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Abstract

Let (2"! g) be an (n + 1)-dimensional smooth compact connected
Riemannian manifold with smooth boundary 02 = ¥ and f a smooth
function on © which satisfies the Obata type equation VZf — fg = 0
with Robin boundary condition f, = cf, where ¢ = cothf > 1. In this
paper, we consider the rigidity of 2. First, we derive the warped product
structure of 2 by the properties of the Obata type equation and the set
Qo = {z € Q| f(x) = 0}. Second, we determine the specific structure of
Qo under appropriate curvature assumptions and provide the structure of
Q accordingly.

1 Introduction

Let ("' g) be an (n + 1)-dimensional (n > 2) smooth compact connected
Riemannian manifold with smooth boundary 92 = X. In this paper, we concern
the Obata type equation V2 f — fg = 0 with Robin boundary condition f, = cf
and related rigidity of .

For a compact Riemannian manifold (M, g) with boundary or without bound-
ary, one can consider the following Obata type equation

V2f+kfg=0,

where k € {1,0,—1}.

For the case k¥ = 1 and manifolds without boundary, the above equation
is related to many rigidity results. In [11], Lichnerowicz proved that the first
eigenvalue A; of a closed manifold of dimension n whose Ricci curvature has
lower bound n — 1 is at least n, that is, A\; > n. Accordingly, Obata [13] proved
that if the equality holds, then the manifold must be isometric to a standard
sphere by using the following equation

V2f+ fg=0.
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For a compact manifold (7", g) with boundary 992 = X, one also can con-
sider the Obata type equation with various boundary conditions. In [16], Reilly
obtained the Lichnerowicz-type lower bound for the first Dirichlet eigenvalue 141
on Q with Ric*? > n and the boundary ¥ being of non-negative mean curvature,
that is, 1 > n+ 1. In particular, he also proved that g3 = n + 1 if and only if
Q) is isometric to the standard hemisphere. Here, the proof of the rigidity result
depends again on the following Obata type equation with Dirichlet boundary
condition

V2f+fg=0, inQ,
f=0, on X.

Later, Escobar [4] and Xia [20] independently proved that the first Neumann
eigenvalue 7, on  satisfies 1 > n + 1 if Ric* > n and the boundary is convex.
Moreover, 11 = n + 1 if and only if 2 is isometric to the standard hemisphere
and the proof of this rigidity result also depends on the Obata type equation
with Neumann boundary condition

V2f+4 fg=0, in Q,
fu:Oa on X,

where v is the outward unit normal. Recently, Chen, Lai and Wang [2] studied
the Obata type equation with Robin boundary condition

V2f 4 fg=0, in Q,
fl/_c.f:Oa OHE,

and also obtained many rigidity results.
For the case k = 0, the following boundary value problem

V2f =0, in Q,
fo—cf=0, onXx

has been further studied, where ¢ is a positive constant. In [15], Raulot and
Savo proved that € is isometric to a Euclidean ball with radius % if Q has non-
negative sectional curvature, the principal curvatures of the boundary X are
bounded from below by ¢, and there exists a non-constant smooth function f
satisfying the above boundary value problem. Later, Xia and Xiong [19] extend
this result to a compact manifold  whose Ricci curvature satisfies Ric? > 0 and
the mean curvature H of ¥ > ¢. It is worth noting that their result is used to
prove the rigidity part in Escobar’s conjecture for manifolds with non-negative
sectional curvature.

As for the case k = —1, Kanai [8] proved that a complete manifold (M™, g)
is isometric to the standard hyperbolic space H" if and only if there exists a
non-constant function f on M with a critical point and satisfying V2 f — fg = 0.
At the same time, he also discussed the case that f does not have critical points.



In [5], Galloway and Jang focused on the following Dirichlet boundary problem

sz—fg:(), iHQ,
f=a, on X,

and proved some rigidity results. Very recently, Lai and Zhou [9] studied the
obata type equation V2 f — fg = 0 with various boundary conditions and f being
of interior critical points, and gave a series of rigidity results in the standard
hyperbolic space H**!. For more information about the Obata type equations,
interested readers also can refer to [1] and [18] .

The aim of the present paper is to concentrate on the equation V2f — fg =0
with Robin boundary condition f, = c¢f, where ¢ = coshf > 1 and 6 > 0 (so
that f has no critical points, cf. Proposition 2.1), and prove some rigidity
results. Our first result is the following

Theorem 1.1. Let (2" g) be an (n+1)-dimensional (n > 2) smooth compact
connected Riemannian manifold with smooth boundary ¥. Assume that there
exists a non-constant function f € C*(Q2) and a constant ¢ > 1 such that

2 _ .
{V f—fg=0, inQ, 1)

fo—cf =0, on;
and set Qo = {p € Q| f(p) =0} and ¢ = cothd (0 > 0). Then, we have

(1) If f is constant on some boundary component, then Q is isometirc to the
warped product space

Qo x [-6,0]:, g=dt* + (cosht)29|go.

(2) If f is non-constant on any boundary component, then ¥ is connected and
Q is isometirc to a Zs-symmetric domain in the warped product space

Q=0 x (—00,00)¢, g =dt* + (COSht)29\QD,

which is bounded by the graph functions £¢, where ¢ € C°°(Q3) N C(Qp)

satisfies
cosh ¢ = csinh ¢, in Qf,
\/1 + (cosh ¢)*2|VQD¢|§‘QO
¢ >0, in Qg,
and
¢ =0, on 09.

Remark. (1) Theorem 1.1 is similar to Theorem 1.3 in [2]. We will use a
similar method to prove this theorem.



