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GRADIENT FLOW OF PHASE TRANSITIONS WITH
FIXED CONTACT ANGLE

KOBE MARSHALL-STEVENS, MAYU TAKADA, YOSHIHIRO TONEGAWA, & MYLES WORKMAN

Abstract

We study the gradient flow of the Allen—Cahn equation with fixed boundary contact angle in
Euclidean domains for initial data with bounded energy. Under general assumptions, we estab-
lish both interior and boundary convergence properties for the solutions and associated energy
measures. Under various boundary non-concentration assumptions, we show that, for almost
every time, the associated limiting varifolds satisfy generalised contact angle conditions and have
bounded first variation, as well as deducing that the trace of the limit of the solutions coincides
with the limit of their traces. Moreover, we derive an Ilmanen type monotonicity formula, for
initial data with bounded energy, valid for the associated energy measures up to the boundary.
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1 Introduction

Throughout this paper we consider the following Allen—Cahn equation with non-linear Robin boundary

conditions: B
u: 2 x [0,400) = R,

e0wu = eAu — @ in €, (1)
e(Vu-v)=—0d'(u) on 012,

where 2 C R™ is a bounded domain with smooth boundary, ¢ € (0,1), v is the outward pointing
unit normal to 02, W is a smooth double-well potential with strict minima at +1, and ¢ is smooth.
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Equation (1) arises naturally as the gradient flow of the energy

E.(u) = /Q 5'2“‘ +W€(u)d:c+ /6 Qa(u)dH"_l, 2)

where H"™! denotes the (n — 1)-dimensional Hausdorff measure on R™.

The energy (2) was proposed in [Cah77] (and introduced into the mathematical literature in [Gur85,
Section 5]) as a phase transition model for fluid in a container, €2, with a contact energy between
the fluid and the boundary of the container, 02. The ¢ — 0 limiting behaviour was first studied in
[Mod87] in the framework of I'-convergence (for minimisers of (2)) and more recently in [KT18] in
the framework of varifolds (for general critical points). These works establish that, given a sequence,
e; — 0, and critical points, {u.,} (minimisers in [Mod87] and general critical points in [KT18]), of (2)
with uniform energy bounds along this sequence, one can extract a subsequential limiting function,
u € LY(Q), taking values in {1} £" a.e. in Q, where £™ denotes the n-dimensional Lebesgue measure
on R™. Thus, in the ¢ — 0 limit, the domain, €, splits into disjoint regions, given by {u = +1}.
Moreover, the boundary of these regions, often referred to as the phase interface, makes fixed contact

angle
0 — arccos (M)
Co

with the boundary, 02, in an appropriate weak sense, where

00:/_11 \/W(s)ds.

As noted in [KT17], by a heuristic argument as well as the I'-convergence result of [Mod87], one
expects that the energy, (2), provides a phase transition approximation of the Gauss free energy; in
the sense that for € &~ 0 we have, for some constant C, that

co B (us) =~ H" (2N {ue. = +1}) + cos(9) - H" (002N {u. = +1}) + C.

Critical points of the Gauss free energy are given by sets whose boundary inside of the domain, €2,
is a minimal hypersurface (precisely a stationary varifold), meeting the boundary, 0f2, with fixed
contact angle in an appropriate weak sense. Weak notions of fixed contact angle at the boundary
arise naturally in several variational problems (e.g. for minimisers of anisotropic capillarity problems
as studied in [DM15]) and were first introduced in the framework of varifolds in [KT17].

In this paper we study the e — 0 limiting behaviour of the gradient flow of the energy (2) in the
framework of varifolds. One main focus is the analysis of the ¢ — 0 limiting behaviour of the solutions
to (1) and their associated energy measures under the assumption that that the surface energy (the
interior term in (2)) does not concentrate onto the boundary in the limit. Physically, this corresponds
to precluding the phase interface from accumulating onto the boundary along the flow, a phenomena
often referred to as ‘wetting’ in the literature; for further information on this point we refer to [Cah77]
for a physical motivation as well as the examples and references discussed in [MT15, Section 8].

The interior ¢ — 0 convergence of the gradient flow of the Allen—-Cahn energy to various weak notions
of the mean curvature flow have been studied extensively; we refer to [[lm93, Ton03, Tas24] and
the references therein for a more complete background. Closely related to the fixed boundary contact
angle condition considered here is the gradient flow of the Allen-Cahn energy with Neumann boundary



conditions, arising from (2) when o = 0, as studied in [MT15] for convex domains and [Kagl9] for
general domains. In these works it was shown (under certain technical assumptions in the latter) that
the energy measures associated to the solutions converge, as ¢ — 0, to a integer rectifiable Brakke
flow with an appropriate weak notion of free boundary (i.e. fixed 90° contact angle at the boundary).
Though we do not pursue it here, one could hope to show the corresponding analogue of these results
for (2) when o # 0; namely, showing that the interior energy measures (defined in Subsection 1.2
below) associated to solutions of (1) converge to a integer rectifiable Brakke flow with an appropriate
weak notion of fixed contact angle at the boundary. A fundamental tool in establishing any such
convergence result is a monotonicity formula, which we derive here for the energy measures associated
to solutions of (1) in Appendix B.

The gradient flow of (2) has previously been studied in a variety of contexts. By deriving the first
term in the asymptotic expansion of solutions to (1), aspects of the ¢ — 0 limiting behaviour of the
flow were first studied in [OS92]. More recently, in [HL21, Theorem 1 (ii)] it is shown that, under the
assumption that no energy is dropped in the limit, the gradient flow of (2) converges, as ¢ — 0, to a BV
solution of the mean curvature flow with fixed contact angle (in the sense of [HL21, Definition 1]). In
the opposite direction, in [AM22, HM22], by assuming the existence of a smooth mean curvature flow
with fixed contact angle, the existence of a solution to (1) which approximates this mean curvature
flow is established and the convergence rate of the approximation is analysed.

