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Abstract. We give necessary and sufficient conditions on the curvature
and the torsion of a regular curve of the space forms H3 and S3 to
be contained in a totally umbilical surface. In case that the curve has
constant torsion, we obtain the value of the curvature of the curve. Also
numerical pictures of these curves are shown.
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1. Introduction and statement of the results

In this paper, we investigate the following problem:

Given a surface S in a 3-dimensional spaceM3, how to characterize
a regular curve α : I ⊂ R → M3 to be contained in S in terms of
the curvature and the torsion of α?

Although the formulation of this problem is simple, surprisingly its solution,
if any, is hard and only in a few cases of surfaces S a satisfactory answer
is known. A regular curve α : I ⊂ R → M3, which it is not a geodesic,
has defined its curvature κ and its torsion τ . If the ambient space M3 has
constant curvature, both quantities κ and τ determine the curve α up to
a rigid motion of M3. For general manifolds M3 the uniqueness modulo
congruences is valid once is prescribed initial conditions on the position and
the Frenet frame [2, 3].

Let now S be a given surface inM3. If the curve α is contained in S, that
is, α(I) ⊂ S, there is not an a priori condition on κ and τ that characterizes
the fact that the image of α lies contained in S because the notions of κ and
τ are intrinsic of the curve.

An interesting application of the above problem is in computer vision
[10, 11, 13, 15, 17]. Suppose that we have a spatial curve in Euclidean space
of which we have sufficient information data with respect to the position of
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2 Rafael López

its points. From these data, we are able to compute the curvature and the
torsion of the curve. The problems asks whether such a curve is contained
on a given surface S of Euclidean space. As one can notice, the problem is
difficult because the data corresponds to a one-dimensional object, whereas
the object we are looking for is two-dimensional.

Without loss of generality, we will assume in this paper that all curves
are parametrized by arc length, being s is the arc length parameter. We also
assume sufficiently regularity of the curves, at least C4, although one may
demand something weaker that C4 by choosing an appropriate frame different
than the Frenet frame.

Following with the Euclidean space R3, two cases of surfaces S have a
known answer to the problem:

1. S is a plane. Then α lies contained in S if and only if τ = 0.
2. S is a sphere. Suppose that R is the radius of the sphere. If α lies

contained in S with τ ̸= 0, then

1

κ2
+

κ′2

κ4τ2
= R2, (1.1)

where the prime (′) stands for the derivative with respect to s. If κ′ ̸= 0,
then the converse is true. If the radius of the sphere is unknown, then
α lies contained in some sphere of R3 if and only if

τ

κ
−
(

κ′

κ2τ

)′

= 0. (1.2)

Notice that Eq. (1.1) is a third order differential equation in the coordinates of
the curve whereas (1.2) is of fourth order. Equations (1.1) and (1.2) appear
in many textbooks of differential geometry: see for example, Ex. 13, Sect.
1.5, in [9]. Since there is more than one way to prove (1.1) and (1.2), we
review different approaches given in the literature. For example, in [25, p.
32], Struik exploits the idea of contact between curves and surfaces to obtain
(1.1) but to prove (1.2) Struik assumes that κ′ ̸= 0 as in [9]. Kühnel in [18,
Th. 2. 10] also uses the idea of contact to characterize with (1.2) spherical
curves by using that if a curve α has a contact of order k with a surface
S = {x ∈ R3 : G(x) = 0} then all derivatives of s 7→ G(α(s)) up to order k
vanish (see also [16, Lem. 19.2]). Yet another proof using order of contact is
given by da Silva [5, Th. 2.1] where the author applies the theory of contact
as Kühnel did but using Bishop frames. Other question related with (1.1)
and (1.2) is that one assumes that the torsion τ does not have zeros. A
characterization that does not require the torsion to be non-zero can be found
in [27]. Extensions of (1.1) and (1.2) when the ambient space is the Lorentz-
Minkowski space L3 and the surface S is the pseudo-sphere or the hyperbolic
plane appear in [4, 12, 19, 20, 21, 22].

Other simple surface S where we can pose the problem in Euclidean
space is a circular cylinder, S = {(x, y, z) ∈ R3 : x2 + y2 = R2}, R > 0.
However, the problem is far to have a successful answer. In [15] the authors
give necessary conditions for α to be included in S in terms of a resultant of
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two polynomials whose coefficients are expressed by κ, τ and their first and
second derivatives. More recently, in [24] the authors derive some conditions
when α is regarded as a curve at constant separation from the axis of the
cylinder. Then they obtain a differential equation involving κ, τ and the angle
ξ between the separation vector from the axis and the normal vector of α:
see Props. 4 and 5 in [24].

