains true that 1 <= 3. To show that 1 = 3, one argues as in the proof above,
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noticing that if X/T" admits a plurisubharmonic exhaustion ¢, then the open sets E; appearing
in the decomposition

k
X/I‘:QUUEZ-

=1

are Stein manifolds, with a strictly plurisubharmonic exhaustion given by ¢ + g—_l, where b; is a
Busemann function on X associated to a parabolic point corresponding to the cusp E;.

3.3 Proof of Theorem [I

For the proof of Theorem [I}(a), we will need the following lemma, which is presumably classical,
and the proof of which we include for completeness.

Lemma 18. Let X be a complete simply connected Riemannian manifold with negatively pinched
curvature, and P a discrete and torsion-free parabolic subgroup of isometries of X. Then P is
cyclic or contains a copy of Z2.

Proof of Lemma[I8 By Margulis’ lemma, P contains a finite-index nilpotent subgroup P’. More-
over, P’ is finitely generated according to [Bow93]. We distinguish two cases:

o If P’ is Abelian, then P’ is cyclic or contains a copy of Z2. Since a virtually cyclic torsion-free
group is cyclic, we deduce that P is cyclic or contains a copy of Z?2.

e Otherwise, let g be a non-trivial element in the center of P’, and h an element of P’ which
does not belong to the center of P’. Then ¢ and h generate a subgroup isomorphic to Z or Z?2.
Suppose, by contradiction, that this group is cyclic. Then g and h are powers of an element
k € P'. In a torsion-free and finitely generated nilpotent group, the centralizers of an element
and its powers coincide, and consequently g and h have the same centralizer in P’. This yields
a contradiction, and consequently P contains a copy of Z2. ([l

Proof of Theorem [l Let T be a geometrically finite and torsion-free subgroup of PU(n,1). As-
sume first that T’ is Gromov-hyperbolic. Then I' does not contain a copy of Z2, see |BH9Y,
Corollary II1.T".3.10], so according to Lemma [I8 the non-trivial parabolic subgroups of I' are
cyclic. The quotient of the complex hyperbolic space by the action of a cyclic parabolic group is
a Stein manifold, as follows, for example, from Theorem [2] see also [dFI01] or [Miel(]. Theorem
Blimplies that H /T is holomorphically convex.

In particular, if I is free, then HE/T" is holomorphically convex. Using Proposition [II}(e), we
deduce that HZ /T is Stein.

Suppose now that §(I") < 2. For any parabolic subgroup P < T',; we have §(P) < §(T') < 2,
so H/P is Stein according to Theorem 2l Using Theorem [3] we deduce that Hg/T" is holomor-
phically convex. Since §(T") < 2, this manifold does not contain any compact analytic subvariety
of positive dimension according to [DK20, Theorem 15| or Proposition 6l We deduce that Hg/T"
is Stein.

Finally, suppose that I preserves a totally real and totally geodesic submanifold HE C HE.
Then according to Corollary [I5] for any parabolic subgroup P of I, the quotient H /P is a Stein
manifold. Using Theorem Bl we deduce that Hf/I" is holomorphically convex. This manifold
does not contain any compact analytic subvariety of positive dimension, according for example
to Proposition [T}(c). Thus HE/T is Stein. O

We conclude this section by a remark which follows from Lemma I8
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Remark. Let X be a complete simply connected Riemannian manifold with negatively pinched
curvature, and I' a group containing no copy of Z2. If I' acts faithfully, discretely, and geomet-
rically finitely by isometries on X, then I' is Gromov-hyperbolic. Indeed, a geometrically finite
group is hyperbolic relative to its parabolic subgroups. Under the assumption that I' contains
no copies of Z2, the parabolic subgroups of I' are cyclic, and in particular Gromov-hyperbolic.
This implies that T itself is Gromov-hyperbolic, see [Osi06]. We can use this fact to exhibit
finitely generated groups which admit a discrete and faithful representation in PU(n, 1) but no
discrete, faithful, and geometrically finite representation of N in PU(n,1). To do this, let first
Ty be a cocompact arithmetic lattice of the simplest type of PU(n, 1), for the definition of which
we refer to [BWO0(, §VIIL5]. Then there exists a finite-index torsion-free subgroup I' < I'y and a
morphism ¢ : I' — Z such that N := ker(¢) is finitely generated but not hyperbolic, see |[LP24],
and also [IMM23] for related results. As a subgroup of I', the group N cannot contain a copy of
Z2. Thus, there exists by construction a discrete and faithful representation of N in PU(n, 1),
but there is no discrete, faithful, and geometrically finite representation of N in PU(n, 1).