1.1 Notation

We collect some notations and definitions that will be used throughout the paper:

e We let 2 C R"™ be an open, bounded, connected set with smooth boundary, 02, and denote by v
the outward pointing unit normal to 0f2. Let x > 0 denote the reciprocal of the supremum of the
principle curvatures of 92 (which is finite and strictly positive as 9€2 is smooth and compact)
and for 0 < r < k we define the interior tubular neighbourhood of 02 of size r to be

N, ={z—v(z)|0< X <r}.

e We will denote by V', AT and divyg the tangential gradient, Laplacian and divergence operators
on 0f) respectively.

e We denote by G(n,n — 1) the space of (n — 1)-dimensional subspaces of R™, and identify S €
G(n,n — 1) with the orthogonal projection of R™ onto S and its matrix representation. For
a € R" we denote by a ® a € Hom(R™;R") the matrix with entries a;a; (with 1 < 4,j < n).
Writing I for the identity matrix we have, for each unit vector a € R", [ —a®a € G(n,n —1).
For X C R" either open or compact we set G,,—1(X) = X x G(n,n —1).

e For a Radon measure p on a measure space X and ¢ € C.(X) we write u(¢) = [ pdup and
let spt(u) denote the support of . A general (n — 1)-varifold (hereafter simply varifold) on X
is a Radon measure on G,,_1(X), and we denote the set of all such varifolds as V,,_1(X). For
V eV, 1(X) we will write ||V]|| for the weight measure of V, i.e. for each ¢ € C.(X) we have

Vi@ = [ o avizs)
Gro1(X)
and 0V for the first variation of V, i.e. for each g € C}(X;R") we have

WVi(g) = /G o Vyg(z)-SdV(z,S).
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1.2 Setting

We first impose the following two assumptions on W and o, these will be fixed throughout the paper:

(A1) W e C*(R) is a non-negative double-well potential with non-degenerate minima at 1, unique
local maximum in (—1, 1), and for some v € (0, 1) we have W”(s) > 0 for each |s| > 7. A typical
example of such a potential is W (s) = (1 — s?)2.

(A2) 0 € C*(R) and there exists a ¢; € [0,1) such that for each s € R we have
|0'(s)] < 1/ 2W (s),

As the angle condition is determined by the difference (o(1) — o(—1)) and ¢y, without loss of
generality we set o(—1) = 0 throughout. One can then prescribe a fixed contact angle, 6 € (0, 5],

based on the potential, W, by choosing o(s) = cos(0) f_sl \/2W (r) dr.

Remark 1. The assumptions placed on W and o above are rather general and allow for a large
amount of flexibility in applying our results. For instance, no specific choices of W and o are required
in order to approximate, in the ¢ — 0 limit, hypersurfaces making fixed contact angle 6 with 0S2.

Remark 2. As remarked in [KT18], assumption (A2) ensures that

v [l [ VT <

which physically corresponds to the contact energy density, |o(1)|, of the interface, formed by the region
{u =~ 1}, with 092 being strictly smaller than the interior energy density, co, of the interface inside of
Q. As |o(1)| /7 co we thus expect the ‘perfect wetting’ phenomena described in [Cah77].

Given ¢ € (0,1), u € C®(Q x [0,00)) solving (1), and ¢t > 0 we define, for each ¢ € C.(R"), the
associated Radon measures

Nil ©) :fQ(p<a|Vu(~,t)\ +W(ui~,t))> da,
,Utz ©) faQSDU u( -, t))dH"™ g (3)
pi () = pi (@) + pia(e),

and, for each ¢ € C.(G,_1(R")), we define the associated varifolds

V(o) = fm{w;&o} ¢ (x, I- |W| ® \m\) dpig s
‘/t€2(¢) = fag Qf?(% TmﬁQ) dﬂt,zv (4)
Vi) = Via(9) + Vis(9).

With the above definitions we have [|[V|| = p; and ||V5|| = pg; for j = 1,2. Furthermore, we define
the discrepancy measure, &;, by setting

c_ (VUG OR W)Y
d&; = ( 5 — - ) dL"|q.

As we are concerned with the e — 0 limiting behaviour of solutions to (1) we will often make two
further assumptions throughout the paper:



(A3) For a sequence {e;} C (0,1), with g; — 0, we have {u;} C C>(Q x [0,00)) such that

u;: Q x [0, +00) — R,
Eiatui = eiAui — w in Q, (5)

ei(Vu; - v) = —o'(u;)  on 09,
where v is the outward pointing unit normal to 0.

Remark 3. We will often consider further subsequences, {5, } C {51} and when doing so, for each
{20, write u; in place of uy, oy iy in place of i i, and Vi, Vi, Vi, in place of

V; ,V;J ,1/;72 to denote the solutions of (5), the Radon measures, and the varifolds associated with
such a subsequence of solutions respectively.

(A4) There exists Ey > 0 such that

sup; B¢, (ui( -, 0)) < Eo,
sup; [[ui( -, 0)]| ooy < 1.

Under the assumptions (A1)-(A4), each u; is a solution to the gradient flow of (2) with initial data
given by u;(-,0). To see this, observe that for each ¢ € C*°(2) and ¢t > 0 we have

/5,~ Oyu; pdx = —/ (5,Vuz Vo+ ———= W (ul) ) dz —/ o' (u;) edH" ™ = —0E. (ui(-,1))(p),
Q Q & BY)

)

and therefore

B (1)) = 6B (1) G- 1)) = — / . (Opus)? dr < 0. (6)

Combining this fact with the energy bound in (A4) we have

supsup E., (u;( -,t)) < Ey. (7)

i >0

The uniform energy bounds imposed by (7) ensure uniform (i.e. independent of €) mass bounds along
the sequences of Radon measures and varifolds as defined in (3) and (4) respectively. Consequently,
due to the weak compactness of Radon measures, up to a subsequence, one obtains limits for these
sequences of Radon measures and varifolds. We will denote the limiting Radon measures of the
sequences {y;'} and {u;%} for j = 1,2 by p; and gy for j = 1,2 respectively. Similarly, we will
denote the limiting varifolds of the sequences {V;"'} and {V;7} for j = 1,2 by V; and V; ; for j = 1,2
respectively.

Remark 4. In [Ton03] it was established that for L' a.e. t > 0 we have, under assumptions (Al)-
(A4), that potentially up to a further subsequence depending on t (not relabelled) &' — & for some
Radon measure & with spt(&§;) C 0 and § < ||Vial|loa (i-e. with Vi — Viy).

1.3 Main results

Subject to our general assumptions we obtain:



Theorem 1. Under assumptions (A1)-(A4), the following holds:

1. There exist Radon measures, {i}i>0, and a subsequence, {;} C (0,1) (denoted by the same
indez), such that B
e — pe on Q.

2. For L' a.e. t > 0 there exists a function, u(-,t) € BV(Q), and a subsequence, {g;} C (0,1)
(denoted by the same index), such that, for L' a.e. t > 0, we have
wi( - t) o= u(-,t) in LHQ),
u(-,t)==+1 L" a.e. on €,
where u;( - ,t)|q denotes the restriction of u;(-,t) to Q.

8. For L' a.e. t > 0 there exists a subsequence, {e;,} C {e;}, dependent ont >0, and a function,
u(-,t) € BV(09Q), such that

wi( -, ) on— a(-,t) in LY(OQ),
a(-,t)==+1 H" 1 a.e. on 09,

where u;(-,t)|aq denotes the restriction of u;( -,t) to OS2

Theorem 1 tells us that, under assumptions (A1)-(A4), there exists a family of unique limiting mea-
sures, {1 }+>0, for all £ > 0, a unique limiting interior function, u(-,t), for £' a.e. t > 0, and a limiting
boundary function, (-, t), dependent on the choice of L a.e. t > 0.