A different approach to the initial problem is using different notions of
curvatures. Bishop, in a remarkable paper [1], introduced a new frame for a
spatial curve α : I ⊂ R → R3. In the new frame {T = α′, N1, N2} the key
property is that T and N ′

i are parallel, i = 1, 2. In the corresponding Bishop
equations, two new curvatures κ1 and κ2 are defined. Comparing with Frenet
frames, Bishop frames exist even if the curve has points with κ = 0. Bishop
characterized curves contained in spheres by means of a linear relation of κ1

and κ2. Generalizations of this result have been obtained when S is a geodesic
sphere of S3 and H3 [7] or a pseudosphere of the Lorentz-Minkowski space
L3 [4].

In this paper we consider the initial problem when M3 is the hyperbolic
space H3 or the 3-sphere S3 and S is a totally umbilical surface. More pre-
cisely, we extend the characterizations (1.1) and (1.2) for all totally umbilical
surfaces of H3 and S3. To distinguish with the use of Bishop frames given in
[4, 7], we will follow the same ideas of [9] using Frenet frames and requiring
that τ has not zeros. Notice that τ ̸= 0 is an open condition so if τ(s0) ̸= 0
at some point s0, then τ ̸= 0 in a subinterval of α around s0.

LetM3(c) be the space form of constant sectional curvature c ∈ {−1, 0, 1}.
Let S ⊂ M3(c) be a totally umbilical surface. If c = 0, then S is a plane or
a round sphere and the problem has been solved as it has been previously
explained. If c = ±1 and when S is a geodesic sphere, equation (1.2) ap-
peared in [7, Thm. 4] (see Rem. 2.1 below). In the present paper and for the
use of Frenet frames, we use the hyperquadric model of H3 and S3 and Eq.
(1.1) will be extended for all totally umbilical surfaces. The value of R will
be substituted in terms of the mean curvature H of S.

We consider the hyperquadric model of H3 and S3. In the vector space
R4 with standard coordinates p = (x1, x2, x3, x4), define the metric

⟨, ⟩ = dx2
1 + dx2

2 + dx2
3 + c dx2

4. (1.3)

Consider the hyperquadric H = {p ∈ R4 : ⟨p, p⟩ = c}. In case that c = −1,
we only take the component of H where the x4-coordinate is positive. Then
M3(c) is isometric to H endowed with the induced metric ⟨, ⟩ from R4. Notice
that if c = 1, then H = S3 is the round sphere in Euclidean space R4 of radius
1 and centered at the origin.

The totally umbilical surfaces of M3(c) are the intersection of affine
hyperplanes of R4 with H, that is,

Ua⃗,σ = {p ∈ H : ⟨p, a⃗⟩ = σ},

where σ ∈ R and a⃗ ∈ R4, a⃗ ̸= 0, with ⟨⃗a, a⃗⟩ = ϵ ∈ {−1, 0, 1} [23]. If c = 1,
then necessarily ϵ = 1 and σ ∈ (−1, 1). We give the classification of the totally
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umbilical surfaces. For distinguishing if necessary, we add a superscript ()h

and ()s to the notation of Ua⃗,σ depending if the surface is contained in H3 or
S3, respectively.

Consider the hyperbolic space H3. In this case c = −1 and the metric
(1.3) is Lorentzian. The classification of the totally umbilical surfaces depends
on the causal character of the affine hyperplane:

1. totally geodesic planes: ϵ = 1, σ = 0;
2. equidistant surfaces: ϵ = 1, σ ̸= 0;
3. horospheres: ϵ = 0, σ ̸= 0;
4. geodesic spheres: ϵ = −1, |σ| > 1.

See Fig. 1, left. A unit normal vector field on Uh
a⃗,σ is

ξ(p) = −λ(⃗a+ σp), λ =
1√

ϵ+ σ2
.

If A is the shape operator on Uh
a⃗,σ, then Aξ = λσ · id, which proves that Uh

a⃗,σ

is totally umbilical. Notice that the mean curvature of Uh
a⃗,σ is

H = λσ =
σ√

ϵ+ σ2
(1.4)

and the extrinsic curvature is Kex = σ2/(ϵ+σ2). The Gauss equation implies
that the intrinsic curvature K is constant, namely, K = Kext − 1 = − ϵ

ϵ+σ2 .

Figure 1. Left: Totally umbilical surfaces in the hyper-
bolic space H3: totally geodesic planes and equidistant sur-
faces (red and orange dotted curves), horospheres (blue solid
curve) and geodesic spheres (black dashed curve). Right: to-
tally umbilical surfaces in the sphere S3: totally geodesic
spheres (blue solid curve) and geodesic spheres (red dotted
curve).