(2) The two cases in Theorem 1.1 are completely discrete. In other words,
if f is non-constant on any boundary component, it won’t be a disturbance of
a certain constant.

(3) The structure of gy is unknown. We need additional conditions to de-
termine €.

In the second part of the paper, we discuss the structure of £ (and then the
structure of Q) under some appropriate curvature assumptions. For the first
case in Theorem 1.1, we know that )y is a closed manifold which is confor-
mal to the boundary component(s) and the second fundamental form h on X
satisfies h = % g)s- To this end, we first make the following curvature assumption

(K) Let S be some boundary component and k € {2,---,n}. For any or-

thonormal vectors {ej, eq, - ,ex} in T'S, we assume that
& 2
- ZRQ(elaejaelvej) > (k - 1)(1 - 0_2)5
j=2

where the R is the curvature tensor of Q.

Under the above assumption and a lower bound condition for the diameter
of boundary components, we then have the following

Theorem 1.2. Let (2" g) and f be as in Theorem 1.1, where f is constant
on some boundary component. Assume that there exists a boundary component
which satisfies the assumption (K) and the diameter d of this component satisfies
d> ﬁw. Then Qg is isometric to the standard sphere S™ and ) is isometirc
to the warped product space

S"™ x [~0,0];, g = dt*+ (cosht)?ggn.

For the second case, we know that )y is a compact manifold with boundary.
By the idea in Proposition 4.3 in [19], we can prove the following theorem which
can be seen as an extension of Corollary 4.5 in [12].

Theorem 1.3. Let (", g) and f be as in Theorem 1.1. If the Ricci curvature
of Q) satisfies Ric® > —n and the mean curvature of ¥ is bounded from below by
¢, then Q is isometric to a geodesic ball of radius tanh™* (1) in the hyperbolic

c
space H™ L,

It is worth noting that the curvature assumptions in Theorem 1.3 implies
that the boundary ¥ is connected (see Lemma 2.1 in [10]). Therefore, Theorem
1.3 corresponds to the second case in Theorem 1.1 and f is non-constant on
boundary .

Similarly, we can also extend the above result to standard sphere S"*!;
accordingly, we need to use the Obata type equation V2f + fg = 0.



Theorem 1.4. Let ("L g) be an (n+1)-dimensional (n > 2) smooth compact
connected Riemannian manifold with smooth boundary . Assume that there
exist a non-constant function f € C*(Q2) and a constant ¢ > 0 such that

Vif+fg=0, inQ, @
fo—cf =0, on .
If the Ricci curvature of Q0 satisfies Ric® > n and the mean curvature of ¥
is bounded from below by c, then Q is isometric to a geodesic ball of radius
tan—! (%) in the standard sphere S"t1.

We also point out that Theorem 1.4 is an extension of Corollary 4.4 in [12].

The paper is organized as follows. Section 2 gives some necessary preliminar-
ies, including some basic definitions and some known results which are needed
later. Section 3 concentrates on the Obata type equation (1) and the proof of
Theorem 1.1. In Section 4, we consider the structure of )y and prove Theorems
1.2, 1.3 and 1.4.

2 Preliminaries

This section mainly introduces some basic definitions and some known results
which are needed in the later proofs.

Let (2", g) be an (n+1)-dimensional smooth compact connected Rieman-
nian manifold with boundary 9Q2 = ¥ and g|x, the restricted metric on X; denote
by (-,-) the inner product on Q as well as ¥. Denote by V%, V, A, and V2
the connection, the gradient, the Laplacian, and the Hessian on €2 respectively,
while by Vy and Ay, the gradient and the Laplacian on X respectively. Let v be
the unit outward normal of ¥; denote by h, A¥, and H the second fundamental
form, the Weingarten transformation, and the mean curvature of ¥ with respect
to v respectively, here

h(X,Y)=—(VLY,v), (A"(X),Y)=h(X,Y),
and
trgh
o

The principal curvatures of ¥ are defined to be the eigenvalues of h and A”.
Let R be the curvature tensor of €, i.e., for tangent vectors X,Y, Z, W,

H =

RQ(Xu Yu Z7 W) = <V§V¥Z - V¥V§Z - v[%(,Y]Zu W>7

Ric* be the Ricci curvature tensor of Q. Let dV and dv be the canonical volume
element of (2 and ¥ respectively.
Let f € C>=(Q) satisfy the equation (1), which is non-constant and

Q,={zeQ] flz) =a}.

Now, we give some basic facts related to the Obata type equations.



Proposition 2.1. Let f € C>°(Q) satisfy the equation (1) which is non-constant,
then there exists a constant A > 0 such that

VFI? = f2 = A

Proof. A direct calculation shows that, for any tangent vector (field) X,
X(VfI? = f2) =2V f(X,Vf) = 2f(X,V[) = 0.

Therefore, |V f|? — f2 is constant. Since f is non-constant, f, = cf, and ¢ > 1,
we have |V f|? — f2 > 0. Then the conclusion follows. O

Proposition 2.1 clearly implies that f has no critical points in 2. Without
lose of generality, we always assume that A = 1 in the following. Here, we also
record the following fact, for its proof one can refer to [2].

Proposition 2.2. Let f € C°(Q) be a non-constant function which satisfies
equation (1), then the integral curves of ‘g—ﬁ‘ are geodesics.

For later convenience, we here introduce the warped product structure of the
space forms and the corresponding equations of geodesic spheres. These facts
will be used in the proofs of Theorems 1.3 and 1.4. For sake of clarity, we first
see the Euclidean case.