We will now impose the assumption that the discrepancy vanishes in the limit, or more precisely that
it does not concentrate on the boundary, namely:

(A5) For the sequence {&;} C (0,1) and £ a.e. t > 0 it holds that
&t — 0.
In other words, in addition to Remark 4, we have that &|sq= 0 for L a.e. t > 0.
Subject to the discrepancy non-concentration assumption we obtain:

Theorem 2. Under assumptions (A1)-(Ab), the following holds:

1. For L' a.e. t > 0 there exists a subsequence, {e;,} C {&;}, dependent ont > 0, a limiting varifold,
Vii € Vaoi(Q) (ice. with V) — Vi), and a ||V,1|| measurable vector field, H, € Lﬁw 1H(ﬁ; R™)
(i.e. L* with respect to ||Vi1||), such that, for each g € CH(R™;R"™) with (g-v) =0 on dQ, we
have

5Via(g) + (1) /

{a(-, t)=+1}
where u( - ,t) is as in Theorem 1 part 3.

divoa(g) K™ = — / g Hd[Viall
Q

2. For L' a.e. t > 0 there exists a subsequence, {e;,} C {e;}, dependent ont > 0, and a limiting
varifold, V; € V,,_1(Q) (i.e. with V; — V;), such that

10Ve[|(2) < o0,
and for each T > 0 we have

T
/ [|[6V;| () dt < oc.
0
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Theorem 2 tells us that, under assumptions (A1)-(A5), for £! a.e. ¢ > 0 there is an interior limiting
varifold, V; 1, which is a varifold of fixed contact angle, given by 6 = arccos(o (1)), with respect to the
set {a(-,t) =1} C 09, and that there is a limiting varifold, V;, with bounded first variation which is
also integrable in time.

Remark 5. We note that our definition of varifold with fixed contact angle slightly differs from that
of [KT17, Definition 3.1] as we allow for our varifold to have measure on the boundary OS2.

Remark 6. One expects that assumption (A5) can be deduced explicitly, as was done for gradient
flow of the Allen—-Cahn energy in the Neumann case in [MT15], from which the results of Theorem 2
would hold with assumptions (A1)-(A4) only; we have not yet been able to show this.

Under a further assumption that none of the interior measure, ug, = ||V ]|, accumulates on the
boundary in the limit, we are able to deduce stronger conclusions about the behaviour of the limiting
functions and the first variation of the limiting varifolds. Precisely, we assume that:

(A6) For L' a.e. t > 0 and for each s > 0, there exists a § > 0, with

limsup [[V;[[(Ns) < s,

1—00

where Ns denotes the interior tubular neighbourhood of 90 of size §.

Remark 7. As & < ||Vil|loa (see Remark 4), assumption (A6) is stronger than assumption (A5).

Figure 1: In both graphics the interior solid curves depict a portion of 0€2, and the dashed
curves depict smooth boundaries of interface regions in the interior of 2. The left-hand
graphic depicts a positive time along the flow at which the interface comes into tangential
contact with 0f2, i.e. the interface ‘wetting’. The right-hand graphic depicts the interface
at any later positive time after which the ‘popping’ of the interface has occurred, subject
to the assumption that the interior measures do not concentrate on 2.

Intuitively, this assumption ensures that the interior portions of any limiting varifold, V;;, do not
tangentially touch, or lie within, the boundary along the flow. Indeed, since the weight measures of
the varifolds, V5, are expected to behave like hypersurface measures of moving phase boundaries, this
ensures that if such a hypersurface were to touch the boundary from the interior at some point in time,
then the hypersurface would split at this point of the boundary into two distinct parts instantaneously.
Physically, this precludes any ‘wetting’ occurring along the flow, as discussed above, and corresponds
to a ‘popping’ of the interface upon tangential contact with the boundary; see Figure 1.



Remark 8. In view of Theorem 2 part 2, for each interior limiting varifold, Vi1 € V,_1(Q) (i.e. with
V/) = Via), for g € CLR™R™) with (g-v) =0 on 0Q we let

QNA

(Vi) la(o) = =o(1) | divan(g) '~ = [ g+ Hid Vi
{a(-, H=+1}nA
denote the restriction of the first variation to a measurable set A C R™.
Subject to the measure non-concentration assumption we obtain:
Theorem 3. Under assumptions (A1)-(AG), the following holds:
1. For L' a.e. t > 0 there exists a subsequence, {e;,} C {e;}, dependent ont >0, such that
{uj( ) oa— Tul(-,t) in LN09),
Tu(-,t) =41 H"! a.e. on 09,

where Tu(-,t) € LY(0) arises as the trace of u(-,t) as in Theorem 1 part 2. Moreover, we
have that Tu( - ,t) € BV (092).

2. For L' a.e. t > 0 there exists a subsequence, {e;,} C {e;}, dependent ont > 0, and a limiting
varifold, Vi1 € Vo_1(Q) (i.e. with V7y — Vi 1), such that for each g € C2(R™;R"™) with (g-v) =0
on 0N), we have

(6Vi1)lon(g) = —0'(1)/ 9 Tigru(. p=t1y dH" 2, (8)
O {Tu(-,t)=-+1}
where Tpy(. =11} 95 the measure theoretic outward pointing normal to O*{Tu(-,t) = +1}.
Theorem 3 tells us that, under assumptions (A1)-(A6), for £! a.e. t > 0, given the functions u( -, 1)
and @(-,t) from Theorem 1, we have T'u = @ on 0f2, where T'u is the BV trace of u on 09 (e.g. see
[EG15, Theorem 5.6]), and that there is an interior limiting varifold, V;;, which makes contact angle

0 = arccos(o(1)) (in the sense of [KT17, Definition 3.1, as opposed to in Theorem 2 part 1; see
Remark 5) with respect to the set {T'u(-,t) = +1}; see Figure 2.

{Tu=+1}

Figure 2: The thicker dashed line in the graphic depicts a smooth boundary of the region
{u = +1} for the limiting function u (at some fixed time) which makes contact angle 6
with respect to the set {T'u = 41}, depicted with the thin dashed line, in 9. The angle 0
corresponds to the angle formed between the unit outward pointing co-normal, fgg,—41},
to the boundary of {u = 41} in 02, and the outward pointing unit normal, 7i{p,—11}, to
{Tw = +1}, which is tangent to 0.