Theorem 1.1. Let Uh
a⃗,σ be a totally umbilical surface of H3. Let α : I ⊂ R →

H3 be a regular curve.

1. Case σ = 0. If α is contained in Uh
a⃗,0 then τ = 0.
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2. Case σ ̸= 0. If α is contained in Uh
a⃗,σ with τ ̸= 0, then

1

κ2
+

κ′2

κ4τ2
=

1

H2
, (1.5)

where H is the mean curvature of Uh
a⃗,σ.

Reciprocally, if α has constant zero torsion τ = 0 then α is contained
in a totally geodesic plane. In case that τ ̸= 0 and κ′ ̸= 0, if

1

κ2
+

κ′2

κ4τ2
= C > 0 (1.6)

for some constant C, then α is contained in a totally umbilical surface of
mean curvature H, where C = 1/H2: an equidistant surface if C > 1, a
horosphere if C = 1 or a geodesic sphere if C < 1.

If it is unknown the type of totally umbilical surface, the analogous
result to (1.2) is the following.

Theorem 1.2. Let α : I ⊂ R → H3 be a regular curve. Then α is contained in
a totally geodesic plane if and only if τ = 0. If τ ̸= 0 and κ′ ̸= 0, then α is
contained in a totally non-geodesic umbilical surface if and only if

τ

κ
−
(

κ′

κ2τ

)′

= 0. (1.7)

Consider now the unit sphere S3. The totally umbilical surfaces Us
a⃗,σ

are totally geodesic spheres (or great spheres) if σ = 0 or geodesic spheres

if σ ̸= 0. In the latter case, the radius of the sphere is R =
√
1− σ2. See

Fig. 1, right. Now the unit normal vector of Us
a⃗,σ is ξ(p) = (a− σp)/

√
1− σ2

and Aξ = σ√
1−σ2

· id. The mean curvature is H = σ√
1−σ2

and the intrinsic

curvature is K = 1
1−σ2 .

Theorem 1.3. Let Us
a⃗,σ be a totally umbilical surface of S3. Let α : I ⊂ R → S3

be a regular curve.

1. Case σ = 0. If α is contained in Us
a⃗,0 then τ = 0.

2. Case σ ̸= 0. If α is contained in Us
a⃗,σ with τ ̸= 0, then

1

κ2
+

κ′2

κ4τ2
=

1

H2
, (1.8)

where H is the mean curvature of Us
a⃗,σ.

Reciprocally, if α has constant zero torsion τ = 0 then α is contained
in a totally geodesic sphere. In case that τ ̸= 0 and κ′ ̸= 0, if

1

κ2
+

κ′2

κ4τ2
= C > 0 (1.9)

for some constant C, then α is contained in some geodesic sphere of mean
curvature H with C = 1/H2.
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Theorem 1.4. [7] Let α : I ⊂ R → S3 be a regular curve. Then α is contained
in a totally geodesic sphere if and only if τ = 0. If τ ̸= 0 and κ′ ̸= 0, then α
is contained in a geodesic sphere if and only if

τ

κ
−
(

κ′

κ2τ

)′

= 0 (1.10)

In all these results, the dimension of the ambient space is 3. For higher
dimensions and in arbitrary manifoldsMn+1, the generalization of the Bishop
frame, the so-called rotation minimizing frame (RM frame in short), also is
useful in characterizations of curves. A RM frame along a curve α is a frame
{T,N1, . . . , Nn} where T and ∇TNi are parallel. In [7, Thm. 3], the authors
prove that a regular curve α lies on a geodesic hypersphere of radiusR ofHn+1

(resp. Sn+1) if and only if
∑n

i=1 aiκi+coth(R) = 0 (resp.
∑n

i=1 aiκi+cot(R) =
0). Here ai are real constants and κi are the curvatures of the RM frame. In
the present paper, and using the same ideas, we extend this result to curves
contained in totally umbilical hypersurfaces of Mn+1(c), c ̸= 0 (for geodesic
hyperspheres, it is the same result that [7]). Notice that now the regularity
that we demand is weaker than C4, and C2 is enough.

Theorem 1.5. Let α : I ⊂ R → Mn+1(c) be a C2 curve, c ∈ {−1, 1}. If α
is contained in a totally umbilical hypersurface Ua⃗,σ, then there is a linear
relation

n∑
i=1

aiκi + σ = 0, (1.11)

where ai ∈ R, 1 ≤ i ≤ n, are real constants. Reciprocally, if (1.11) holds,
then α is contained in a totally umbilical hypersurface of Mn+1(c).

