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Ination as the unique causal mechanism for generating density perturbations on

scales well above the Hubble radius
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An examination is made of the widely held belief that ination is the only possible causal mechanism

capable of generating density perturbations on scales well in excess of the Hubble radius. A simple

proof is given, which relies only on the assumption that our understanding of the universe from

nucleosynthesis onwards is correct. No assumption of the underlying gravitational theory is necessary

beyond that it is a metric theory.
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I. INTRODUCTION

The present popularity of the inationary cosmology

[1] is almost entirely vested in its ability to generate a

spectrum of density perturbations which may lead to the

formation of structure in the universe. Indeed, it is ap-

parently widely believed amongst cosmologists that in-

ation is the only way in which density perturbations

can be generated on scales signi�cantly larger than the

Hubble radius without breaching causality. Despite this,

little e�ort has gone into determining the precise condi-

tions under which this belief is supposed to be true. For

instance, claims that the observations of microwave back-

ground anisotropies by the COBE satellite [2] support in-

ation have rested on the consistency of the anisotropies

with the Harrison-Zel'dovich power spectrum predicted

by the simpler inationary models, rather than on the

very existence, or otherwise, of perturbations on scales

in excess of the Hubble radius.

The closest discussion to the present one is that by

Hu, Turner and Weinberg [3], who discussed whether or

not ination may be the unique way of solving the hori-

zon and atness problems. The resolution of the horizon

problem is intimately related to the ability to generate

density perturbations, and so this paper treads similar

grounds. However, the proof o�ered here is considerably

simpler, closes loopholes in their arguments, and is more

widely applicable as it generalizes simply to any metric

theory of gravity.

The crucial ingredient required to prove that ination

is the only causal means of generating large scale per-

turbations is that the evolution of the universe follows

the standard hot big bang for a reasonable portion of its

recent history. The simplest assumption which supplies

this is that standard nucleosynthesis, one of the corner-

stones of modern cosmology [4], is correct, and that we

therefore understand the universe well from that time

onwards.

An examination of this result is very timely, because

large scale structure observations are increasingly point-

ing towards models of structure formation which rely

on an initial spectrum of density perturbations which

extends out to scales well beyond our present observ-

able universe [5]. One of the most direct ways in which

large scale perturbations may be seen is in anisotropies in

the cosmic microwave background radiation; the COBE

satellite [2] has detected anisotropies on all angular scales

up to the quadrupole. In the standard picture, last scat-

tering occurred at a redshift of around 1000, with the

Hubble radius at that time subtending an angle of only

around one degree (somewhat less if the universe is open

rather than at). In the most popular models for large

scale structure formation, the anisotropies directly sam-

ple irregularities in the distribution of matter at the time

of last scattering. The COBE observations are consistent

with a scale-invariant spectrum of density perturbations

extending up to scales well in excess of our present ob-

servable universe, and yet more dramatically in excess of

the Hubble radius at the time the microwave radiation

was released.

A standard motivation for supposing that there exists a

spectrum of perturbations extending to such large scales

lies in the theory of cosmological ination [1], which

posits a period of accelerated expansion during the earli-

est stages of the universe's existence. Ination was intro-

duced [6] in order to solve problems connected with the

initial conditions for the hot big bang model, the horizon

and atness problems. However, its greatest strength is

that it provides a mechanism | the dramatic stretching

and `freezing in' of quantum uctuations [7] | capable of

generating large scale density perturbations. In the sim-

plest models these are adiabatic (that is, genuine uctu-

ations in the total energy from point to point), though it

is also possible that they can be isocurvature [8] (uctua-

tions in the relative amounts of di�erent types of matter,

eg nonrelativistic matter and radiation, leaving the total

energy density constant).

The evidence that there were indeed perturbations on
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scales larger than the Hubble radius at the time the mi-

crowave background originated is not yet completely con-

vincing, because there remains the possibility that the

large-angle anisotropies were generated more recently, as

the microwave photons propagated towards us. A class of

theories capable of doing this are those where structure

is induced by topological defects such as cosmic strings

[9] or textures [10]. Such theories are technically much

more complicated, and consequently their predictions, to

be set against a host of large scale structure observations,

have not been established to nearly the same extent as

more widely investigated ination-based models such as

the Cold Dark Matter model [11] which do rely on the

existence of large-scale density perturbations. However,

future observations and/or theoretical developments are

certainly capable of excluding or supporting such models.