Remark 9. Under assumption (A6), for L' a.e. t > 0 we have ||V = pela, ||Vl = weloq
and, by [llm93, Ton03], that the measures u|q are rectifiable. For such L' a.e. t > 0 we have a
unique rectifiable interior limiting varifold, Vi, € V,_1(Q), with Vi — Vi1 and [|Vi1|| = pe|a; it also
follows from [Ton03] that for L' a.e. t > 0 the varifold c;' Vi1 € V,,_1(Q) is integer rectifiable. We
also ensure that, for the same L' a.e. t > 0 as above, we have unique boundary limiting varifolds,
Vie € V,,.1(Q), by setting Viz = o(1)H" ™ [ {ruzs1y; the dominated convergence theorem shows that
sz] — Vi for each subsequence, {e;,} C {&;}, such that u;(-,t)[so— Tu(-,t) in L'(0). Thus,
for the same L' a.e. t > 0 as above, we have uniquely defined limiting varifolds, V; € V,_1(Q), with
V=V, by setting Vi = Viq + Via. In general, without the rectifiability of the limit measure, yu, for
LY a.e. t >0 (which followed from (A6)) it does not appear to be enough to guarantee the uniqueness
of the limiting varifolds, V1, Vi2 or Vy; see Appendiz A for further discussion on this point. We note
that the uniqueness of the limiting varifolds referred to above is implicitly understood to be with respect
to dependence on the subsequence, {;} C (0,1), and not on a specific choice of t > 0 (for instance,
as opposed to the subsequences chosen for Theorem 1 part 8 and Theorems 2 and 3).

Our results indicate that solutions of (1) should converge, as ¢ — 0, to an appropriate weak notion
of mean curvature flow with fixed contact angle. Motivated by this, we also derive the appropriate
[lmanen type monotonicity formula for the energy measures associated to solutions of (1) in Appendix
B, which should be useful in the future study of the limiting behaviour of the gradient flow of (2).
Under appropriate control of the discrepancy term (e.g. under the non-concentration assumptions,
(A5) and (A6)) that appears, one would hope to utilise this monotonicity formula in order to obtain
(in the vein of [MT15]) refined convergence, as ¢ — 0, of the solutions to the support of the limiting
varifolds.

The rest of the paper is structured as follows. In Section 2 we prove Theorem 1. In Section 3 we
establish, under the assumptions of discrepancy and measure non-concentration, that Theorem 2 and
Theorem 3 hold respectively. In Appendix A we include an approach towards establishing uniqueness
of the limiting Radon measures. We conclude the paper with Appendix B in which we establish
an [lmanen type monotonicity formula, for initial data with bounded energy, valid for the energy
measures assosciated to solutions of (1) up to the boundary.

2 Boundary behaviour in general

In this section we establish Theorem 1. Unless stated otherwise, we assume that assumptions (Al)-
(A4) hold throughout this section.

We first establish the following semi-decreasing property for the energy measures associated to solu-
tions of (1):

Lemma 1. Suppose for some e € (0,1) that u € C®(Qx[0,00)) is a solution to (1) with E.(u(-,0)) <
Ey. Then, for each ¢ € C?();RY), the function

- /_ b — Eolldlxmyt
Q

is a monotone decreasing for t > 0.

Proof. Integrating by parts and using the boundary condition we have
d w’
_/cbdui - / ¢ <5(Vu-Vut) LAD
dt Q 0 15

9
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_ /Q (Vo - Vuu, — / eo(ur)?

Q

[ e(Vo-Vu)? V-V’
_/Q P _/Qw(“t+ 2¢)

e(Vo - Vu)?
S/Q 1%
IVo|* (e|Vul?  W(u)

< < E 5
< [T (A5 29) < milollony

where in the final inequality we use the estimate supy,.o % < 2sup||V2¢|| (which follows from
Cauchy’s mean value theorem). The desired monotonicity follows by integrating in ¢. O

We now establish Theorem 1 part 1:

Proof of Theorem 1 part 1. With Lemma 1 established, this now follows in an identical manner to
[MT15, Proposition 5.2]; we repeat the argument here for completeness.

Let By C [0,00) be a countable dense subset. By the energy bound in (A4) and the compactness
of Radon measures there exists a subsequence (denoted by the same index) and Radon measures,
{1 }1eBy, supported in € such that, for ¢ € By, we have u;" — ;.

Let {¢x }r>1 C C2(S;R,) be a countable dense subset of C'(Q;R,). By Lemma 1, for each k& > 1 there
is an at most countable subset, By C [0, 00), such that the function t € By — p;(¢x) can be extended
continuously to [0,00) \ Bg. Moreover, by setting B = Ug>1 By (which is countable) we ensure that,
for each k£ > 1, the function t — u(¢y) defined on By has the continuous extension to [0, 00) \ B given
by

pa(@r) = im puy(dr) = . p(¢x) (9)

tEBy teBo

for each s € [0,00) \ B. Let s € [0,00) \ B and {&;,} C {&;} be any subsequence such that
pl = i (10)
for some Radon measure, fi;. For each t,t € By with t < s < t and k > 1 we have from Lemma 1 that
12 (Dk) — Eoll okl o2y (F = 8) < pd(dn) < i (dn) — Eolldkll ezt — 9),
and thus by (9) and (10) we see that
1i(dr) = Eollorll o2y (E = ) < f1s(0r) < pe(dr) — Eol |9 ez (t — ).

Upon sending t 7 s and £\, s we have p,(¢r) = fis(¢x) and so uSi (o) — ps(¢r) for all s € [0, 00) \ B;
since the {¢p}r>1 are dense in C(Q;R,) we conclude that p, — pu, for all s € [0,00) \ B. Finally,
as B is countable we use the energy bound in (A4), the compactness of Radon measures, and the
diagonal argument to choose a further subsequence (again denoted by the same index) such that, for
each t > 0, we have u;* — . for some collection of Radon measures, {p}+>0, as desired. O]

We now establish Theorem 1 part 2:
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Proof of Theorem 1 part 2. We denote

- /_tl V2W (s) ds (11)

so that ®(1) = ¢, and set w;(-,t) = ®(u;(-,t)) for each t € [0,7). By (6) and the energy bound in
(A4) we have that

/OT/Q'@”"'“W' - /T/MWHMHMWHW

[ e [ 500

—(EO—EEl(uZ( ,T)))+/ s (ui (-, 1)) dt — // o(u( -, t)) dH" dt.
2 0 o0

IN

IN

Thus we deduce that
sup ||ws| | By (@xjo,r) < +00,

so that, after taking a subsequence and reindexing, there exists w € BV (Q2 x [0,7)) with w; — w in

LY x [0,7)) and
T T
/ / |Oyw| + [Vw|de dt < liminf/ / |0yw;| + | Vw;.
0 Ja e Joo Ja

We further deduce that, after potentially taking a further subsequence and reindexing, for £ a.e. t €
[0, T) we have w;(-,t) — w(-,t) in L}Y(Q). Moreover, for such t € [0,T), X € C}({;R"), and any
7 > 0, we then choose large enough 7, such that
/w(~,t)dide:c < /wi(~,t)didex+T
Q Q
aiVui~,t2 Wui~,t
< ||X||L°°/Q | 2( I W, 1))

&

dr + 7.