Let R*TL = {(a!,22,--- j2"™1) | 2° € R} and ggn+1 = (dz')? + (dz?)? +
<o+ (dz")?) and identify R™ with {(z!,22,--- ,2"t) € R*1 | 2! = 0}.
Obviously, the Euclidean space R™t! is isometric to the warped product space

R™ x (—00,00), g= dt* + grn.

Let p € R" C R"™!" and B]'"!(r) be the (closed) ball of radius r centered at p in
R™H1. Then, By(r) = Byt (r) NR™ is the (closed) ball of radius r centered at
pin R™. Now, we consider Bz’}“(r) as a bounded domain in the above warped
product space R™ x (—00,00);. A direct calculation shows that there exists a
unique non-negative function ¢ € C*°((B,(r))°) N C(By(r)) such that

n+1 o n
aBp (T) - {(.I,:l:gb(fb)) | T e Bp (T)}
In particular, ¢ satisfies the following equation
¢*(x) + d*(z,p) = 17,

where d is the distance function in R”.
Now, we consider the hyperbolic space H"*!. We use the model of the upper
half-space, i.e.
Hn+l _ {($1,$27 . ,.’L‘n+l) | $"+1 > 0}
and
(dI1)2 + (de)Q 4+t (dInJrl)Q
gHn+1 = ;
(znH1)2




identify H" with {(2',2?%,---,2"*!) € H"*! | 2! = 0}. For any point p =

(0,22, ,2"*1) € H", a direct calculation shows that
sinh ¢ vl
t) = "t g2 g
% (?) (cosht 7 ’cosht>

is the (arc length parameter) minimizing geodesic satisfying v,(0) = p and
7p(0) L T,H". Then, one has the following smooth map

U :H" x (—o0,00); — H" !

by setting U(p,t) = v,(t). It is easy to see that ¥ is a diffecomorphism and the
pull-back metric ¥*ggn+1 on H® x (—00,00) can be written as

g = dt* + (cosht)?ggn.

Thus, the hyperbolic space H"*! is actually isometric to the following warped
product space
H" x (—00,00);, g = dt*> + (cosht)?ggn;

this is the warped product structure of H"*1.

Let p € H" C H"*' and By*'(r) be the closed geodesic ball of radius r
centered at p in H" ™', Let By (r) = Byt!(r)NH"; obviously Bj(r) is the closed
geodesic ball of radius r centered at p in H™. By the above discussion, we can
also consider B! (r) as a bound domain in the product space H" x (—00,00);.
Set

OBy (r) = 0By (r) N (H" x [0, 00),).

Then, it is easy to see that there exists a non-negative function ¢ € C*((B}(r))°)N
C(By(r)) so that 8ngl(r) can be written as

{(z, ¢(x)) € H" x [0,00); | x € By (r)}.

For a point x € B}(r) together with the points p and (z,¢(x)), one has the
corresponding geodesic triangle in H**!; by the law of cosine in H**!, we have

coshr = cosh ¢(x) coshd(z, p),

that is,
tanh®d(z,p)  sinh® ¢(z)

=1
tanh? r sinh? r

3

where d is the distance function in H™. Similarly, one can consider the lower
half part
8Bgf1(r) = 8Bg+1(r) N (H" x (—o0,0];).

Thus, we have the following



Proposition 2.3. There ezists some ¢ € C<((B}(r))°) N C(By(r)) which is
non-negative and satisfies

tanh?d(z,p)  sinh® ¢(z)

=1
tanh? r sinh? r

(where d is the distance function in H"), so that the geodesic sphere OBy (r)
can be written as

{(z,£¢(x)) [ = € By (r)}

in the product space H"™ x (—00,00).

By a similar argument, the standard sphere S**! can be isometrically written
as the warped product space
0

5 Ve, g= dt® + (COSt)2g§n.

T
s*x (=2

x ( 5

Let p € S* € S"*! and B! (r) be the closed geodesic ball of radius r <
centered at p in S"*1. Let BJ'(r) = Bj'(r) N S™. We then have the following

Proposition 2.4. For r < §, there exist some ¢ € C>*((By(r))°) N C(B,(r))
which is non-negative and satisfies

tan? d(z, p) n sin? ¢ ()

tan?r sin?r

=1
(where d is the distance function in S™), so that the geodesic sphere BT (r)

can be written as
{(z,£¢()) | © € By (r)}

in the product space S™ x (=%, % );.

H_

3 The warped product structure of {2 and proof
of Theorem 1.1

Now let us concentrate on Theorem 1.1. We first consider the case that f is
constant on some boundary component.

Proposition 3.1. Let (Q""! g) and f be as in Theorem 1.1. If f is constant
on some boundary component, then 3 is not connected. Moreover, we also have

1 .
mgxf—mzaxf— Tz =sinh 6
and .
ménf = mzlnf = \/ﬁ = —sinh 6.



Proof. Since |Vf|?> — f2 =1 and f, = cf, we have
Vsfl?+ (2 —=1)f2=1, on 2.

Let S C ¥ be the boundary component such that f|g is constant. Without loss
of generality, we assume that

-1
Ve —1

If ¥ is connected, we then know that there exists a point ¢ € Q° such that

f(a) = max f

fls = = —sinh 6.

and
V(g =0,

which is a contradiction, i.e. ¥ is not connected. In addition, we also conclude
that
max f = max
Q / bl /

and
min f = min f.
Q ! ) !