II. THE RECENT UNIVERSE

We believe that the evolution of the universe as a whole

is well understood from nucleosynthesis onwards. It can

be described via an isotropic metric

ds

2

= �dt
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+ a
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1� kr
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(1)

where a(t) is the scale factor, k is a constant measuring

the spatial curvature and the speed of light is set to unity

throughout. The main uncertainties are the present ex-

pansion rate, given by the Hubble parameter H = _a=a

with overdots being time derivatives, and the present

density of matter (as a fraction of the critical density) 


which governs if the universe is open, closed or spatially

at. If one extrapolates into the past the density rapidly

approaches that giving a spatially at universe, so our

present knowledge that it is within an order of magnitude

of atness allows us to neglect the spatial curvature at the

early times that this paper focuses on. The present value

of the Hubble parameter shall, as usual, be parametrized

as H = 100h km s

�1

Mpc

�1

= h=3000 Mpc

�1

with h

conservatively constrained to the range h 2 [0:3; 1].

Times are conventionally given in terms of redshift z

de�ned by 1 + z = a(t

0

)=a(t), where t

0

is the present

time and a(t

0

) can be normalized to unity. This means

that present physical distances coincide with comoving

distances, the latter being distances measured in coor-

dinates dragged along with the expansion. Comoving

distances shall be used throughout this paper.

The present universe is matter dominated with the

density of radiation accurately given via the microwave

background temperature of around 3K. Extrapolating

backward, the universe became radiation dominated at

a redshift z

eq

' 24000
h

2

. The decoupling of the mi-

crowave background radiation occurs at z

dec

' 1000, al-

most independently of 
 or h. Considerably before either

of these times is the time of nucleosynthesis [4], which

occurred at a temperature of around 10

10

K. The abun-

dances of light elements are very sensitive to the expan-

sion rate at that time, providing a very accurate measure

of the Hubble parameter then and con�rming the view

that the evolution of the universe at least from that time

onwards is well understood.

Making the excellent approximation that the transi-

tion from radiation domination to matter domination is

instantaneous, we can easily obtain the comoving Hubble

distance H

�1

=a at both decoupling and nucleosynthesis

H

�1

dec

a

dec

= 95h

�1

Mpc ; (2)

H

�1

nuc

a

nuc

= 10

�4

Mpc : (3)

The Hubble length is the characteristic scale of an ex-

panding universe, and is important because under normal

circumstances such as matter or radiation domination it

provides a good estimate of the distance light can travel.

This communication distance, in comoving units, that

light can travel between two times is

d

comm

(t

1

; t

2

) =

Z

t

2

t

1

dt

a(t)

: (4)

The concept of communication is closely tied to the

ability to create a density perturbation in an expanding

universe; to establish a density perturbation on a given

scale is equivalent to sending a communication on the

scale of the perturbation. Imposing causality therefore

ensures that the communication distance limits the scale

on which perturbations can be generated.

III. THE LIMIT TO CAUSALITY

A. The inationary universe

The inationary universe is de�ned by the condition

that the scale factor is accelerating, �a > 0. This is pre-

cisely equivalent to a decreasing comoving Hubble length,

d(H

�1

=a)=dt < 0. This demonstrates how ination can

generate density perturbations. Originally the comov-

ing Hubble length is large, enabling perturbations to be

generated causally. The inationary epoch then greatly

decreases the comoving Hubble length, to such an ex-

tent that even its subsequent growth after ination ends

is insu�cient to make it as large as its pre-inationary

value. Communication does not play a role here once the

perturbations are set up; they can just remain �xed in

comoving coordinates and wait for the Hubble length to

shrink past them.

The true power of ination is not just that it per-

mits super-Hubble-radius perturbations to be formed,

but that it provides a speci�c and unambiguous mech-

anism via the stretching of quantum uctuations [7].
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At the same time, ination has often been challenged

through the lack of a convincing speci�c model. To a

large extent the `naturalness' issue has been superseded;

the quality of large scale structure observations is now

such that one anticipates that the question of whether or

not ination occurred can be addressed directly from ob-

servations, rather than from a philosophical standpoint.

We have just seen how ination permits the genera-

tion of super-Hubble-radius perturbations through the

decrease of the comoving Hubble length. This being the

de�ning property of ination, the question arises if this

is the only possible means of doing so. Without ination

the comoving Hubble length increases monotonically, so

matter must be moved to generate super-Hubble-radius

perturbations and the communication distance becomes

crucial.