This implies that for £! a.e. t € [0,T) we have w(-,t) € BV () with

/Q|Dw( )] < hmmf/Q €i|vui2( aLl + Wui( -, 1)) dx.

1—00 E;

As @ is increasing and continuous it has a continuous inverse, ®~!, and thus the functions u;(-,t) =
O (wy( - ,t)) converge, for L' a.e. t > 0, pointwise H" a.e. to u(-,t) = & (w(-,t)) € BV (). Noting
that fQ (u;) < Epe; and applying Fatou’s lemma we conclude that

0< / W(u) < lim inf/ Wi(u;) =0
Q Iz Ja

Thus, by the assumptions on W, we have u(-,t) = £1 L™ a.e. on (2, as desired. O

In order to control the energy on the boundary, we first establish the following expression for the first
variation of the diffuse varifolds:

11



Proposition 1. Suppose for some € € (0,1) that u € C*°(Q x [0,00)) is a solution to (1). Then, for
g € CHR™R"), we have

Vu Vu
wiw-[ (v e ) ug
79) QN{|Vu|£0} [Vul V| '

+ /m{vuzo}(Vg 1) dg; + /Qsﬁtu (9-Vu)dx (12)
elVul? | W(u)  o'(u)? n—
+/as)( 5 + P )(g-u)d?—[ L

Proof. By an identical computation to that of [KT18, Lemma 4.1], for g € C!(R™; R™) we have

Vu _ Vu [(e|Vul*  W(u)
oVE (g :/ Vg - ® ( — dx
n1l9) QN {[Vul£0} Vu| — |Vu| 2

N
QN{Vu=0}

- /8 <e|v2u|2+vv£u>) (g-v)dH"" + / o' () (g - V) dH"

o0

d:)s+/58tu (9-Vu)dx
Q

For 0V)5(g) we compute that for g € C}(R™;R") by the divergence theorem we have

5V (0) = /8 ofu) divan(g) 4! = - /8 RO

Summing the above two expressions and using the boundary condition in (5) we see that

Vu Vu (e|Vul?  W(u)
0Ve(g :/ Vg - ® ( — dx
79) QN {[Vul£0} Vul — |Vu| 2 €

B / Vg1 W (u)
QN{Vu=0}

+/m <5|V2u\2 U o—'(u)2) (9-0) 431,

€ 9

d:)s+/58tu (9-Vu)dx
Q

which is equivalent to (12), as desired. O

We also establish the following boundary energy control:

Proposition 2. Suppose for some ¢ € (0,1) that u € C®(Q x [0,00)) is a solution to (1) with
Ec(u(-,0)) < Ey and |[u(-,0)||pe@) < 1. Then, there exists a constant C > 0 depending only on
Q, By, 0 and ¢ such that

/OT /m (aIVu(2~ )] i W(“i' ’t>)) dH M dt < C(1+T).

Proof. By the computation in (6), the assumptions that both E.(u(-,0)) < Ep and |[u( -, 0)| e < 1
we have

/Q<5|Vu(2.,t)|2 N W(u(.,t))) < FE, —/m o(u) dH™ " < By — < min U(s)) 11 (09),

£ se[—1,1]

12



for each t € [0,T). Using the gradient of the signed distance function to 92 and cutting off in an
appropriately small tubular neighbourhood of 92, we consider a function, g € C?(R"; R"), such that

gl =1,
Vgl < C(Q),
g=v on 0f).

By definition of the first variation we have |dV(g)| < C, where the constant depends only on Q, Ej
and o, and thus by (12) we see that

/an <€|VU(2. OF + Wul: ’t))) < _/gzﬁ(atu) (9-Vu)dr+ /aﬂ Md%”_l + C.

9 €

We have

2
< 1/5(81‘/11)2(&5—'_/ Mdmﬁ 1/&t(<9,5u)261lx+6',
2 Jq Q 2 2 Jq

/Q c(O) (g - V) da

and by (A2) there is ¢; € [0, 1) such that

/ 2 2
/ g (u) dHn—l S C% W(U) dr;_[n—l S 1 / €|VU“ _'_ W(u)
n € n € o0 2 €

Combining the above, we see that by (6) we have

dH™ 1.

€

Integrating this expression over [0,7") we have

[ (A D) et < a0~ Eulal D) T

where C' now depends only on €2, Ey, 0 and ¢;. Noting that

E.(u(-,T)) > / o(u(-,t)dH" 1 > < min a(s)) HH(09Q),

a0 se[—1,1]
we have . )
Vu(-,t Wiu(-,t _
/ / <€| ul L OF | Wl ))) dH"™ dt < C(1+T),
0o Jon 2 €
for a new constant, C, also depending only on 2, Ey, o and c¢;. O

We can now complete the proof of Theorem 1 part 3:

Proof of Theorem 1 part 3. By Fatou’s Lemma and Proposition 2 we have that

T ) (. 2 (.
/ liminf/ <52|VUZ( )] 4 W (ui( at))> dH™ 1 at
0 o0

T . . . 2 . .
Sliminf/ / <5’|V“’( HE |, Wl ’t))) dH™ " dt < C(1+T).
0o Joo 2 i

1—00

13



Thus, for £ a.e. t € [0,T) we have a subsequence, {¢;, } C {e;}, dependent on ¢ € [0,T), such that

i V(- t)]? (.
w [ (a]\ w(- OF | Wy D) gt < 420
0

j 2 5ij

By standard arguments, there exists a function (-, t) € BV(99Q) such that a(-,t) = +1 H" ! a.e.,
u;(+,t) = a(-,t) in LY(99Q), and

D+, 1) < liminf [ |Duy(-,1)].
a0 I70 Jon

Moreover, we have that {a(-,t) = +1} is a Caccioppoli set in 0f2. O

3 Boundary behaviour with assumptions

In this section, under the boundary non-concentration assumptions on the discrepancy and the interior
measures, we establish Theorems 2 and 3, respectively.

3.1 Limiting behaviour under discrepancy non-concentration
Unless stated otherwise, we assume that assumptions (A1)-(A5) hold throughout this subsection.

Proof of Theorem 2 part 1. The energy bound in (A4) combined with (6) and the proof of Theorem
1 part 3 show that for £! a.e. t > 0 we have

2 vt
lim inf (/ 62-(8tu)2) +/ il Vil + W(u) dH™ ' 5 = c(t) < oo. (13)
vroo Q o0 2 i

We now fix one of the £! a.e. ¢ > 0 such that (13) and (A5) hold, and then choose a subse-
quence, {e;,} C {&;}, so that both thl — V;y and VY — Vj; in particular, this ensures that
WVi(g) = lim; o 5th(g) for each ¢ € C'(Q;R"). By Proposition 2 we have, potentially taking a
further subsequence, that w;(-,¢) — a(-,t) in L'(99Q) as in Theorem 1 part 3.

