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THE SHARP DIAMETER BOUND OF STABLE MINIMAL SURFACES

QIXUAN HU, GUOYI XU, SHUAI ZHANG

AssTrACT. For three dimensional complete Riemannian manifolds with scalar
curvature no less than one, we obtain the sharp upper bound of complete stable
minimal surfaces’ diameter.

Mathematics Subject Classification: 53C21, 53C23.

1. INTRODUCTION

Let (M3,g) be a complete 3-dim Riemannian manifold with scalar curvature
R > 1, for any stable minimal surface X in M (possibly 0% # @), and y C X be a
closed curve, if

(1.1) Up(y) N0z = 0, Image[H(y) — Hi(Uy(y))] #0.

where Uy(y) := {x € X : dists(x,y) < p}, Gromov and Lawson [GL83, Theorem
10.2] showed p < m. Furthermore they [[GL83l Remark 10.6] conjecture that the

best possible conclusion would be p < % which is achieved by M = S*(V2) x S!,

¥ = S2(V2) c M, and y be the great circle in X.
On the other hand, Schoen-Yau [SY83, Proof of Proposition 1] showed that

,OS\/TEH.

In this note, we show that p < %7‘[ and it is the sharp upper bound, which is a

corollary of the following theorem.

Theorem 1.1. Let ¥ be a complete stable minimal surface in a complete 3-dim
Riemannian manifold (M?, g) with scalar curvature R(g) > 1. Then
2+6r

(1.2) Diam(X) < 3

The upper bound is sharp in the following sense: there is a sequence of complete
3-dim manifolds My = (S*xS"', gr) with R(g) > 1 and k € Z*, and compact stable

26

minimal surfaces X C My, such that klim Diam(%;) = T?T.

The strictness of (I.2)) is obtained by a simple observation, the main contribu-
tion of this note is the construction of the example manifolds, which shows the
sharpness of this upper bound.
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From [Gro20, 4.C], we know
1 1
FillRad(M) < Ewidthn_l(M) < EDiam(M)

for complete Riemannian manifold (M", g), where FillRad(M) is the filling radius

and width,,_; (M) is the (n — 1)-th Uryson width, defined as in [[Gro20l section 4].
The results in section [3] show that for a complete stable minimal surface X in

a complete 3-dim Riemannian manifold (M 3, g) with scalar curvature R > 1, we

6
have FillRad(¥) < #

Gromov [GroQ7|] proposed the following conjecture on the filling radius.

Conjecture 1.2. If (M", g) is a complete Riemannian manifold with scalar curva-
ture R(g) > o > 0, then there exists a universal constant c, depending only on n
such that

FillRad(M) < <.
g

The conjecture has been partially answered by [WXYZ24] for manifolds with
finite asymptotic dimension.

In 3-dim complete manifolds with scalar curvature no less than —1, Munteanu,
Sung, Wang [MSW23| obtained the area upper bound of stable minimal surfaces,

In [Gro23 3.10] Gromov conjectured that a complete manifold with scalar
curvature R(g) > 6 admits a singular foliation by surfaces of area and diameter
bounded by a universal constant. The compact case was solved in [LM23]], and the
non-compact case was solved in [LW23]}; also see [WZ23] when M has boundary.

The organization of this paper is as follows. In section 2] we firstly get a general
sharp diameter upper bound, for surfaces with the positive first eigenvalue corre-
sponding to Laplace operator with suitable curvature potential term. The example
Riemannian surfaces are also constructed in this section. The key is to get the
suitable function from some special ODE (see (2.12))), which comes from the sym-
metrization of the corresponding PDE along the diameter (or ‘radius’) direction.

In section 3] we use the functions from the example Riemannian surfaces to
construct the corresponding 3-dim complete Riemannian manifolds containing the
stable minimal surfaces, whose diameter approximates the sharp upper bound.

2. THE FIRST EIGENVALUE AND THE DIAMETER

Definition 2.1. For a complete Riemannian manifold (M", g) and w € C*(M"), we
define

IV +w- f?
A(=A+w):= inf b

feHlmm) Sy P
where HC1 (M) is the closure of C°(M") in H'(M™M).