Since f is non-constant on Q and [V f|? 4+ (¢ — 1) f? = 1, we then have

1
max f = ———= =sinh6
Q 2 -1
and
min f = —— = —sinh 6.
Q / Vvez —1
This finishes the proof. O

Proposition 3.2. Let S C X be the boundary component such that f|s =
—sinh @ as in Proposition 3.1. Then §2 is isometirc to the warped product space

(cosh (t — 6))?

20 = dt? .
S x [07 ]ta g + (COSh9)2 g|S

Proof. Since f|s = —sinhf and f, = ¢f, we have
fvls = —coshé.

Vp € S, we consider the integral curve «,(t) of % starting from p. By Propo-
sition 2.2, we know that v, is a geodesic. Then a direct calculation shows

F (1)) = sinh (¢ - 6).
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Since € is compact and V f # 0, we know that ~,(t) will meet X\ S at a time
tp. Let t,, = min,cgt, and ,, be the corresponding geodesic starting from pg
such that vy, (tp,) € X\ S. We then know that v, (tp,) L T, (¢,,)E- Therefore,
we have y

Ef(’}/po (t))|t:tp0 = Cf(FYPo (tpo))a
that is,

cosh (tp, — 6) = csinh (t,, — 6),
which shows

tp, = 20

and
f (Vo (tpy)) = sinh 0 = max I
Then for any p € S, we have
t, = 26.

Let p,(26) belongs to some boundary component S’ # S. For any p €
S, there exists a smooth curve ¢(s) in S from py to p. Then v4.,)(20) =
exp¢(s)(29%(¢(s))) is a smooth curve in ¥ from ~,,(20) to 7,(260), which
shows that v,(20) € S, Vpe S.

Now, by Morse theory, we know that (2 is isometric to the warped product
space S x [0, 26]; with mertic

g =dt* +g(1),
where g(t) is a family of metrics on S and g(0) = g|s. Moreover,
f =sinh (¢t —0).

Since V2f — fg = 0, a direct calculation shows that

S0 (6~ F(g(t) =0,

that is,
1
3 cosh (t — 0)g'(t) = sinh (t — 0)g(t),
which shows that (cosh (¢ — 0))?
cosh (t —
t) = ————="—9|s-
9(t) (cosh 9)? 9ls
We then finish the proof. O

Proof of Theorem 1.1 (1): The first case in Theorem 1.1 follows from Proposi-
tions 3.1 and 3.2. O

Next, we concentrate on the second case in Theorem 1.1. Since f is non-
constant on any boundary component and |V f| # 0, we conclude that Qg is a
compact manifold of dimension n with boundary 90€2y. Moreover, we also have
Qf = Q2°NQp and 92y = X N Q.
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Proposition 3.3. (1) For anyp € Q with f(p) > 0, the integral curve of —%
starting at p will meet QO before it reaches ¥. For any p € Q with f(p) < 0, the
integral curve of % starting at p will meet Qg before it reaches .

(2) For 0 < a1 < ag, the integral curve of —% defines an injective map

from Qq, to Qq, .For 0 > ay > ag, the integral curve of ‘g—;‘ defines an injective
map from Qq, to Qq,.
Proof. Take a point p with f(p) # 0. By a similar proof of Lemma 4.3 in [2], we
know that the corresponding integral curve (geodesic) starting at p will meet
)y before it reaches X.

Now, we prove that the integral curve meets €2§ before it reaches 3. In fact,
we only need to prove that for any point g € 99, the geodesic v4(t) which
satisfies 7,(0) = ¢ and 7,(0) = ‘g—ﬁ‘(q) or —‘g—ﬁ‘(q) is not contained in Q° when
t is close to 0. Since f(q) = 0 and f, = c¢f, we know that %(q) is tangent
to T,X. Let {e1,ez,---,e,} be an orthonormal frame near ¢ in T such that

ei1(q) = %(q}, then at the point ¢, we have

clerf) = er(vf) = V2 fler,v) + VEvf = VoS,

1 1

which shows
h(ei,e1) =c¢> 0.

We then know that the geodesic v4(t) discuessed above is not contained in Q°
when ¢t is close to 0.
Obviously, (2) follows from (1). O

For any a € (—sinh 6, sinh §), by Proposition 3.3, we know that the integral
curve discussed above defines an injective map

\IJGZQ,I—>Q().

Therefore, {2 can be considered as a bounded domain of the warped product
space (£, g), where

Q = Qg x (—00,00)¢, g = dt*>+ (cosht)gla,

and
f = sinht.

Since 2 is connetced and 2y C €2, we also know that € is connected.
As for the boundary ¥, we have the following

Proposition 3.4. Let ¥ = {p e X | f(p) > 0}. Then
St = {(x,6(z)) € Q |z € Q},
where ¢ € C>(Q5) N C(Qo) is non-negative and satisfies
cosh ¢

= csinh ¢, in Qg,
V1 (cosh )2 Vool
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¢ >0, inQg,

and
¢ =0, on 9.