For a subsequence as above, we define linear functionals, L;, for g € C}(R™;R") by setting

Ly(9) = | =005~ ;) de

Noting that we then have
. 1
1L;(9)] < ct) (IIVE111(spt(9)))* [1gllz=, (14)

after potentially taking a further subsequence, there exists a bounded linear functional, L, defined on
C.(R™;R™), with L; — L; notice that by (12), for each g € C}(R";R") with (g - v) = 0 we then have
L(g) = 6Vi(g). By defining

IL|[(U) = sup{L(g): g € C.(U;R"), |g] < 1},

on open sets U C € (]| L|| will then be a Radon measure by the Riesz representation theorem, e.g. see
[EG15, Theorem 1.38]), we have by (14) that ||L|| < ||V;1]|; therefore by the Radon-Nikodym theorem

14



there exists a ||V;1|| measurable vector field, H,, such that L(g) = — [5¢g - H,d||V,1]|. Moreover we
note that, for g € C}(R";R"), we have

Lo ttaivalt < o) [ 1aPavial )
Q Q

which implies that H, € Lﬁv; 1”(ﬁ; R™) (see [Lahl7, Lemma A.3]).

Recalling (12), assumption (A5), and the reasoning above, for each g € C}(R™;R") with (g-v) = 0
we have

Vislg) + (1) [

{a(-t)=+1}

as desired. [

diVandHn_l = —/g - H, d||V;t7l||>
Q

Proof of Theorem 2 part 2. Fix one of the L' a.e. t > 0 such that (13) and (A5) hold, and then choose
a subsequence, {&;,} C {&;}, so that V/ — Vj; in particular, this ensures that §V;(g) = lim;_., 6V (g)
for each g € C*(Q;R™). As ||V/|| = i/ we then deduce, for this t > 0 above, that by Theorem 1 part
1 we have ||Vi|| = p-

In order to control ||§V;|| we bound each of the terms appearing in (12). Firstly, for each g € C*(Q; R™)
we have

QN {|Vu |0} V| [Vl
which converges to zero as j — oo by (A5). Next, as in the proof of Proposition 2 we see that for

sufficiently large 7 and a constant, C, depending only on n, €2, o, and the energy bound in (A4) we
have

d; " —/ (Vg 1)dg" < 2sup|Vgllg,"|(©),
QN{Vu;=0}

/ €i,0ru;(g - Vu;) < Ce(t) sup|g|,
Q

and

/ (%\VUHQ N Wiu;)  o'(uy)

2 5ij 5ij

2
) (g-v)dH™ " < 3c(t)sup|g]|.

Combining the above three bounds and comparing with (12), we conclude that there exists some
constant, C(t), such that .
[0Velg)l = lim |0V (g)] < C(t) sup |g]- (15)

This shows that for £! a.e. t > 0 we have |[§V;]|(Q) < C(t) < oo. We conclude by integrating ||dV;||(€2)
between 0 and T'; noting that C(t) is locally integrable as a function of ¢ by the choice of subsequence
satisfying (13), the energy bound in (A4), and Proposition 2. O

3.2 Limiting behaviour under measure non-concentration

Unless stated otherwise, we assume that assumptions (A1)-(A6) hold throughout this subsection.

Proof of Theorem 8 part 1. Fix one of the L' a.e. t € [0, T) such that (A6) holds and a subsequence,
{ei,} C {ei}, dependent on this ¢, as in Theorem 1 part 3 so that both w; (-,t) = ®(u;(-,t)) —
w(-,t) = P(u(-,t) in L'(Q) and w;, (-, t) = P(u;(-,t)) = w(-,t) = ¢(a(-,t)) in L'(9Q); where ®
is defined as in (11).

15



As w(-,t) € BV(Q) we have (e.g. see [EG15, Theorem 5.6]), for X € C}(R";R"), that

/aQ(X-y)Tw(-,t)dH"_ :/QX-d|Dw(-,t)|+/Qw(-,t)didex, (16)

where T' denotes the trace operator defined for functions in BV (Q). Fixing f € C*(99Q) and § € (0, k),
by using the gradient of the signed distance function to 02 and an appropriate cutoff function, one
can construct a vector field, X € C}(R™ R"), such that (X - v) = f on 99 and spt(X) N C Ns.
With this vector field, by adding and subtracting terms involving w;,(-,t) and w(-,t) into (16) and
applying the divergence theorem we have

/ (X - v) Tw(-,t) dH"

= X-d|Dw(-,t)|+/ (w(-,t) —w;; (-, 1) divXde — [ Vw,(-,t) - Xdo
+/aQ(wij(-,t)—m(-,t))(X-l/)d’H"_ +/m111(-,t)(X-y)d’H"_.

By a similar calculation to the proof of Theorem 1 part 2, we bound

X-d\Dw(wt)\‘ < [[X ||z lim inf | Duw, (-, 1)[(Ng) < [| X ]|z 1ijrgg1f||‘/£1H(N5),

Ns

and similarly we have the bound

Vwg,(-,t) - Xdo

Ns

< X 2o VAN (N5).-

Thus, upon sending j — oo we ensure that, by the two bounds above and the convergence of w,( -, 1),
we have
fTw(- t)ydH" = | fa(-,t)dH""
o9 o0
As f € CY(09) chosen above was arbitrary, we see that Tw( -, t) = w(-,t) = ®(a(-,t)) H" ! a.e. on
00 by the fundamental lemma of the calculus of variations. Noting that, as u = +1 L™ a.e. in €2,
=41 H"" ae. on J9Q, and recalling that both ®(1) = ¢y and ®(—1) = 0, we have

{u =c; (2w —cp) L™ ae. in Q,

i=cy (20— cg) H" ' ae on 0.

From the above expressions, the linearity of the trace operator, T, and the fact that Tw( - ,t) = @( -, t)
as deduced above, we conclude that Tu(-,t) = a(-,t) H" ! a.e. on 99, as desired. O

Proof of Theorem 3 part 2. Fix one of the £ a.e. t > 0 such that (13) and (A6) hold, and a subse-
quence, {g;;} C {&;}, so that th — Vi, thl — Vi1, and thz — o(1) H" ' ¢ru(. ,=113- Note that by
(A6) we have that ||V} 1]|(9€2) = 0, and so recalling Theorem 2 part 1 and Remark 8, for g € C}(R™; R")
with (g - v) = 0, we have that

(Vi) Lag) + (Vi) Lon(g) + (1) /

diVaQ(g) d%n_l = — / g- H, d”%,l”
{Tu(-,t)=+1} Q
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Thus, taking g € C!(Q;R"), we have

(6Vi) L) = — / g Hd|Via].

For 6 € (0, k), consider a cutoff function, ns € C°(Q2), which satisfies the following,

ns =0 onNg,
7]5:1 OHQ\N(;,
Ins| < 1.

