arXiv:astro-ph/9604103v1l 18 Apr 1996

UTAP: ﬁ%’sﬁy of Tokyo, Theogetical Astrophysics . UTAP-228/96
rescEE e spectium of sosmelogical perturbationsrescru-o/os

produced by a multi-component inflaton gstro-ph/J602104
to second order in the slow-roll approximation

Takahiro T. Nakamura®! & Ewan D. Stewart "2

& Department of Physics, University of Tokyo, Bunkyo-ku, Tokyo 113, Japan

bResearch Center for the Early Universe, University of Tokyo, Bunkyo-ku, Tokyo
118, Japan

Abstract

We derive general analytic formulae for the power spectrum and spectral index of
the curvature perturbation produced during inflation driven by a multi-component
inflaton field, up to the second order in the slow-roll approximation. We do not
assume any specific properties of the potential or the metric on the scalar field
space, except for the slow-roll condition, Einstein gravity, and the absence of any
permanent isocurvature modes.
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1 Introduction

Inflation of the early universe [1] magnifies microscopic quantum fluctuations in the infla-
ton field ¢ into macroscopic classical perturbations in space-time and matter. The latter
are supposed to be the seeds that grow to become the rich structures, such as galaxies
or clusters of galaxies, that are observed today. Thus the power spectrum P and spectral
index n predicted by a model of inflation can be tested from observation of the large-scale
structures, and it is therefore important to calculate them as accurately as possible.
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Standard calculations [2] of P and n work to lowest order in the slow-roll approximation,
and assume that ¢ has only one dynamical degree of freedom. However, the latter as-
sumption has no theoretical or observational justification. Previously, Stewart & Lyth [3]
computed P and n up to the second order in the slow-roll approximation, in the single
component inflaton case. Sasaki & Stewart [4] derived general formulae for P and n in
the multi-component inflaton case, but only up to the first order in the slow-roll approx-
imation. In this paper, we calculate P and n for a multi-component inflaton up to the
second order in the slow-roll approximation. The method of our calculation also refines
the earlier one in Ref.[4]. We use the units ¢ = h = 871G = 1.

2 Homogeneous background and slow-roll approximation

Let ¢* be the multiple scalar fields that slowly roll on the potential V' (¢) during inflation.
We start from the action of the form:

1 1
5= [ d'ev=g | Shag"0,0'0,6" - V(6) - SR (1)

where g, and R are the metric and curvature scalar in space-time, and hg, is the metric
on the ¢-space (which may be curved). In an exactly homogeneous universe, we have
0;0* =0 (1 =1,2,3) and

ds® == g da"dr” = dt* — a®(t)6;dx' da? (2)

(we assume that the background universe is spatially flat). Then, from Egs.1 and 2,

¢* := 0p¢*(t) obeys the equation
0" +3H" + V" =0 (3)
where ¢ := (D/ dt)é“ = ¢PV,4%, V, is the covariant derivative operator associated with

ha, and H := a/a is the Hubble parameter. Raising and lowering of indices abc- - - are
always done by hg,. Also we have from the Einstein equation

3H = 504V, ()

) 1.,
i = =36, )

We assume that the potential V' (¢) has a sufficiently gentle slope:

Vo Ve < V2 (Vg V)2 « V| ete. (6)



(we list all the assumptions we need in this paper more rigorously in Appendix A). Then,
from Eqs.3 and 4, ¢*(t) soon approaches a slowly rolling state given by

o Ve Ve

H =~ 3H?>  V U
Let us define
. H 0%,
Q= -7, B = oo, (8)

These are small quantities (< 1) of the same order in the slow-roll approximation. They
are slowly varying and their time derivatives (divided by H) are smaller quantities of the
next order. For example

H'a = 2a(a+ B) 9)

is a second order quantity. We use the notation ~ when the equality is valid only up to
the lowest order in the slow-roll approximation.

3 Perturbation

A scalar perturbation in the space-time metric is most generally written as [5]

ds® = (14 2A)dt* — 2a(9; B)dtdz" — a*[(1 + 2R)d;; + 20,0, FE]dx'dx’. (10)

Here R is interpreted as the intrinsic-curvature perturbation in the constant time hyper-
surface. Let & be the perturbation in the scalar fields around ¢*(t). In appendix B, we
derived from Eqgs.1 and 10 the equation of motion of &* on flat hypersurfaces:

D? D o k\ &y D [a® . .
a H=5" a cidgib v a jab 2 gagb 11
700"+ 3H 8" + R "o +<a> & + oV e [chcb] (11)

where R%.4 is the Riemannian curvature tensor in the ¢-space. We work in k-space
throughout and simply use & as the Fourier transform of the perturbation. The conformal
time 7 is defined by

dt 1 ada

=== 4 [ = 12
" a aHjL a’lH (12)



Since « is slowly varying (see Eq.9), we take o out of the integral and obtain

n=—-1+a«a)/(aH). (13)