Proof. Let S = {p € X|f(p) > 0}. Obviously, X = SUI. For any p € S, by
Proposition 3.3, the integral curve of — <L starting at p will meet QF before it

V]
reaches X. In addition, for any = € €1f, the integral curve of % starting at x

will meet S at some point p. Let 7 : [0,¢,] — Q be the integral curve (geodesic),
where v(0) = z, v(t;) = p and v/ = ‘g;‘. Obviously, v([0,t;)) C Q° and ~ will

stop at the point p. Thus we can define a positive function

¢: Q5 =R,
where ¢(z) = t,. By the above discussion, we also conclude
§ ={(w,¢(x) €Q| v € O},

Since the boundary ¥ is a smooth manifold, the function ¢ is smooth in 3.
For any point p = (x, ¢(z)) € S, the outward unit normal of 2 is

(—Va,., o1
V= ’
\/1 + (cosh¢)_2|vﬂo¢|§go

where (AZ¢(I) = Qo x {¢(z)} (consider ¢ as a function on (AZ¢(I)), g|§¢( =
(cosh ¢(z))?glq,. Since f = sinht and % = c¢f, we then have

csinh ¢ = ﬁ =Vf-v=(0,coshg)- v

ov
B cosh ¢
1+ (cosho)2|Va, o2,

Now, we prove ¢(x) — 0 if and only if © — 9. If there exists a sequence
{zm} C Qf such that d(z,,, ) — 0 but ¢(x,,) does not converge to 0, then
we can find a subsequence (denote also by {z,,}) such that z,, = z € 9
and ¢(xy,) — a > 0. In other words, the sequence {(z,¢(xm))} converges
to the point (z,a). Since ¥ is compact, we know (x,a) € X. In particular,
(z,a) € S C ¥1. However, by Proposition 3.3, we conclude z € Qf, which is a
contradiction. Therefore, ¢(x) — 0 when z — 9.

Similarly, if there exists a sequence {z,,} C 2§ such that ¢(z,,) — 0 but
d(xm, 0Q0) does not converge to 0, then we can find a subsequence (denote also
by {®m}), where z,,, — p € Qf and ¢(z,,) — 0. We then know that ¢(p) = 0,
which is a contradiction.
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Thus, we can extend ¢ to €y and define the continuous function as following

t., x€9Qg,
gZ’(gj)‘_{o, z € 00%.

Since X = S U 0Q, we then know that
Sy = {(z,6(x) € Q| z € U}
This finishes the proof. O

Since
cosh ¢

\/1 + (cosh ¢) 2|V, ¢|?

= csinh ¢,

g|90
we know that 0 < ¢ < cothfl(c) = 6. Proposition 3.4 also implies the following
Proposition 3.5. X is homeomorphic to 1y and thus X is connected.

Proof. We define a continuous map
v EJr — Qo,

where ¥ ((x, ¢(x)) = x. By Proposition 3.4, we know that W is bijective and U1
is continuous. Therefore, ¥, is homeomorphic to €y. Since )y is connected,
we also know that ¥ is connected. O

Let ¥_ = {p € 3|f(p) < 0}. Similarly, we also have

Proposition 3.6. (1) X_ = {(z, —1(z)) € Qlz € o}, where 1 € C=(QZ) N
C(Q) is non-negative and satisfies

cosh
V1 (cosh )2V,

= csinh, in g,

¥ >0, inQg,

and

=0, on 9.
(2) ¥_ is homeomorphic to Qo and thus X_ is connected.

By Propositions 3.5 and 3.6, we conclude that ¥ is connected and 0 < ¢ < 6.
Now, we only need to prove ¢ = 1.

Proposition 3.7. There exists a unique solution to the following equation

cosh ¢
V1 (cosh0) 2 Vayoly

= csinh ¢, in Qg,
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such that
0< <6, inQy,

and
¢ =0, on 9.

Proof. Assume that ¢ and v are the solutions and ¢ # . Without loss of
generality, we assume

max o — | = ¢(p) —¥(p) >0,

where p € Q. Thus
0 <(p) < olp) <9.

A direct calculation shows

cosh® ¢ 9 cosh® ¢ 9
\Y — )V + 1Y) = ———— —cosh” ¢ — + cosh
Qo ((b d]) Qo ((b d]) 2 sinh2 P o 2 sinh2 b P
It is elementary to show that the function
h* ¢
h(t) = @‘72 — cosh? ¢
c®sinh” ¢

is monotonically decreasing when ¢ € (0, 6). Therefore, at the point p, we have

VQO((ZS_Q/J) ' VQO(¢+’¢1) =0

and . .
h h
CO.S 2¢ — cosh? ¢ — CO? j) + cosh? ) < 0,
c2 sinh” ¢ c2 sinh” ¢
which is a contradiction. O

Proof of Theorem 1.1 (2): The second case in Theorem 1.1 follows dirctly from
Propositions 3.3-3.7. ([

4 The structures of )y and proofs of Theorems
1.2, 1.3 and 1.4

In this section, we concentrate on the structure of 2. We first determine the
structure of € in Theorem 1.1 (1) by assumption (K) and the lower bound
condition for the diameter of boundary component in Theorem 1.2.

Proposition 4.1. Let (2", g) and f be as in Theorem 1.2. Let S be the

boundary component which satisfies the assumption (K). Then we have

. 1
Ric® > (n—1)(1 - 0—2) > 0.
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Proof. Take an orthonormal frame {e1, ez, -+ ,e,} in T'S. By Gauss equation,
fori=2,---,n, we have

RS(el, €;,€1, ei) = RQ(el, €;, €1, 61') — h(el, el)h(ei, ei) + h(el, ei)h(el, ei).

A direct caculation shows that h = % gls, we then know

Rs(elaeivelvei) = Rﬂ(elvei;elvei) - 5

2

Since S satisfies the assumption (K), for any subset {i1, 42, - ,ig—1} C {2, ,n},
we have

. 2 1

g
‘ —R7(e1,ei;,e1,,) > (k—1)(1 - c_2> + (k — 1)6—2
j=1
1
=(k-1)(1- 6—2)

Obviously, the number of the inequalities discussed above is Cﬁj. By summing

up all these inequalities, we have

” 1
> —Cr3R%(e1,¢5,e1,¢5) > Cr (ki —1)(1 — =)
j=2

that is,
1
Ric”(e1, e1) > (n—1)(1 = =) > 0,

O

Proposition 4.2. Let S be the boundary component discussed above. If we
further assume that the diameter d of S satisfies
c
d> ——m,
-1
then Qg is isometric to the standard sphere S™.