Then, by dominated convergence theorem, for any g € C!(R"; R"), we have

(6Vi)lag) = 1m0V La(mg) = iy [ (g ) dViall = [ g+ Hod]Via].

Thus, for g € C}H(R";R") with (¢g-v) = 0 we have by the divergence theorem that
Vidlm(o) = o)) [ divan(g) "
{Tu(- t)=+1}

= —o(1) / G Tru(. =s1y AH 2,
O {Tu(-, £)=+1}

as desired. [

A Limiting Radon measures

We deduced the existence of unique (i.e. depending on the initial subsequence, {¢;} C (0,1), and
not on a choice of ¢ > 0) limiting measures, {4 }+>0, for the measures {u;*}i>¢ in Theorem 1 part
1; which followed from the semi-decreasing property of Lemma 1. One could also hope to deduce
uniqueness of limiting measures for the sequences {1 }i>0 and {p;% }i>0. However, due to a lack of
a semi-decreasing property for each of these measures, in general we can only guarantee, from the
energy bound in (A3), that for each ¢ > 0 there exists a subsequence, {e;;} C {&;}, dependent on
this ¢ > 0, and limiting Radon measures, j;; and f; 2, such that u{l — 1 and u{z — pt2. Due to
the dependence on a subsequence, from this we cannot necessarily ensure uniqueness of the limiting
measures obtained.

For each t > 0 we denote by
Fij = {1 : there exists a subsequence, {e;,} C {&;}, such that py ; — 3}, (17)

the collections of limiting Radon measures, for j = 1, 2.

Remark 10. As noted in Remark 9, under assumption (A6), for L' a.e. t > 0 we have that pui'y — p|o
and pig'y — jit| oo without passing to a further subsequence, giving rise to families of unique limiting
measures. Thus, for such L' a.e. t > 0 we have Fy1 = {u|a} and Fio = {loa}-

In order to define unique limiting measures independent of a specific ¢ > 0 under assumptions (A1)-
(A4) (in particular without assuming (A6) as in Remark 9), we now explore a potential approach by
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‘slicing’ appropriate space-time limiting measures. We first define, for each ¢ € C.(R" X [0, 4+00)), the
Radon measures

“+oo
ne) = [ el )
Then, for each T' € (0,+00) and ¢ € C.(R™ x [0,T)), as i — oo we have

i) = / b2 (1)) dt = / (1)) dt = ().

We similarly define the measures,

for j = 1,2, so that we have Radon measures, p; and py (defined analogously to u as above), on
R™ x [0, +00) such that, after potentially taking a subsequence and reindexing, 5 — p;.

Now define, for j = 1,2, the projection measure of y; onto [0, +00) by setting \;(I) = p;(R™ x I) for
each I C [0,400). By [EG15, Theorem 1.45], for A; a.e. t > 0 there exists a Radon measure, A, ;, on
R"™ with A;;(R") =1 and such that, for each f € C.(R" x [0,4+00)), we have

+00
/ f d,uj = / f dAt,j d)\J
" x[0,400) 0 Rn

Furthermore, one can show that \; < £! and thus d)\; = F; dL' for some £' measurable function
F;:[0,400) = [0,400). For A; a.e. t > 0 we then define our ‘slicing’ Radon measures on R, for
7 = 1,2, by setting

fir; = Fj(t) Ay,

so that for each f € C.(R" x [0,+00)) we have

+00
[ raw= ] pdpgae
"% [0,400) 0 R™

We relate the Radon measures {3 }i>0 and {55 }>0 to our families of limiting ‘slicing’” Radon
measures, {fi;" };>0 and {fi;,}>0, by the following weak convergence. For each ¢ € C.(R") and
¥ € C.([0,+00)), we have that

400 +oo
/ Y| edudt = / Yodus — Yodu; = / V[ pdidt,
0 R " x[0,4-00) R x[0,400) 0 R

for j = 1,2. Thus, by the density of compactly supported continuous functions in L'([0, +00)), we
deduce that for each ¢ € C.(R"™), we have

[ eduiy= [ od,

n Rn

weakly in L'([0,400)) for j = 1,2. It seems unclear if one can deduce stronger convergence of
the Radon measures, u?], without passing to a further subsequence dependent on ¢t > 0, and what
relations, if any, exist between the limiting ‘slicing” Radon measures, ji; ;, and the collection of limiting

Radon measures, F, ;, as defined in (17).
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B Boundary monotonicity formula

In this appendix we derive an Ilmanen type monotonicity formula (c.f. [llm93, MT15]), as speculated
about in [KT18, Section 5] for the time independent case of (1), valid up to the boundary for the
Radon measures, p, associated to solutions of (1); the precise statement of this is given by Proposition
3 below.

Recall that for z,y € R" and ¢t < s we define the (n — 1)-dimensional backwards heat kernel as

(08) = —— e

Py, (T, 1) = e .

o (4m(s — 1))+

For each x € N, there exists a unique point {(x) € 0 realising the distance between x and OS2
(i.e. dist(z,00) = |z — £(z)|); we thus define the reflection, Z, of a point x € N, in 0 by setting
T =2¢(x) — z. For points x € N, and y € R" we then define the reflected kernel by setting

pN(y,s)(xa t) = P(y,s) (Z,1).
Fix a radially symmetric cutoff function, n € C°(R™; [0,1]), such that
n=1 on Bx(0),
% <0 on R",
spt(n) C Bz (0),
where r = |z| and then, for z,y € N,, define the truncated kernels
pr = pi(z,t) = n(z — y)p.s (2, t),
p2 = pa(r,t) =n(T — y)ﬁ(y,é’) (z,1).

Noting that for z € N, \ N5 and y € Nx we have |Z — y[ > § (so that n(Z — y) = 0), we smoothly
extend our definition of py to be identically zero for points © € Q\ N, and y € Ne.

Proposition 3. Suppose for some ¢ € (0,1) that u € C=(Q x [0,00)) is a solution to (1) with
E.(u(-,0)) < Ey. Then, there exist constants C1,Cy > 0 depending only on n, Q and Ey such that

d . c(s—pk Ci(s—t)1 / p1+ P2
_ 1(8 € < 1(8 d 14 C .
dt(e Mt(p1+p2)) >~ € 92(8__[:) gt + 2

fors>t>0andy € Ns. Fors>t>0andy€Q\Ng we have

d € P1 €
Eﬂm(ﬂl) < (/Q 2(s — 1) &y + 02) :

Proof. We first compute, by integration by parts and (5) respectively, if we are given an appropriately
smooth placeholder function, p, that (for a function f we write f; for 0,f throughout this proof for
brevity)

W,

),
W/
:/ptd,uil—l—/p [—autAujL (u)ut} —/5(Vp-Vu)ut+/ ep(Vu - v)uy
Q 0 Q
J

€ o0

epu? — / e(Vp - Vu)uy +/ ep(Vu - v)uy.
Q o9
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(Vp-Vu)?