Identity (1.11) is valid for curves included in totally umbilical hyper-
surfaces Σ of any manifold Mn+1 where, up to a constant in (1.11), it holds∑n

i=1 aiκi(s)−H(α(s)) = 0 and H is the mean curvature of Σ: see [8, Thm.
1]. Thus the novelty here is that we prove the converse when Mn+1 is a space
form.

Proof of these results will be done in Sect. 2. After each one of the
proofs, we will compare the techniques and the results employed with that
of the existing literature to show what is actually new in this paper. In
the last Section 3 we investigate those curves of H3 and S3 contained in
totally umbilical surfaces with constant torsion. We will derive in Thm. 3.1
the expression of the curvature and some numerical pictures of these curves
are shown.

2. Proof of the results

Let α : I ⊂ R → M3(c) be a regular (non-geodesic) curve parametrized by arc
length. Let κ > 0 and τ be the curvature and the torsion of α, respectively.
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Associated to α there is a Frenet frame {T,N,B} whose Frenet equations are

∇TT = κN,

∇TN = −κT + τB,

∇TB = −τN.

Here ∇ denotes the Levi-Civita connection of M3(c). If ∇0 is the Levi-Civita
connection of R4 with respect to the metric ⟨, ⟩, then ∇ is ∇0 are related by
the identity

∇0
XY = ∇XY − c ⟨X,Y ⟩p, (2.1)

where X,Y ∈ X(M3(c)) are tangent vectors at p ∈ M3(c).

2.1. Proof of Theorem 1.1

Necessity. Since α is contained in Uh
a⃗,σ, then ⟨α(s), a⃗⟩ = σ for all s ∈ I.

Differentiating with respect to s, we have ⟨T, a⃗⟩ = 0. Differentiating again
and using the Frenet equations together (2.1), we have

⟨∇TT + ⟨T, T ⟩α, a⃗⟩ = 0,

that is

κ⟨N, a⃗⟩+ σ = 0. (2.2)

We distinguish two cases.

1. Case σ = 0. This corresponds when Ua⃗,0 is a totally geodesic plane,
in particular, ϵ = 1. Since κ ̸= 0, then (2.2) yields ⟨N, a⃗⟩ = 0 and
differentiating with respect to s we have τ⟨B, a⃗⟩ = 0. This implies τ = 0
identically in I because if ⟨B, a⃗⟩ = 0, using that {T,N,B, α} is an
orthonormal basis of (R4, ⟨, ⟩), we would have 1 = ⟨⃗a, a⃗⟩ = −⟨α, a⃗⟩2 = 0,
a contradiction.

2. Case σ ̸= 0. Differentiating (2.2) together the second Frenet equation
and the fact that ⟨T, a⃗⟩ = 0, we get

κ′⟨N, a⃗⟩+ κτ⟨B, a⃗⟩ = 0. (2.3)

On the other hand, because ⟨⃗a, a⃗⟩ = ϵ and the fact that {T,N,B, α} is
an orthonormal basis of (R4, ⟨, ⟩), we deduce from identities (2.2) and
(2.3)

ϵ = ⟨⃗a, a⃗⟩ = ⟨N, a⃗⟩2 + ⟨B, a⃗⟩2 − ⟨α, a⃗⟩2

=
σ2

κ2
+

σ2

κ2

κ′2

κ2τ2
− σ2.

This implies

1

κ2
+

κ′2

κ4τ2
= 1 +

ϵ

σ2
.

This identity together (1.4) is just (1.5).

Sufficiency. We distinguish two cases according to τ .
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1. Case τ = 0. Then ∇TB = 0, hence ∇0
TB = 0 by (2.1). This proves

that B = B(s) is a constant function. Let a⃗ = B, in particular, ⟨⃗a, a⃗⟩ =
⟨B,B⟩ = 1. Since the derivative of the function s 7→ ⟨α(s), a⃗⟩ is ⟨T, a⃗⟩ =
0, then the function ⟨α(s), a⃗⟩ is constant. Because a⃗ = B is a tangent
vector of H3, then ⟨α(s), a⃗⟩ = 0 for all s ∈ I, proving that α is contained
in the totally geodesic plane Ua⃗,0.

2. Case τ ̸= 0. Define the function β : I → R4 by

β(s) = α(s) +
1

κ(s)
N(s)− κ′(s)

κ(s)2τ(s)
B(s). (2.4)

Using the Frenet equations, we have

d

ds
β(s) =

(
τ

κ
−
(

κ′

κ2τ

)′
)
B. (2.5)

The derivative of (1.6) yields

κ′

τκ2

((
κ′

κ2τ

)′

− τ

κ

)
= 0. (2.6)

Since κ′ = 0, the parenthesis must vanish, hence (2.5) leads to d
dsβ(s) =

0 for all s ∈ I. This proves that β is a constant function. Let β(s) = b⃗ for

some vector b⃗ ∈ R4. Multiplying (2.4) by α and because α is orthogonal

to N and B, we have ⟨α(s), b⃗⟩ = −1 for all s ∈ I. Moreover, using (1.6)
and (2.4) we get

⟨⃗b, b⃗⟩ = −1 +
1

κ2
+

κ′2

κ4τ2
= −1 + C.