B. Communication in general relativity

Regardless of its nature, matter in an isotropic universe

can be described by a uid with an energy density � and

a pressure p, provided one is willing to accept an arbi-

trary time dependence for the pressure. Recalling that

we can treat the universe as spatially at, the equations

of motion are

H

2

=

8�

3m

2

Pl

� ; (5)

_� = �3H (�+ p) ; (6)

where m

Pl

is the Planck mass. These can be combined

into the acceleration equation

�a

a

= �

4�

3m

2

Pl

(�+ 3p) : (7)

By assumption we are forbidding ination, so at all times

we must have p � ��=3.

Large communication distances originate from small

scale factors. The �rst result we need to establish is how

rapidly a can decrease into the past as a function of the

density. Adopting the density as a time variable gives

the elegant equation

d ln a(�)

d ln �

= �

1

3

�

�

�+ p

�

; (8)

from which clearly the most rapid decline of a(�) as

� increases corresponds to the lowest possible pressure

p = ��=3. (This is also clear from simple thermody-

namic grounds of work done against the expansion.) This

corresponds to the `coasting' solution a(t) / t, � / a

�2

.

We now wish to �nd the maximum communication dis-

tance achievable as the universe evolves without ination

between two densities. The reason that densities are ap-

propriate is because the limit to causal evolution is set

by the Planck density �

Pl

, above which quantum grav-

ity becomes important and the very notion of causality

presumably breaks down. Using the density as the inte-

gration variable in the communication formula gives

d

comm

(t

1

; t

2

) = �

m

Pl

p

24�

Z

�

2

�

1

1

a(�)

1

(�+ p)

1

p

�

d� : (9)

This can be maximized by separately maximizing the

terms in the integrand. Recalling that a(�) is normalized

at the present and the extrapolation back to nucleosyn-

thesis is assumed, the value of a(�

nuc

) is �xed. The solu-

tion where a(�) declines most rapidly with increasing �

therefore maximizes the �rst term. The second term in

the integrand is maximized by the lowest pressure; as it

happens this coincides with the condition that maximizes

the �rst term. Hence the `coasting' evolution

�

maximizes

the communication distance between the Planck era and

nucleosynthesis.

With the coasting evolution, the ratio of the maximum

communication distance to the comoving Hubble length

at nucleosynthesis is

d

max

comm

(�

Pl

; �

nuc

)

H

�1

nuc

=a

nuc

=

1

2

ln

�

Pl

�

nuc

: (10)

Since �

Pl

� (10

19

GeV)

4

and �

nuc

� (10

�3

GeV)

4

, the log-

arithmic factor is around 200. By nucleosynthesis, the

maximum comoving communication distance is therefore

0:01Mpc, a small fraction of the Hubble radius at decou-

pling.

To complete the argument, we need to know about the

communication distance between nucleosynthesis and de-

coupling. These two events being either side of matter-

radiation equality, the distance is bounded above by as-

suming matter domination throughout that interval to

obtain

d

max

comm

(�

nuc

; �

dec

)

H

�1

dec

=a

dec

� 2 : (11)

Putting these pieces together, the maximum possible

communication distance that can be achieved between

the Planck era and decoupling without ination is less

than 200h

�1

Mpc. This distance subtends an angle of

less than 2

�

on the microwave sky.

C. Communication in extended gravity theories

The same argument goes through in every known ex-

tended gravity theory which possesses a metric, including

�

In general relativity coasting evolution can arise in a num-

ber of ways. A universe dominated either by curvature or by

strings coasts, but it is hard to see how the curvature `energy'

or string energy could later be converted back into more use-

ful forms of matter. More attractive is a scalar �eld with a

suitably chosen exponential potential, whose decay may pro-

vide `reheating' to a more conventional universe. Regardless,

we shall see that even coasting evolution is not good enough.
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scalar-tensor theories and higher-order gravity theories

(see Ref. [12] for extensive discussion), with only one dif-

ference. The reason is that the whole argument depends

only on the behaviour of the scale factor. Whatever the

true equations of motion might be, one can always de�ne

an `e�ective' density ~� by

H

2

=

8�

3m

2

Pl

~� ; (12)

where m

Pl

is now the present-day Planck mass. That

is, the density is de�ned from the derivative of the scale

factor. Similarly an e�ective pressure ~p is de�ned by

_

~� = �3H (~�+ ~p) ; (13)

which amounts to de�ning the e�ective pressure from

the second derivative of the scale factor. Whether or

not these have anything to do with the actual pressure

or density is irrelevant, and the inuence of any further

equations of motion is incorporated in the arbitrary time

dependence of ~p.