We now add and subtract the terms (Vp - Vu)u; and € and continue with the above to see

that
L . Vp-vu)\’
_Mt,l(P) :/ Ptdut,l + / e(Vp-Vu)u, — / ep (Ut + M)
dt o 0 o P

) 2
Q p o0

As an aside we compute, by (5) and integration by parts respectively, that

/Qa(Vp-VU)ut :/Qg(vp.vu> (AU_ W;gu))

= — / EPiU;;U; -+ Pij Wil + /
Q Q

+/895(V,0-Vu)(Vu-l/) — /895(V,0-1/)

[ i == [ 8050 = [ puus + [ (7p-0)1vul
Q Q Q o0
we have that

/Q»S(Vp-Vu)ut :/QAp (€‘V2U|2 + Wg(u)) - /eriju,-uj
e|Vul? W(u)) .

+/895(Vp-Vu)(Vu-l/)—/m(Vp-u)( 5 + 5

Combining this with our initial calculations above, we have

d V . VU 2 v . Vu 2
_qutf’l(p) = — / Ep (ut + ( P >) —|—/g_( P ) +/(pt+Ap)d,u§,1 — / EPijUU;
2
+/ ep(Vu - v)uy —l—/ e(Vp-Vu)(Vu - v) —/ (Vp-v) (E|Vu| + W(u)) _
o2 09 99 2 €

By setting p = py. for k = 1,2 in the above, noting that (V(p; + p2) - ¥) = 0 on 01, and dropping the
non-positive first term we obtain

W (w)

Observing that

d 2 Vpk Vu)? .
dt:ut 1(p1+p2) < Z + ((o)e + Apr) iy — €(pr)ijuin;
k=1

epl (Vu-v)u, +e(Vpy - Vu)(Vu - v).

\

Vu

= v We then see that

Using the fact that u5, = ¢|Vul|* — & and setting a® =

d 2 (Vg - a°)?
st o) <30 [ aAvup (T (ot (1= o 0099200 )
k=1
(13

- Z /Q((Pk)t + Ap)dss + 2 /m epr(Vu - v)ug +e(Vpr - Vu)(Vu - v).
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Recalling the boundary condition ¢(Vu - v) = —o’(u) we have

d . 2 Vo - af)? ..
st o <3 [ Avup (FEE 4 ()t (1= o 0099200 )
k=1

-3 [+ 8p0ags 2 [ o+ (T,

We also note that

d d

G|t =2% [ otip =2 [ o + oo (19)

Thus, by summing (18) and (19) and integrating by parts

d d
— [ (p1+p2)dpzy + E/ o(u)(p1 + p2)
o9

dt Jo
3 2 (Ve ) o ® )V
<3 / g|vu\< L () + (1 - 90V pk>>)

= [ o+ 3 +2 [ oo = o)V V)

2

[ v (M F(pede (1 = o 00)T) )

—1 Pk

=3 [+ apig+2 [ ot +aTp).

Now, we recall the following identity

V 2
%H(I—a@a)-v%wmza

where a Is any unit vector, and note that for z € N, and y € Nz, we have
|z — (@) =2 = ¢(z)] <[z —yl.
Then, one follows the computations in [MT15, Lemma 3.2], to deduce

(a-Vp)* 2~ ~ 7 -yl [Tyl -
V) + o, < +
= +((I—a®a) p)+pm<C P (5— 1) Ds

p

for a constant, C, depending only on n and 2. Continuing from above, and following near identical
computations to the that of [MT15, Proposition 3.1], we have

d 4
7 Q(Pl + p2) dug ; + 7 /8Q o(u)(p1 + p2)

p1+ P2 C .
dgs + —— dys, + C ATy,
S/QQ(s_t) & + - [2(01+P2) fie + +2/89<7(U)((p1) +A )

(20)
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We now compute the term p; + AT p explicitly. For a point z € 9Q and an orthonormal basis, {7;}7= 1 ,
of T,002 we have

n—1 n—1

WESSUBEES (52— )

and so ) B »
T, _ T _ P
Jj=1 j=1 i=1
Letting D75 = S.0_1 L T + Agjv and noting that both D, (z —y) = 7 and (7; - v) = 0 for each

1<i<n-—1, WerewrlteA p as

n—1

ATp=->"D, (ﬁ(fﬂ —y) 'Tj) - "]211 (2<Sp_ 9 (z—y)- Tz‘) D7 - 7

J=1
1

RS P N\ = — Ut
= 2 (—4(s_t)2(($—y).7j) ) - i Q(S—t) - 2(S_t)(x—y)~ (erka—l—Ajjy)

j j=1 j=1 k=1

> (aemyte =) o

1,j=1

Reindexing k as i in the above and noting that I'}; ¢ 5+ T J = D (75 - 7)) = 0 we see that

ATp:nZ_:l (ﬁ((x_y) Tj)?) 2(718 p+z§( y)-Ajjl/))

= (
:|95—?/|2—((55—y)"/)2 (n—1) (x —y) - Haq

(s —1)? Poo—0" " Tas—t P

where Hpn = Z;:ll Aj;v denotes the mean curvature vector of 9€2. Noting that

(n—1) v —y/?
26— 1) " 45 —1)2”

Pt =

we conclude that (« e ( \H
r—y)-v T —Y)- Hpn
ATp=— — : 21
By dropping the non-positive first term in (21), we get (noting that the kernel is uniformly bounded
on the support of the cutoff function, and now allowing our constant, C', appearing below to depend

on supremum of the mean curvature of J€2) the bound

|z — 9]
2(s — 1)
Using this bound and by splitting the integral in the same manner as in [MT15, (3.15)/(3.16)] we

conclude that for the boundary term appearing in (20) and for some constants, C' and C, depending
only on n, {2 and Ey we have

(p)e+ATp <C+C

. c
2/ma<u><<pl>t+A 0T [)Qa<u><pl+p2>.
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By considering an integrating factor and incorporating the bounds above into (20) one has

d 1 1 +
e /(p1 + p2) dpg y + / o(u)(p1+ p2) ) | < et / LT P d§; +Co |,
dt Q o0 Q2(s—1t)

or more succinctly

d

1 1
2 (Cr(s—0)7 e < LC(s—)7 p1+ P2 dEE 4 O
dt(e Mt(p1+p2))—e (/;2 2(S—t) €t+ 2]

where C; and Cj are constants depending only on n, ) and Ey. Finally, as in [MT15, Proposition 3.1,
for s >t > 0 and points y € Q\ Nz in the above we ignore both of the boundary terms and set p, to
be identically zero, obtaining the interior monotonicity by the estimates for p;. O
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