If C = 1, then ⟨⃗b, b⃗⟩ = 0, and α is contained in the horosphere Uh
b⃗,−1

. If

C ̸= 1, let a⃗ = b⃗/
√
|C − 1|. Then ⟨⃗a, a⃗⟩ = 1 if C > 1 and ⟨⃗a, a⃗⟩ = −1

if C < 1. In both cases, ⟨α(s), a⃗⟩ = −1/
√

|C − 1| := σ. Thus α is

contained in the equidistant surface Uh
a⃗,σ if C > 1 or in the geodesic

sphere Uh
a⃗,σ if C < 1. Finally, once we know that α is contained in

a totally umbilical surface, the value of C is given by (1.5), that is,
C = 1/H2.

Equation (1.5) can be also obtained from the computations done in [8]
and that the authors did not mention. Indeed, in Remark 1 of [8] the authors
employ Frenet frames for curves in a generic Riemannian 3-manifold M3.
Following the calculations and notations of [8], let α be a curve contained
in a totally umbilical surface S ⊂ M3. Let ξ and H be the unit normal
and the mean curvature of S, respectively. Since S is totally umbilical, then
the tangential component of ∇T ξ vanishes. Thus ∇T ξ = c1N + c2B. Then
c1 = H/κ, c′2 = −τc1 and c′1 = τc2. The same computation of [8, Rem. 1]
gives

1 = ⟨ξ, ξ⟩ = c21 + c22 =

(
H

κ

)2

+
1

τ2

(
H

κ

)′2

.
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Since H is constant because S is a totally umbilical surface, and assuming
H ̸= 0, we obtain

1

H2
=

(
1

κ

)2

+
1

τ2

(
1

κ

)′2

.

This identity coincides with (1.5).

Remark 2.1. In the case that the totally umbilical surface is a geodesic sphere
of H3 or S3, part of the proof of Thm. 1.1 is contained in [7]. Indeed, the
vector tβ in Thm. 4 of [7] is nothing but the unit normal of the sphere, and
from Eqs. (27) and (30) of [7], we can characterize spherical curves with an
equation depending on a constant. This constant can be expressed in terms
of the mean curvature of the geodesic sphere.

2.2. Proof of Theorem 1.2

We only need to consider that case σ ̸= 0. Necessity is immediate because
(1.7) is the derivative of Eq. (1.5) multiplied by κ′/(τκ2): see (2.6). But
κ′ ̸= 0 and the result follows. For sufficiency, the function β defined in (2.4)
is constant because of (1.7) and (2.5). Then the arguments given in the
“Sufficiency” part of the proof of Thm. 1.1 imply that α is contained in a
totally umbilical surface.

2.3. Proof of Theorems 1.3 and 1.4

The proofs are similar to that of Thm. 1.1 and 1.2. We only show the differ-
ences in the proof of Thm. 1.3.

Necessity. We have ⟨α(s), a⃗⟩ = σ and ⟨T, a⃗⟩ = 0. Differentiating twice
again, we have

κ⟨N, a⃗⟩+ σ = 0

and

κ′⟨N, a⃗⟩+ κτ⟨B, a⃗⟩ = 0.

The case σ = 0 follows as in Thm. 1.1. If σ ̸= 0 and because τ ̸= 0, we have
Thus

1 = ⟨⃗a, a⃗⟩ = ⟨N, a⃗⟩2 + ⟨B, a⃗⟩2 + ⟨α, a⃗⟩2 =
σ2

κ2
+ σ2 κ′2

κ4τ2
+ σ2

= σ2

(
1

κ2
+

κ′2

κ4τ2
+ 1

)
.

This gives (1.8).
Sufficiency. The case τ = 0 follows with the same steps. If τ ̸= 0,

differentiating (1.8) we obtain (1.10) which allows to see that the function β

defined in (2.4) is constant, β(s) = b⃗. Now it is immediate from (1.9) that

|⃗b|2 = 1 + C and ⟨α(s), b⃗⟩ = 1 for all s ∈ I. Letting a⃗ = b⃗√
1+C

, we obtain

⟨⃗a, a⃗⟩ = 1 and ⟨α(s), a⃗⟩ = 1/
√
1 + C. This proves that α is contained in the

geodesic sphere Us
b⃗,σ

where σ = 1/
√
1 + C. In particular, C = 1−σ2

σ2 which

coincides with 1/H2, where H is the mean curvature of Us
b⃗,σ

.
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2.4. Proof of Theorems 1.5

First we recall that RM frames along regular curves are frames of type
{T,N1, . . . , Nn}, where T and ∇TNi are parallel. Therefore, the RM equa-
tions are

∇TT =

n∑
i=1

κiNi,

∇TNi = −κiNi, 1 ≤ i ≤ n.