’

Lemma 2.2. For a complete Riemannian manifold (M", g) with w € C*(M"), A €
R*, assume A{(=A + w) > A, then there is ¢ € C(M") satisfying

¢ >0, and —Ap+(w—=2)-¢p=0.
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Proof: By definition of 4, we get

VAP +w =) - f? VAP +w- f?
L(=A+w=2)= inf Ju = inf Ju -2

feH2 M) Ju 1?2 fenlomy [, f?
2.1) = A=A+ w)— 1> 0.

The compact case follows from similar argument of [GT83, Theorem 8.38]. The
non compact case follows from [FCS80, Theorem 1]. ]

Theorem 2.3. For any 8 > }L and A > 0, assume A|(-As + - Kz) > Aona
complete 2-dim Riemannian manifold (Z, g), where Ks is the sectional curvature
of X, g). Then

281

Ji-(@—1)
The upper bound is sharp in the following sense: there is a sequence of complete
Riemannian manifolds ¥y = (S2, gk) with A1(=As, + 8- Ks,) > A and

208n
JAU-@B-1)

Remark 2.4. Most part of the following proof is similar to [WXZ, Lemma 2.4]
(also see [Xu, Appendix A]) except the last part, we include the complete proof

here for readers’ convenience. For B = 1, Theorem also answers a question
raised in [WXZ, Remark 2.5].

Diam(X) <

klim Diam(X;) =

Proof: Step (1). By Lemma 2.2] we get there exists a positive function v €
C®(M), such that

—Av+(B-Ks— v > 0.
Letu = v%, we get
(2.2) —Au+ (Ks = 28 Yu+ (1 =B |Vul? > 0.

Case(i):If X is compact, let p, g € X be two points with largest distance. Define

Iyl by
Iyl = f uds,
Y

where ds is arclength along y and vy is any curve from p to q.

Case(ii): If X is non compact, chose p € X and R = \/%, Define I[y] by
Iyl = f uds,
Y

where ds is arclength along y and vy is any curve from p to dBg(p).
Since u is positive, for any curve y : [0, L] — M connecting p and dBg(p), if
there exists L € (0, L), such that y(L) € dBgr(p). Let y; be the restriction of v on
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I[y]=fuds>fuds:l[y1].
Y 7

[0, L;], we have

So

inf I[y] = inf  I[y],
yeM ] Int(y)cBgr(p) ]

where Int(y) is the interior of 7.

In both cases, there are at least one minimizer of I[-]. Let yg : [0,[] — M be one
of the minimizers of /[-] and parametrized with unit speed.

Step (2). Let V(s) = ¢(s) - i1 be the variation vector field along yo(s), where 7 is
the unit normal vector field along y and

2.3) o(s) = u 2 (vo(s)U(s),  W(s) = sin(%s),

The first variation formula yields

0
2.4 V05, = —Inu.
(2.4) (Vys0s, 1) aﬁ)nu

The non-negativity of the second variation of [ at yq gives

(2.5)
0
0

0 < &*[yo] = f [(D?u(it, ity — 2u - (=1n w)?]-@* +u- ((go’)2 - Ks - goz)ds.
Yo

Note Asu = D*u(it, t) + D*u(ds, ds), combining (Z4), we get

d
(2.6) Asu = D*u(it, i?) + D*u(ds, ds) = D*u(@d, i) + u’’ — (%) Inu)’ - u,

where v’ = %u(yo(s)).

Plugging (2.6) into [2.3)), using (2.2)), we obtain

0
0< | Asu—u"—u-(—=
70 on

< f (=P —u” —u- (a% nu?)- @ +u-((¢')* — A8~ ¢*)ds.

Yo

) - ¢ +u- (@7 - Kz - o*)ds

2.7 < f ((1 -B) ) ut - u") QP tu- ((ap’)2 - ﬂﬂ_lgoz)ds.