Proof. By Bonnet-Myers theorem and Cheng’s theorem, we conclude that S is
isometric to a sphere of radius cosh (¢ = coth#). Since Q is conformal to
S, then a direct calculation shows that €2y is isometric to the standard sphere
Sr. O

Proof of Theorem 1.2: Theorem 1.2 follows from Propositions 4.1 and 4.2. O

We now concentrate on the second case in Theorem 1.1. In this case, ) is
a compact manifold with boundary 0Qg = Q¢ N 2.

Proof of Theorem 1.3: By the curvature assumptions in Theorem 1.3 and Lemma
2.1 in [10], we know that ¥ is connected. Then by Theorem 1.1 (2), we conclude
that  is a Zs-symmetric domain in the warped product space

Q= Q) x (—00,00), g=dt*+ (cosht)?g|a,,
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which is bounded by the graph functions +¢, where ¢ € C°°(Qg) N C(Qp)

satisfies
cosh ¢

\/1 + (cosh ¢) 2|V, ¢|?

Q‘Qo

= csinh ¢, in Q,

¢ >0, in Qg
and
d) = O, on 890

In particular, in the coordinate of Qy x (—o00,00);, we have f = sinht¢ and
Vf= (cosht)%.

Let € = Qo x {t}, where t € (—o0,00) (obviously, Qo = Q). We first
consider the second fundamental form with respect to %, denoted by h/ﬁt' Let
(21,22, -+ ,xy,) be a coordinate in g, then the metric has the form

g = dt* + (cosht)?g;;da’ da?,

where glo, = gijdz’dz’. A direct calculation shows that

o 0 g 0 0
he (=, 2y = (w8, 22
Qf(axi’axj) < ve; 8xj’8t>
— Tt
ij
sinht , 0 0

= ( )

cosht ‘dx;’ dx;

which implies that
_ sinht
Q. = coshtgbf'

Therefore, €1y is a totally geodesic hypersurface in Q with unit normal %.
Clearly, the graph function ¢ has the following properties. First, ¢ €
[0, tanh ™! (1)] and ¢lsn, = 0. Second, the set {z € Qp | ¢(z) = tanh ™! (1)}
(denoted by A) is a compact subset in .
Define

v = tanh_l(%\/l — (2 — 1) sinh? ¢).

Then v also has the following properties. First, v € [0, tanh™* (1)] and v[sq, =
tanh™'(1). Second, v is smooth at any x with v(z) € (0,tanh™" (1)). Third,
{z € Qo | v(z) =0} = A. In addition, a direct calculation shows that |[Vo,v| =1
on Ny — (8(20 U A)

We now consider the level set of v. Set

T, ={x € Q| v(z) =t}

where ¢ € [0,tanh™"(2)]. Obviously, Ty = A and Tiann-1(1) = 080. We now
prove
t <d(A,Ty),
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where d is the distance function in Q. Fix ¢t € (0,tanh™"(2)]. Let 7 : [0,1] —
Qo be a minimizing geodesic realizing the distance d(A,T;) with arc length
parameter such that 7(0) € A, (1) € Ty, and | = d(A,T;). We then have

t= 1 -~ l—e
Jim v(¥(s))le
l—e d
= lim E 75 (0((s))ds

l—e

= lim E (Va,v,7)ds
<1
=d(A,Ty),

where (Vq,v,v") < |Vq,v| = 1. Therefore, we conclude that ¢ < d(A,T};). In
particular, tanh ™" (2) < d(A4, Tiann-1(1)) = d(A, 9).
Now, we prove that Q) is a geodesic ball of radius tanh™* (%) in the hyper-

bolic space H" by the curvature assumptions.
First, let e; = % and {es, €3, - ,ent1} be an orthonormal frame in T'Q,

then we know that {ej,es, -+ ,en41} is an orthonormal frame in TQ. Since Qo
is totally geodesic, by the Gauss equation, we have

R (e;,¢5, ex,e1) = R (ei, €5, ep, 1),
where 4,5, k,l € {2,3,--- ,n+ 1}. In addition, by the Ricci identity, we obtain

fudij — [i0i = fiji — firj
n+1 R
> R%(ep,eirejen)fy

p=1

_Rﬂ(elu €, €5, ek)flu

which implies R
Rﬂ(el, ej, €1, ej) = 1,
where j € {2,3,---,n+ 1}. Therefore, we can deduce

n+1
Ric™ (e, e;) = — Z R (e;,¢e5, €, ¢5)
J=2,j7#1
n+1 R
= — Z Rﬂ(ei, €j,€4, ej)
J=2,j7#1
n+1 N
= — Z RQ(ei, €5, €, ej) +1
J=1,j#i
>—(n-1).
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Next, we prove that the second fundamental form haq, of 9€ in g satisfies
hoq, = hlaq,, where h is the the second fundamental form of ¥ in Q. In fact,
VP € 099, we have f,(P) = cf(P) = 0, that is, (Vf,v)(P) = 0, and we
know that Vf(P) € TpX. Let {e1,e2, -+ ,e,} be an orthonormal frame in TS
near the point P such that e;(P) = Vf(P). Since g is totally geodesic with
constant unit normal % and Vf(P) = %(P), we know that {ez,es, -+ ,e,} is
an orthonormal frame for 9€)y at the point P and v is the unit outward normal
of Qg in Q. In addition, for ¢ € {2,3,--- ,n} we have