(2.7)

The functions κi are called the curvatures associated to the RM frame.
As we pointed out in the Introduction, the first part of the statement

was done in [8]. For the sake of completeness, we recall it. Since ⟨α(s), a⃗⟩ = σ,
the derivative with respect to s gives ⟨T, a⃗⟩ = 0. Differentiating with respect
to s again and using (2.1) and (2.7), we have

n∑
i=1

κi⟨Ni, a⃗⟩+ σ = 0. (2.8)

On the other hand, from (2.7) one gets

d

ds
⟨Ni, a⃗⟩ = ⟨∇TNi, a⃗⟩ = −κi⟨T, a⃗⟩ = 0.

Thus ⟨Ni, a⃗⟩ is a constant function ai for all 1 ≤ i ≤ n. This together (2.8)
proves (1.11).

We now prove the converse. Define β(s) =
∑n

i=1 aiNi(s)− σα(s). Then
(2.7) implies

β′(s) =

n∑
i=1

ai∇TNi(s)− σT (s) = −
n∑

i=1

aiκi(s)T (s)− σT (s)

= 0.

Thus there is a⃗ ∈ Rn+2 = Mn+1(c) such that β(s) = a⃗ for all s ∈ I, that is,
n∑

i=1

aiNi(s)− σα(s) = a⃗.

In particular, if we multiply by α(s) we obtain ⟨α(s), a⃗⟩ = −cσ. This proves
that α is contained in the totally umbilical hypersurface Ua⃗,−cσ.

Remark 2.2. Theorem 1.5 shows how powerful RM frames are in comparison
with the Frenet frame. Indeed, from Remark 2 of [7] we have a taste of how
complicated characterizing spherical curves in higher dimensions can get. For
curves in Rn+1, it is possible to find a generic equation characterizing spher-
ical curves using in Frenet frames following Thm. 5.1 of [6] which generalizes
the given one in Rem. 2 of [8].

Remark 2.3. Equation (1.11) can be interpreted as model-dependent because
of σ in the right hand-side. However, we can renormalize the linear relation
(1.11) such that a21 + . . . + a2n = 1. In such a case, the constants ai can be
interpreted as the coordinates of the unit normal of the hypersurface along
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the curve whereas σ changes to be the mean curvature of the totally umbilical
hypersurface. Notice that in [7, Thm. 3], the value of coth(R) (resp. cot(R))
is the mean curvature of the geodesic hypersphere of radius R in Hn+1 (resp.
Sn+1): see also [8, Thm. 1].

3. Curves with constant torsion contained in totally umbilical
surfaces

In this section we study curves in a totally umbilical surface of H3 and S3 with
constant torsion. If instead of curves with constant torsion we ask for those
curves with constant curvature κ, then the curves are known. If the curve is
included in a totally umbilical surface Ua⃗,σ with constant mean curvature H
then κ = H + κg, where κg is the geodesic curvature of the curve. Thus we
deduce that κ is constant if and only if κg is constant. The curves of constant
geodesic curvature in Ua⃗,σ are known because Ua⃗,σ is isometric to a space
form. If the ambient space is H3, then it is isometric to R2, a hyperbolic
plane H2(c) and a sphere S2(c) in case of a horosphere, geodesic plane or
equidistant surface, and geodesic sphere, respectively. If Ua⃗,σ is included in
S3, then it is isometric to a sphere S2(c).

Suppose now that α is contained in a totally umbilical surface Ua⃗,σ of
M3(c) and that the torsion τ of α is constant. When the ambient space is the
Euclidean space R3, spherical curves with constant torsion are studied in [14]
and parametrizations of such curves are obtained in terms of hypergeometric
functions. We extend these results in the context of totally umbilical surfaces
of space forms. We will discard the case τ = 0 identically because then α is
included in a totally geodesic surface and in such a case, the curvature is an
arbitrary function. Assume the case that the torsion τ is a non-zero constant
and we will derive explicitly the curvature κ of the curve. We will exclude the
particular case that κ is constant which it has been previously considered.