Yo
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Plugging (2.3) into 2.7)), and use integration by part, we get
0< f [(1 — B u 2y + ' (—u Wy + 2u” ) + u(—%u_%u’d/ + Lt_%l//’)z - /1,3_11//2](16‘
%
_ L PP NSO S P 0O IV DR DO Se e
= J [0 g 3w -7 (-l — 35 3ty as
P NS TORN SRR R
< [ [0+ g0 3w - twlos

[
:fﬁa+%w—5 X)%m%‘ﬂ A8 m&(@]s

4 [
7 4B 7m, 1 !
=l -3
20r _ 26n
So we get [ < N verm Ifl= \/m,weget
!
1.1, 1 _1
(2.8) fo(w—z>zuuw—5<ﬂ——) 2y/) ds = 0
Note (5 — }L)%u’m// - %(,8 - zlt)_%‘/” is a continuous function on [0, /], so
1 1 1
2.9) (B 2w = 5(B= )2y =0, Vs e[0.0l
However, for s = 0, we have ¥(0) = 0 and ¥’(0) = Z, which is the contradiction.
Now we have [ < \/%. If ¥ is not compact, from the definition of [, we

know that
20m

VAI-@B=1)
which is the contradiction.

Hence X must be compact, and from the definition of / in compact case we get
28m

Step (3). In the rest argument, we construct ;. We assume k € Z* with

= d(p,0Br(p)) =

Diam(X) <

(0T (B
(2.10) k e@4 A)
Define
_ e_%, x>0,
M”‘{Q x<0.
-1 _
2.11) m(x) = AT VxeR.

d(x — k1) + p2k~! — x)°

Note 7, is a smooth function on R.
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We define
2.12) 0 = ~pR SR - ek by,
Y1) = B - cot( \/;t), Vre 0.k,

where [k!, by) is the largest interval for the solution to (Z.12).
By .12)), note 8 > %, we get

(2.13) Y (1) <0, Yt € [0, by).
Using (2.12)) , note || < 1, we get
W) > —gur — A, Vee [k, 2k,
(2.14) { Uk 1) = BI- coi( \/%k—l)‘

From (2.14), taking integral from k~! to 2k~ with respect to ¢, we get
(2.15)

-1
U2k > mcot{\/gk_l +cot_1(wli(/];_ﬂ))} = \/ABcot (2 \/gk‘l) >0,

where the last inequality follows from 2.10).
Step (4). Now we consider l//k(l‘) for t € [2k™!, by), and we have

1
(2.16) wt) = (ﬁ 4ﬁ2)‘/’k , Vi e [2k71, by).
Note g > 1 , hence /.13 W > 0. Direct integration yields
(2.17)
1 VA8 - 1A _ _ 4,8 _
G :2/3,/4/3_1 -cot{T(z—zk Y + cot l(ﬁ w @k} vre 2k by,

From 2.17), we get by < oo and lilr7n () = —
t—by—
Define [;, = min{t € (0, by) : Y (t) = 0}, from (2.15) and (2.13)), we get

I > 2k71, Yi(lk) =0
From 2.17) we get
V@B - 1A -1 _1 4/3 I
T(lk —2k7") + cot™ (2,3 l,b k) ==
which implies
2B _
L, = ——— 2k~ 2k!
k N e 1) 2/3 l//k( )) +

Bn —1(_
Jag-ha \/(4ﬁ 1

(2.18) ¢k(2k )+ 2k
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From (2.13) and 2.18)), we have

B _
2.19) [, > — N/ - — 2k7!
( ) > \/(4,8 -y \/(4,8 = 1)/1 4,3 cot (2 \/7 +

One key fact is that

) B
(2.20) lim [}, > ——.
kir?o ¢ V@B -1DA

Step (5). Now we define f; : [0,2[;] — R by

(nfor () = 2222y, Ve 0,4l
221) Ak = JEsin( 3k
Ji®) = fiQl - 1), vt € [k, 2p);

f(0) = fi2) =0

From the property of f;, we get the complete Riemannian surface X; = (S2,dr* +
f(r)?d6) for r € [0, 21;], where 6 € S'.
Now we define ;. : [0, 2] — R by