Defining u® := adp® and working to the first order in «, 3, etc., Eq.11 is rewritten as

D2 a 2. a 1 a a, b
where we regard
1 00" Vi
€ab - = ahab + (hachbd - gRacbd) F - 3H?2 (15)

as a first order quantity. In order to solve the differential equation 14, we introduce
the orthonormal basis €% (A runs over the number of scalar field components) parallel-
transported along the unperturbed trajectory ¢®(t):

D a
nch =0 (16)

so that the symmetric tensor €4, is diagonalized along ¢*(t) as

e D et @eh). (17)
A

This diagonalization is justified as follows. At some point on ¢°(t), €, can be diagonalized
exactly as in Eq.17 with the eigen-vectors e%. As one moves along ¢*(t) with €% parallel-
transported, e% will not remain the eigen-vectors and off-diagonal components may appear
in Eq.17. However, since we are assuming (see Eq.A2) that €, is covariantly changing
slowly along ¢%(t), the off-diagonal components are second order quantities. Therefore,
Eq.17 is valid up to the lowest order in the slow-roll approximation. In short, we treated
€4 as a constant in Eq.17, just as we treated « as a constant in Eq.12. From Eqgs.16 and
17, the A-component of Eq.14 is written as

dPu,

dn?

1
+ K, = $(2 + 3e4) Uy (18)

where u, := u,e%. First let us consider microscopic fluctuations, the physical wavelength
of which is well-inside the horizon (—kn — oc0). When —kn — oo, the right hand side



(RHS) of Eq.18 is negligible compared with the k* term, and thus the u, behave like
(real) massless Klein-Gordon fields:

(k) = % [ (k) + al, (k)] (19)

where al, and a, are the creation and annihilation operators of an A-particle:

[a,(k), al (k)] = 6.:0°(k — k'), a40) =0. (20)

As —kn approaches unity, the RHS of Eq.18 becomes comparable to the k? term, and the
solution is written in terms of the Hankel functions as

ua(k) = (=kn)"/ [Cu(k) H)(—kn) + Cl(=k)HE) (—kn))| (21)
where
3
vy = §—|—€A. (22)

Using the asymptotic behavior of the Hankel functions at infinity, the integral constants
C, are determined from Eq.19 as

C.(k) = \/g exp [%T(m + 1)] “\‘“/(ka) . (23)

Next we go well-outside the horizon, i.e., —kn — 0 [but — In(—kn) is not too large|. Using
H((x) — £I'(v)(2/x)"/(ir) as © — 0, and expanding up to the first order in €,, one

finds
i (=1\ I(vy) (-2
k) gz () 757 () o 2y
1 -1
= NGT: (k‘_77> {1+ [c—In(—kn)]es} ba(k) (25)
where
ba(k) == ™4 2q, (k) — e ™A 2q] (—E) (26)

and ¢ ;=2 —1n2 —~ = 0.7296 - - - with the Euler number ~. It is clear from Eq.25 that
the perturbations become completely classical as we go outside the horizon, because a,



and af, appear only in the combination of b, and hence [u4, 4] = 0 follows. Going back
to general coordinates, we obtain
1H

" = T {(1—a)h§—|— [c—l—ln (%ﬂ eg}bb (27)

with b* := 3", b,e%. For later use, we note that

(ba(K)DY(K')) = hapd® (K — K') (28)

where (- --) reads the vacuum expectation value.

4 Power spectrum and spectral index of R,

Sasaki & Stewart [4] showed that the curvature perturbation on a comoving hypersurface
R. (see Eq.10) during the radiation-dominated phase (after complete reheating) is related
to dp* as

Re = Noip". (29)

The RHS is to be evaluated at some time (say ¢;) during inflation soon after the scale of
the perturbation goes well-outside the horizon (but does not depend on the exact value
of t1, as shown below). It is also assumed in Eq.29 that the space-time is foliated on a flat
hypersurface at t;, in accord with Eq.11. Here

N(¢) := det (30)
t1(e)

is the number of e-folds in the background universe, and t, is the time corresponding to
some fixed energy density during the radiation-dominated phase. In general N can depend
on both ¢*(t;) and ¢*(t,). However, as we are assuming that slow-roll has been achieved,
the ¢-dependence should be eliminated using the slow-roll trajectory which is given in
Eq.C12 up to second order. The power spectrum P(k) of R. is defined by

(R(k)RI(E)) = 2m*k P (k)6 (k — k') . (31)