Theorem 3.1. Let Ua⃗,σ be a totally umbilical surface of H3 or S3. If α is a
regular curve contained in Ua⃗,σ with constant non-zero torsion τ and κ′ ̸= 0,
then the curvature of α is

κ(s) =
|H|

sin(τs+ a)
, a ∈ R, (3.1)

where H is the mean curvature of Ua⃗,σ.

It will always be understood that the domain of α is maximal in order
to have well defined functions and that the curvature κ is positive.

Proof. Let τ ̸= 0 be a real number. Since the torsion is non-zero, then Ua⃗,σ

is not a totally geodesic surface, in particular, H ̸= 0. Then Eqs. (1.5) and
(1.8) can be written as

τ2
(
1

κ

)2

+

(
1

κ

)′2

=
τ2

H2
.
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Let w(s) = 1/κ(s). Notice that w is not a constant function because κ′ ̸= 0.
Then the above equation reads as τ2w2 + w′2 = τ2/H2 whose solution is
w(s) = 1

|H| sin(τs+ a), a ∈ R. This gives (3.1). □

Once we know κ and τ , the curve α is determined up to rigid mo-
tions of M3(c). A further step would be to get an explicit parametrization
of the curve α. This will involve the solution of (3.1) together the fact that
α is parametrized by arc-length. Such as it occurs in [14], hypergeometric
functions are used. However, our interest in this section is to give numerical
pictures of curves with constant torsion contained in totally umbilical sur-
faces in H3 and S3. We will employ the software Mathematica to make these
figures [26].

We begin with curves in hyperbolic space H3. In order to visualize the
curve, we will show the picture in the upper-halfspace model R3

+ of H3 where
α will be a curve in the 3-dimensional vector space R3

+ instead of H. The
numerical computations will be done first in the hyperquadric model H and
finally, the isometry

Φ: H → R3
+, Φ(x1, x2, x3, x4) =

(
x1

x3 + x4
,

x2

x3 + x4
,

1

x3 + x4

)
between both models of H3 will give us the desired picture.

In the example that we show in this section, we take a horosphere of
H3 as the totally umbilical surface. After an isometry of H3, a horosphere in
R3

+ is a horizontal plane. Thus α will be a curve contained in a (horizontal)

plane of R3 which we identify with R2. Consider in H the horosphere Uh
a⃗,1,

where a⃗ = (0, 0, 1,−1). The equations of Uh
a⃗,1 are x2

1 + x2
2 + x2

3 − x2
4 = 1

and x3 + x4 = 1. This horosphere, via Φ, is the horizontal plane of equation
z = 1 in R3

+, where (x, y, z) are the standard coordinates of R3
+. Let τ be

the a non-zero real number which will be the torsion of the curve that we are
looking for. Since |H| = 1, then (3.1) gives κ(s) = 1

sin(τs+a) . Take a = 0. Let

α(s) = (x1(s), x2(s), x3(s), 1− x3(s)) (3.2)

be a curve in H3 = H parametrized by arc-length with torsion τ . This gives
two equations, namely,

x1(s)
2 + x2(s)

2 + 2x3(s) = 0, because α(s) ∈ H3,

x′
1(s)

2 + x′
2(s)

2 = 1, because |α′(s)| = 1.

From the second equation, there is a smooth function θ = θ(s) such that{
x′
1(s) = cos θ(s),

x′
2(s) = sin θ(s).

(3.3)

We now calculate the curvature of α. We know that κ(s) = |∇α′(s)α
′(s)|.

From (2.1), we have

∇α′(s)α
′(s) = ∇0

α′(s)α
′(s)− ⟨α′(s), α′(s)⟩α(s) = α′′(s)− α(s)

= (x′′
1(s)− x1(s), x

′′
2(s)− x2(s), x

′′
3(s)− x3(s),−x′′

3(s) + x3(s)− 1).
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Using both equations (3.3), we obtain

κ(s) = |∇α′(s)α
′(s)| =

√
1 + θ′(s)2. (3.4)

Knowing that κ(s) = 1/ sin(τs), the above equation reduces into θ′(s) =
± cot(τs). The solution of this equation is θ(s) = 1

τ log sin(τs) after choices
of integration constants. Finally the curve α given in (3.2) is determined by
the ODE system

x′
1(s) = cos(

1

τ
log sin(τs)),

x′
2(s) = sin(

1

τ
log sin(τs)).

Once we know x1(s) and x2(s), the curve α given in (3.2) is completely
determined by the identities

x3(s) = −x1(s)
2 + x2(s)

2

2
, x4(s) = 1 +

x1(s)
2 + x2(s)

2

2
.

We show in Fig. 2 two curves of constant torsions τ = 1 and τ = 2 for given
initial conditions. Here we are identifying the horosphere z = 1 with R2.
Since κ(s) = 1/ sin(τs), the domain of the curve is (0, π

τ ). In particular, as
s → 0 and s → π

τ , we have κ → ∞. This explains that the curve in Fig. 2
spirals very fast close to the end points of the curve.