(In &' () = 5Lty Vi € (0,1];
(2.22) Gk =1;
G =42l 1), vt e [lk, 2l);

G(0) = &(2l) = 1.
Note y(t) > 0 for ¢ € (0, [] by the choice of i, then from 2.22)), we get £(¢) > 0
for any 7 € [0, 2[;].
Define u(r, ) = &(r), from 2.22) we know that u, € C*(Z;). From (2.12),
(2.21)) and (2.22)), we get that for r € (0, ],

i s

(2.23) — As,up + B+ Ky — Aug = =g + ?évk) +,3(—7)§k = Al
;] 1-
:—gk{(ﬁk+5wi— 4ﬂ2 l,l/k"r/l} 0.

By the symmetry definition of wuy, f, we get (2.23) also holds for r € [Iy, 21;).
So

—As, ug + B - Ks ux = Adug.
From (2.20) and Theorem [2.3] we have

2, 2,
L > lim Diam(Z;) > lim Diam(X;) > 2 lim [ > L
JEg-1Da  koe k—oo ko0 V@B -1A

O

Remark 2.5. We shall point out that in our example, for the case of f = % from

(2.12) we have

gbk(t)swk(k_l):[ cot( V2k™) re k2671

NI?\T‘
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From (2.21) we have
(In fi)' (1) < 2y(0) <k, Ve (k71,271
(2.24) (nfi)'@® =0, Vee k1 1,

Sk = ([ sin(VIT),
So
fih= iRk HY<e ik <e k', re2k', 20 -2k71.

and Xy = (S?, gr) converges to a segment [0,2n] as k — oo. So fy converges to 0
as k — oo, which implies Ty converges to a segment (see Figure|I).

/AR
m 4
N_
S R
N

(Y

_

Cylinder of width < 2k~!

Ficure 1. Figure of ¥ as k — oo.

As an corollary, we get a sharp version of [CL, Lemma 16].

Corollary 2.6. For compact surface (X2, g), if there is a smooth function u > 0

such that
A 1 |Vsul?
(2.25) AU (kg — oty 4 L VEUE
u 2 u?

then the diameter of X satisfies the sharp upper bound Diam(X) < 2.
Proof: Letv = \u > 0, from (2.23), we get

1 1
2.26 -A —Ks —-)-v=>0.
(2.26) vi(GKs—7)-v2
Using (2.26)) in the proof of Theorem we get the conclusion. O

3. THE DIAMETER OF STABLE MINIMAL SURFACES IN 3-DIM MANIFOLDS

Lemma 3.1. Let £ be a complete stable minimal surface in a complete 3-dim

Riemannian manifold (M3, g) with scalar curvature R > 1, then 1;(—As +Kx) > >

where Ky is the sectional curvature of X.
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Proof: Let eq, e, e3 be an orthonormal frame defined locally on £ with ey, e>
tangential and e3 be unit normal. Since X is a stable minimal surface, for all f €
C(X) we have

G.) [19P = Reteren + Y s 2 0

where h;; =< V,e;, e3 > is the second fundamental form of X. (see [Li12, Chapter

1)

Since X is minimal, we have hy; + hy; = 0. By Gauss curvature equation, we
have Ky = Ri212 + hi1ha — h%z, and R; j; is the Ricci curvature tensor of M.

So (B.I) can be written as

1 1
L|Vf|2—(§R—KZ+ 3 2 hf =0,
Since R > 1, we get
1
[ s- 0
z

which implies 4;(-A + Kx) > % ]

Theorem 3.2. Let £ be a complete stable minimal surface in a complete 3-dim
Riemannian manifold (M3, g) with scalar curvature R > 1, then
2Vor

3.2) Diam(X) < T

The upper bound is sharp in the following sense: there is a sequence of complete
3-dim manifolds My = (S* x S, gx) with R > 1 and k € Z*, and compact stable

26

minimal surfaces X C My, such that klim Diam(X;) = T?T.

Proof: Step (1). The inequality (3.2)) follows from Lemma[3.1land Theorem 2.3]
forthe case = 1,1 = %

Let g = dr’ + sz(r)de2 + g’,%(r)d(bz, where (r, 0) is the polar coordinate on S?2, ¢
is the coordinate on S, and f;, ¢; are defined as in (Z.21)) and Z.22).