Crucially, the derivations of Eqs. (7) and (9) remain

the same in terms of these new e�ective quantities, and

so the coasting solution remains the most e�ective non-

inationary evolution for maximising the communication

distance. From nucleosynthesis onwards ~� and ~p must

coincide with � and p respectively.

The only di�erence, alluded to above, is that in ex-

tended gravity theories the Planck mass may be varying,

changing the de�nition of ~�

Pl

. The e�ective Planck mass

M

Pl

(t) governs the coupling of matter to gravity, and

as usual it is de�ned by the coe�cient of the Einstein-

Hilbert term in the Lagrangian being M

2

Pl

(t)=16�. The

archetypal example is a scalar-tensor theory [12], where

M

2

Pl

(t) is given by the value of the Brans-Dicke �eld. The

quantum corrections generated by such a term include

the curvature invariants R

2

, R

��

R

��

and R

����

R

����

,

with dimensionless coe�cients assumed to be of order

unity. The condition that the quantum gravity correc-

tions are important

y

is therefore that at least one of the

curvature invariants exceeds M

4

Pl

(t).

For isotropic universes, the condition that at least one

of these invariants is of the order M

4

Pl

(t) is that ~�

Pl

'

m

2

Pl

M

2

Pl

, the appearance of the present-day value m

Pl

being a quirk of the de�nition of ~�. Eq. (10) becomes

d

max

comm

(~�

Pl

; ~�

nuc

)

H

�1

nuc

=a

nuc

= 100 + ln

M

Pl

(t

Pl

)

m

Pl

: (14)

Recall that this ratio has to be greater than 10

6

for the

communication scale at nucleosynthesis to remain much

greater than the Hubble radius up to decoupling. So even

y

The quantum corrections considered here are only those

generated from the Einstein-Hilbert term, and not from any

other gravitational term which may be present in the action.

within this generalized gravity scenario, such perturba-

tions can only be generated if the Planck mass has in-

creased to at least 10

500;000

GeV by the time the Planck

scale is achieved! It seems likely that if models exist

where it can reach so high, those models will have a

Planck mass which diverges fast enough that the Planck

scale is never reached in the universe's past. Such a sce-

nario is the only loophole to the argument presented here.

IV. CONCLUSION

The simplicity of the arguments presented here is be-

cause the question of perturbation generation is con-

strained directly by the kinematics of the Robertson-

Walker space-time; although pressures and densities have

been mentioned the entire argument could have been

phrased without them. Because of this, the result is of

considerable generality, applying in all metric theories of

gravitation.

The closest cousin to the present paper is that of Hu,

Turner and Weinberg [3], who discussed whether ination

was the unique way of solving the horizon and atness

problems. The atness problem has not been discussed in

this paper; note though that the condition for ination

is precisely the condition that the universe approaches

spatial atness rather than diverges from it, so ination

is clearly a necessary condition | Ref. [3] shows that en-

tropy production is also required. The horizon problem,

on the other hand, is essentially equivalent to the ability

to generate density perturbations as they both rely on

communication. This paper can therefore be regarded

as a considerably simpler proof of the same result as in

Ref. [3]. It is more general, since although parts of their

argument apply in arbitrary metric theories of gravity,

there are parts speci�c to general relativity and parts

speci�c to scalar-tensor theories. Further, they exclude

consideration of models close to the `coasting' solution as

a loophole to their analysis, whereas in the present pa-

per these cases are also shown to be ine�ective in allow-

ing density perturbation generation. The rephrasing in

terms of perturbation generation also seems more strik-

ing though that is a matter for personal prejudice.

Although at present theories based on topological de-

fects provide examples of theories capable of generating

large angle microwave background uctuations without

ever generating perturbations well above the Hubble ra-

dius, it is certainly very possible that in the near fu-

ture only models relying on super-Hubble-radius pertur-

bations will prove viable. Should this prove to be the

case, the fact that there are such perturbations at all is

in many ways as interesting as whether or not their form

might follow a standard pattern such as the Harrison-

Zel'dovich spectrum. Regardless of the underlying grav-

itational theory, one would be compelled to accept that

the perturbations are due either to the acausal processes

of quantum gravity, or that a period of cosmological in-
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ation must have occurred.
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