0=V2f(er,v) = ei(vf) = VEvf = cfi= > hisf,
j=1
which implies that h;; = ¢ and hy; = 0 for ¢ € {2,3,---,n}. So ey is a
principal direction of ¥ at P corresponding to the principal curvature c. Now,

let {eq, €3, - , e, } be an orthonormal frame in T'9, since € is totally geodesic
with constant unit normal V f, we then have

hooo (€1, €5) = —(V20e;,v) = —(V2e;, 1) = h(es, €5),

where i,7 € {2,3,---,n}. Therefore, we conclude that hao, = hlag, and we
know that the mean curvature of 9y in Qq, denoted by Hpq,, satisfies

1 1
Hoy = ——tlgon, hogy =——7tTg00, hloc
1
> _
2 1(nc c)
=C.

Thus, by the fact that tanh™'(1) < d(A4,99) and Theorem 0.3 in [6], we

conclude that € is isometric to a geodesic ball of radius tanh™! (%) in the
hyperbolic space H™ and A consists of a single point xg, which is the center of
2. For convenience, we just assume that {2 is the geodesic ball in H". Then
we know that ) is a domain in the hyperbolic space H"*!, and so do .

Now, let t € (0, tanh™* (1)), we prove that T; = S;, where S; is the geodesic
sphere in g of radius ¢ centered at xg. On the one hand, we have known that
t < d(zo,T;). On the other hand, we can use the similar method discussed
above to prove that tanh ™! (1) —t < d(Ty, 090), and we then have Ty = Sy, that
is,

v(z) = d(x, x9).

Since

1
= tanh ™' (=4/1 — (2 — 1) sinh?
v = tan (c \/ (¢ ) sinh” ¢),
we have
tanh? d(z,2z9)  sinh® ¢(x)

=1
tanh? 6 sinh? 6

3
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where 6 = tanhfl(%). By Proposition 2.3, we know that X is a geodesic sphere
in the hyperbolic space H"*! of radius tanh_l(%) centered at zg and thus  is

a geodesic ball of radius tanh ™" (%) in the hyperbolic space H"t!. O

By a similar argument, we can prove Theorem 1.4. In this case, we consider
the following Obata type equation

V2f+ fg=0, inQ,
fl/_cf:oa OHE,

where c is a positive constant. For convenience, we still assume that
VP + =1

Set Qo = {p € Q| f(p) =0}, by Theorem 1.3 in [2] and the curvature assump-
tions in Theorem 1.4, we conclude that ¥ is connected (see also [7]) and  is a
Zy-symmetric domain in the warped product space

Q=0 x (—5,3)es 9= dt* + (cost)gla,
which is bounded by the graph functions +¢, where ¢ € C*(Qf) N C(Qy)
satisfies

cos ¢ = csin¢, in Qg,
V1 (05 0)2Vay ol
¢ >0, in Qg,
and
¢ =0, on 99y.

In particular, f = sint.

Let Q; = Qo x {t}, where t € (=7, 5). We first consider the second funda-
mental form with respect to %, denoted by hﬁt' By a similar method in the
proof of Theorem 1.3, we have

sint
hg = ——4gls.-
£ costg|9‘

Therefore, hg is negative definite when ¢ > 0 and o is a totally geodesic

hypersurface in Q with unit normal %.

As for the graph function ¢. Obviously, ¢ € [0,tan™" (1)] and ¢|aq, =
Here we can provide another way to prove that the set {z € Qo | ¢(z)
tan~' (1)} consists of a single point, denoted by xo, which is different from the
method in Theorem 1.3. To see this, we first prove Lemma 4.3. The idea of this
lemma comes from Lemma 2.1 in [3].

0.

Lemma 4.3. Let Q and f be as in Theorem 1.4. Assume that p € ¥ is a critical
point of f|s, then at the point p, the second fundamental form h satisfies

h=cgls.
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Proof. For convenience, let z = f|x. Since |[Vf|> + f2 =1 and f, = cf, on 3,
we have

1= V2 + 2= Vsl + (f.)2 + 22 = [V + (2 + 1)2°

and we know that z(p) # 0.
Let {e1,ea, -, €n+1} be an orthonormal frame near the boundary satisfying
entils =v. Vi, j € {1,2,--- ,n}, we have

zij = e;(ejz) — Viejz
= ei(ejz) — Veiejz — hijfu
= sz(ei, ej) — hijf,j
= —Z&ij — chijz

= —(Chij + 5”)2“

and
czi = ei(ent12) — Veenpif + Ve enpr f

=V f(eieni1) + D hijzj

j=1
n
= E hiij.
j=1

By taking covariant differentiation with respect to ey (k € {1,2,--- ,n}) at p,

we have
—c(chik + 6ik )z = czig

n n
= E ekhiij—F E hijzjk
j=1 Jj=1

which implies
h(p) 4 cI = ch?(p) + h(p),

where h(p) is the n x n matrix (h;;) and I is the identity matrix. We then have
(ch(p) + I)(h(p) — cI) = 0.
Since the mean curvature H > ¢, we obtain that
h(p) = cl.
This finishes the proof of the lemma. O

Now, we can prove that {z € Qq | ¢(z) = tan™! (1)} = {zo}.
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Proposition 4.4. The set {z € Qo | ¢(z) = tan~' (1)} consists of a single
point, denoted by xg.