Note r € [0, 21;], then by and (3.2), we have

lim Diam(Z;) = %ﬂ'.
k— o0 3

Define I = S?% x {¢o} C M}, in the rest argument.

If the r-coordinate of p € M; is 0 or 2[;, by the definition of My, the k1-
neighborhood of p in My is an open set in S%( V2) x S!(1); where S%(V2) is a
round sphere with radius V2, SY(1) is a round unit circle and S2(V2) x S!(1) has
the product metric.

The k~!-neighborhood of p in X is an open set of S*( V2)x{do} C SE(V2)xS'(1)
for some ¢ € S'.

Since S*( \/5) is a minimal surface of S*( \/5) x S1(1) with the product metric,
we get the mean curvature of ¥ is 0 in a neighborhood of p.
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Step (2). Now we assume p € X, where ¢g € S I and the r-coordinate of pis
not equal to O or 2.

Let {e1,e2,e3} = { g ;k 6‘39, ok ¢} be a local orthonormal frame on a neighbor-
hood of p in My, we have e1, e is tangential and e3 is unit normal. The second fun-
damental form of % is defined by symmetric quadratic tensor h;; =< V,e;,e3 >,
i, j €{1,2}, where V is the Riemannian connection of M.

k_llk 9gji @_6&/ b b
Let F ( an + o, )be the Christoftel symbol, where m TR
] a b

are 7-, 550 5 respectively, and (g;;) is the matrix corresponding to the metric of
M;.

. . 0, 0 ofi
By direct computation, we get Fl = —gk‘(fj F3 F3 = i(airk’ 1“52 = _fk%,
and l"%z = F%l = 1 af" . Other Christoffel symbols are zero.
We have

9 1.0  10f3
Veer=Vo(+a)= 22 ,
1€2 (f ae) o 7aet 2 72 or 96

0
Velel Vora =0,
1 dfi 0

G+ ae)(fkae) ﬁ%(fk)% ~ R or o

We get V,,e; is in the tangent plane of X, and
h,’j:O, Vi,j€{1,2}.

So on a neighborhood of p in Z;, we have the mean curvature of X is 0.

So we get X is a minimal surface.

Step (3). Since h;; = 0, we get the scalar curvature of My is 2Ks, + 2Rc(e3, e3),
where Ky, is the sectional curvature of Xj.

By the definition of Ricci curvature tensor, we have

0 0

Vez € =

k k k k
R;j = ax](ru—a—l" +Ffjl“vk—l"sl"
We get
d 0 1 &0 10fi 0k
Rc(es, — (= + =)
cles,e3) = g Reoe a6’ =7 o T Rar ar)
On X, we have Ay, = ﬁ + %(% + ;2 ol and K5, = _%’ where Ay, is the
Laplacian operator on .
Define ui(r, 6) = & (r), then ux € C*(Zg). So Re(es, e3) = Azkk“k.
By 2.23)), we get
1
(3.3) —Azkuk + (sz - E)uk =0.

We get the scalar curvature of My is

As, uy

R(gk) = 2K2k -2 =1.

Uk
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Step (4). Let wy = Inuy, from (3.3) we get

Vgo 1 2
?| =K2k—§—|Vwk| .

For any ¢ € C®(Z;), we multiply both sides of (3.4) by ¢? and take integration
on X to get

(3.4) Aswg = —— —|

1
(3.5) f 20V - Vwi = | (Kg, - E)soz — @ [Vl
Xk Xk
Note
(3.6) ~20Vp - Vg > —|Vgl* — % - [Vwy .

By (3.6) and (3.3), we obtain
1 o0
f IVel* + (Ks, — 5)4,02 >0, Yo € CO(Zp).
p

As, uk

Since Ky, — % = = —Rc(e3, e3) and h;; = 0, we get

Uk

Vel — (Re(es, e3) + ) )e* 20, Yo e C(Zy).
g

So X is a stable minimal surface of M. ]
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