-1.0 -0.5 0.5 1.0
x

-0.6

-0.4

-0.2

0.2

0.4

0.6

y

Figure 2. Two curves contained in the horosphere z = 1 in
the upper-halfspace model R3

+ of H3 with constant torsion
τ = 1 (red) and τ = 2 (blue). The initial conditions are
x1(s0) = x2(s0) = 0 where s0 = π/2 (τ = 1) and s0 = π/4
(τ = 2).

We now present an example in S3. For the geodesic sphere Us
a⃗,σ, let

a⃗ = (0, 0, 0, 1) and σ = 1/2, in particular, |H| = 1/
√
3. Then

Us
a⃗,σ = {(x1, x2, x3,

1

2
) ∈ S3 : x2

1 + x2
2 + x2

3 = 1− σ2 =
3

4
}.
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In order to visualize this surface, we identify Us
a⃗,σ with the sphere S2(R) =

{(x, y, z) ∈ R3 : x2 + y2 + z2 = R2} of radius R =
√
3/2 in Euclidean space

R3 thanks to the map

(x1, x2, x3,
1

2
) ∈ Us

a⃗,σ 7−→ (x1, x2, x3) ∈ S2(R).

Again, let τ be a non-zero real number. By choosing a = 0, then the expression
(3.1) gives κ(s) = 1√

3 sin(τs)
, where we are assuming sin(τs) > 0 in order to

ensure that κ is positive.

Let α(s) = (x(s), y(s), z(s)) be a curve in S2(R) parametrized by arc-
length. Since α(s) ∈ S2(R) for all s ∈ I, we parametrize α by

α(s) = R(cosφ(s) cos θ(s), cosφ(s) sin θ(s), sinφ(s)). (3.5)

The fact that α is parametrized by arc-length writes as

φ′2 + θ′2(cosφ)2 =
4

3
. (3.6)

For the computation of κ we know κ = |∇TT |. From (2.1), we have

∇α′(s)α
′(s) = ∇0

α′(s)α
′(s) + ⟨α′(s), α′(s)⟩α(s) = α′′(s) + α(s).

Then equation κ = |∇TT | becomes

(cosφ)2θ′′2 + φ′′2 − 2θ′θ′′φ′ sin(2φ) + θ′2 sin(2φ)φ′′

− θ′2
(
φ′2(cos(2φ)− 3) + cos(2φ) + 1

)
+ θ′4(cosφ)2 + φ′4 − 2φ′2 + 1

=
4

9(sin(τs))2
.

(3.7)

This differential equation of second order, together (3.6), are numerically
solved after initial conditions are given for the functions φ and θ and their
first derivatives at s = s0. In Fig. 3 we show two curves with torsion τ = 1
and τ = 2. In both cases, we take s0 = π/4 and the domain for the variable s
is (0, π) and (0, π

2 ) respectively. As in the case of Fig. 2, at the end points of
the domain the curvature of the curve goes to ∞ and thus, the curve spirals
very fast as well as the parameter to the boundary points of the intervals
(0, π) and (0, π

2 ), respectively.

Remark 3.2. 1. The curve α given in (3.5) and satisfying (3.7) has constant
torsion when α is considered as a curve in the ambient space S3 after
the identification with the sphere S3 ∩ {x4 = 1

2}. In particular, α is not
one of the curves given in [14].

2. Comparing the computations of S3 with the example of the curve in-
cluded in a horosphere of H3 (Fig. 2), the calculation of Eq. (3.7) is
different. Notice that simplicity of (3.4) is in part due to the horosphere
z = 1 is isometric to the Euclidean plane R2.
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Figure 3. Two curves with constant torsion contained in
the sphere S2(R), R =

√
3/2, identifying S2(R) with Us

a⃗,1/2.

The torsion is τ = 1 (red) and τ = 2 (blue). The initial
conditions are given at s0 = π/4: φ(s0) = θ(s0) = 0, θ′(s0) =
1 and φ′(s0) =

1√
3
.
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Departamento de Geometŕıa y Topoloǵıa Universidad de Granada 18071 Granada,
Spain
e-mail: rcamino@ugr.es


	1. Introduction and statement of the results
	2. Proof of the results
	2.1. Proof of Theorem 1.1
	2.2. Proof of Theorem 1.2
	2.3. Proof of Theorems 1.3 and 1.4
	2.4. Proof of Theorems 1.5

	3. Curves with constant torsion contained in totally umbilical surfaces
	Acknowledgements
	Declarations statements
	References