Proof. Since f = sint, we only need to prove that {z € ¥ | f(z) = ﬁ}
consists of a single point. Since |Vxf|? 4+ (¢ + 1)f? = 1, we know that f|s
is a transnormal function on ¥. Then by Theorem A in [17], we know that
{z € Z|f(x) = ﬁ} is a submanifold of ¥, denoted by M. In particular,
we know that any points in M are critical points of f|sx and the outward unit
normal v satisfies v = % on M. Assume that dimM > 1, then we can consider
a smooth curve ~ : [0,{] — M with arc length parameter. Obviously, v is a

smooth curve in ¥ and we also know that ([0,1]) € Q. (2)- We then have

h ) =—=(ViA v)

o 0
[ VQ/ =
(V7' 50
- hﬁmnfl(%)m/ﬁ/)
__1
¢

< 0.

However, by Lemma 4.3, we have
h(v',~4") = ¢ >0,

which is a contradiction. Therefore, dimM = 0. Then by Lemma 2.6 in [2],
we know that M is connected and consists of a single point. Hence, {z €
My | ¢(x) = tan™* ()} = {o}. O

The remaining part of the proof of Theorem 1.4 is similar to that of Theorem
1.3.
Proof of Theorem 1.4: Set

v = tan_l(%\/l — (¢ +1)sin? ¢),

v then has the following properties
(1) v € [0,tan™" (1)] and v|sq, = tan"'(1).
(2) v is smooth at any x with v(z) € (0,tan™" (2)).
(3) {w € Qofo(x) = 0} = {ao}.
(4) On Qy — (02 U {z0}), |Va,v| = 1.
By a similar argument in the proof of Theorem 1.3, we conclude that £ is
a geodesic ball of radius tan—! (%) in the standard sphere S™ centered at zo and
the graph function ¢ satisfies

tan®d(x, o) = sin® ¢(x)

2

=1
tan?r sin? r

3
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where r = tanfl(%). By Proposition 2.4, we know that Y is a geodesic sphere
in the standard sphere S™*1 of radius tan='(1) centered at  and thus  is a
geodesic ball of radius tan™! (1) in the standard sphere S"*!. O

As the end of this section, we give some applications of the Theorems 1.3
and 1.4 as follows.

Let ("1 g) be an (n+1)-dimensional smooth compact connected Rieman-
nian manifold with smooth boundary ¥. Assume that the Ricci curvature of €2
satisfies Ric? > —n and the principal curvatures of ¥ are bounded from below
by a positive constant ¢ > 1. Then we know that ¥ is connected. Let u be an
eigenfunction corresponding to the first nonzero eigenvalue \; of the Laplacian
on X.

Then we know that the Dirichlet problem

Af=m+1)f, inQ,
f=u, onxy

has a unique solution f € C*°(€Q2). We then have the following inequality and
rigidity result.

Corollary 4.5. Let Q and f be the manifold and smooth function discussed
above. If we further assume that the mean curvature of ¥ is bounded from below
by % Then we have

cllullfasy > (u, fi)r2(m)-

Moreover, equality holds if and only if Q is isometric to a geodesic ball of radius
tanh™! (%) in the hyperbolic space H" 1.

Proof. Since u is a non-constant eigenfunction, we have

/|Vgu|2dv: —/(Agu)udv: /\1/u2dv.
) b )

By the Reilly-type formula in [14], we have
(181 = @+ 02 = 192 = 1o )av
= [ (@su)s, + nH(£)* + h(Vsu, V) ~ 20uf,Jdo
b

+ / [Ric™(V £,V f) + 20|V 2 + n(n + 1)f2]dV
Q
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Since h > ¢l and H > % > 0, we conclude that

0= [ (187 et 012 = 193 - o Jav

A+ n
C

(f,)? + ehu? — 2nuf,)dv

> /E —2\uf, +

+ / [n|Vf|? +n(n+1)f2]dV
Q

= /Z[)\l * n(fl,)Q — (n+2\)uf, + chu?ldo,

c

where the last equality is the divergence theorem. Therefore, we have

0> /z[(/\l + n)(% — Vew)? — neu® 4 nuf,)dv.

Then we conclude that
cllullfasy > (u, fi)r2(s)-

If Q is isometric to a geodesic ball of radius tanh ™! (1) in the hyperbolic
space H"*1 it is easy for us to check that c||u||%2(2) = (u, fu)r2(n). Now we
assume that c||u||2L2(E) = (u, fu)r2(z). Obviously, the above inequalities must
take equality sign, we then have

V2f—fg=0, inQ,
fo—cf =0, onX.

By Theorem 1.3, we know that  is isometric to a geodesic ball of radius
tanh™! (%) in the hyperbolic space H™t!. O

Similarly, we also have the following

Let (2" g) be an (n+1)-dimensional smooth compact connected Rieman-
nian manifold with smooth boundary . Assume that the Ricci curvature of
Q satisfies Ric®? > n and the principal curvatures of ¥ are bounded from be-
low by a positive constant ¢. Then ¥ is connected. Let u be an eigenfunction
corresponding to the first nonzero eigenvalue A\ of the Laplacian on X.

By Theorem 4 in [16], we know that the Dirichlet problem

Af+(n+1)f=0, inQ,
f=u, ony

has a unique solution f € C*°(Q). We then have the following inequality and
rigidity result.
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Corollary 4.6. Let Q and f be the manifold and smooth function discussed
above. If we further assume that the mean curvature of ¥ is bounded from below
by % > 0, we then have

(u, fu)r2(s) > C||U||%2(E)-

Moreover, equality holds if and only if Q is isometric to a geodesic ball of radius
tan~! (1) in the standard sphere S"**.

The proof of Corollary 4.6 is similar to that of Corollary 4.5, so we omit it.
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