4 Discrete subgroups with critical exponent equal to 2

In this section we give two proofs of Theorem [ using the techniques developped in [CMW23].
The first one uses the function f defined in Lemma[I0l The second one involves the natural flow,
which is defined by the complete vector field X = V f.

Proof of Theorem[fl Let I' be a discrete and torsion-free subgroup of PU(n,1) with critical
exponent § = 2 and assume that H/I" contains a compact subvariety A of positive dimension.
First, we remark that I" is non-elementary, as a consequence of Proposition [[T}(a) and (c¢). Thus
I' admits a Patterson-Sullivan measure (f)zenn. Fix a point p € HE and, for all § € OHE, denote
by By := By(-,p) the Busemann function at 6 which vanishes at p. Let f be the I-invariant
function defined on H by f(z) := —In|/us|. By Lemma [I0} for all tangent vector v at a point
z € Hg, we have

i00f (v, Jv) > 0.

Let A C HE be the lift of A, = be a regular point of A and v be a non-zero vector in TI;L Then
the plurisubharmonic function f| 7 is constant and consequently i00f (v, Jv) = 0. The inequality
given by Lemma [I0 is thus an equality for this vector v. Using that Patterson-Sullivan measures
are supported on A(T), one sees that this equality can only happen when

V0 € A(T'),dBy(v)? + dBy(Jv)? = ||v||>.

This is possible if and only if v € Cuv,g for all € A(T") and all v € Tz;l, where vgg € T HE is
the unit vector at x pointing in the direction of 8. We deduce that A has dimension 1 and that

VO € A(T), vgp € T, A.

Let D be the unique complex geodesic containing z for which 7,D = T, A. Then A(T) C 9D,
and hence the convex hull of A(T) is contained in D. We deduce that " preserves D. Moreover
A C D/T by Proposition To conclude, notice that D/T is a Riemann surface containing
a compact subvariety of positive dimension, so D/T" is compact and I' is a complex Fuchsian
group. O

Remark. We now outline a second proof of Theorem M inspired by |[CMW23, Theorem 1.5].
According to [CMW23, Lemma 2.2], the vector field X defined by V f on HE/T is complete, and
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defines a smooth flow (¢)ier. If # € H and (Y3,...,Y)) is a k-frame of T,HP which spans
a subspace V, then the infinitesimal contraction rate of this frame by (¢¢)ier is given by the
real number tr(Vdf(z)|v) (see [CMW23, Lemma 2.5| for a precise statement). For x € H and
6 € OHE, there is a real basis (e1,ea, ..., ea,) of T,H with e; = v, the unit vector pointing in
the direction of 8 and es = Jeq, in which the matrix of Ly + J*Lg is Diag(2 — §,2 —4,2,...,2).
In particular, if 6(I') = 2 and V' C T,Hf. is a complex subspace, then

1
tI‘(L@‘V> = §tr ((L0 + J*L0)|V) Z 0,

with equality if and only if V' has complex dimension 1 and V = Cugg. Let A be the lift in HZ
of a compact subvariety of positive dimension A C HZ/I'. Then we have for all regular point

of A
tr(Vdf|, z) > /6H tr(LG‘TIX)duz(G) > 0.

C

If, for some regular point x of Z, the above inequality was strict, then ¢_; would contract A
for sufficiently small ¢ > 0, which would contradict the fact that A is a volume minimizer in its
homology class. Fixing from now on a regular point x of A, we deduce that A has dimension 1
and, since Patterson-Sullivan measures of I" are supported on the limit set A(T') of T, we get

VO € A(T), vgp € T, A.
We conclude as in the first proof.
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