From Eqs.27, 28 and 29, one finds

P(k) = N°N, (2£>2 {1 242 [c +1n (%ﬂ eabM“b} (32)
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where My, := NyN,/N©N,.. Thus the spectral index is

dln P b
n:=1+ Tk =1—2e4,M (33)

which is the identical result with Ref.[4]. In order to calculate n up to the second order,
we rewrite Eq.32 to show more explicitly that P(k) does not depend on time. We expand

the prefactor of Eq.32 as
In (@)] . (34)
aH=k k

Substituting Eq.34 into 32, and using Eq.C11, we see that the In(aH/k) terms cancel and
obtain

dln(N’CNcH2)
dlna

NN H? = (N°N.H2) api—1 [1 +

H 2
P(k) = N°N, (2—) (1= 20 + 2ceq M)
T

(35)

aH=k

In this expression for P(k), the k-dependence of the LHS is such that the RHS (which
is a function only of time) is evaluated at the horizon-crossing time aH = k. Thus P(k)

does not depend on time, as noted above. To avoid any confusion, let us define Q(a) to
be the RHS of Eq.35 so that

P(k) = Q(a)|ar=r - (36)
Then, using Eqs.9, C10 and C14, n is calculated up to second order as

dlnQ dln Q

n:1+dlnaH:1+(1+a)dlna (37)
=1—2a + 20y M® — 2(3 — 2c)a® — 4(1 — c)aB + ga)\abM“b + de( Ay M)?
2 4 Ne @& Vg 20 2 M D
—Z2(6¢ — 1) MapAXpe — = - _ab —Z(8c+1 X 38
3(0c = DMaAods 3N°N.H3H?> NeN, gBet D ghe B9
where
/1 ¢! Vi
)\ab — (BRacbd - hachbd> H2 + 3H2 (39)
= ahab — €gb - (40)

[Note that 1/(N“*N,) is a first order quantity.] The k-dependence of n is understood in
the same way as in Eq.35. Rewriting Eq.38 in terms of V', we find



1 2 .
n=1-U",+2M"Wy, — §(U’“U,a)2 —3(Be— U U, Uy + MU UU,

2 2 1
+4c(M™PWy)? — g(6(: — 1) MW WE + §(3C + D) M®[U U + gRacbd;eU’cU’dU’e]

+%M“bRacde’cUe[U’eU’d + (3¢ + 2)U (41)
where

U=V, (42)

Wap = U + %Raade’cU’d >~ Agp - (43)

(U, Up and Uy, are first order quantities.)

5 Summary

We have derived general analytic formulae for the power spectrum P (Eq.35) and spectral
index n (Eq.38 or 41) of the curvature perturbation R. produced during inflation driven
by a multi-component inflaton field, up to the second order in the slow-roll approximation.
Once one specifies a model of inflation and calculates the number of e-folds N(¢) (Eq.30)
in the background universe, then the substitution of them into our general formulae
immediately yields the power spectrum and its index with accuracy. We anticipate that,
to lowest order, N, can be calculated from the inflationary phase only. However, to the
next order, as considered in this paper, the contribution to N, from the reheating and
radiation-dominated phases should be significant.

The magnitude of the first order terms is of order N} in many inflation models (Nenq
is the number of e-folds from the horizon-crossing time to the end of inflation), and if
thermal inflation [6] occurs after ordinary inflation, we have Ngyq ~ 30-40. In this case,
the correction terms in Eq.35 should be observable, while those in Eqs.38 and 41 may be
marginally observable. Thus, our formulae may be useful in testing models of inflation
when P and n are observed accurately by presently-planned experiments such as the
Microwave Anisotropy Probe. At the same time, the theories and models of inflation need
to progress to make more precise predictions.
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for useful comments. TTN and EDS are supported by JSPS Fellowships at UTAP and
RESCEU, respectively. This work is supported in part by Monbusho Grant-in-Aid for
JSPS Fellows No. 95209.



Appendices
A Slow-roll conditions

Here we summarize all the conditions assumed in our calculation, without derivation (One
can derive them by differentiating Eq.3 several times and using the resultant equations
recursively). We assumed that i) the potential has sufficiently gentle slope, ii) slow roll
has been achieved, and iii) the curvature of ¢-space is not too large and is slowly varying
[ 1) is a necessary condition for ii)]. To write the conditions quantitatively, let us define
the “norm”

X0 = (XOX)Y2, ([ Yall = (YY) Y2 (A1)

of a vector X* and a symmetric second-rank tensor Y,, = Yj,, and introduce a small
quantity € < 1. Then, in the calculation of P, we assumed [conditions i) and iii)]

1Tl <& NUall <& [|RaaaU U1l <,
1UaseUCll < €% [[(RactaUU) U < €2 (A2)

so that Eq.35 is valid up to order €. Also we need the extra but rather weak condition:

< &%? (A3)

1 D3.
o

H*dt3

because of ii). The second line in Eq.A2 is necessary to make sure that the first order
quantities are slowly varying. Similarly, in order that Eqs.38 and 41 are valid up to order
¢?, the calculation of n assumes

[UabeaU Ul < €%, UabeU Ul < €%, [(RachaU U U U || < €8 (A4)

in addition to Eq.A2, and

a

1 D*.
H <2, (A5)

H® dt*

instead of Eq.A3.



B Derivation of Eq.11

From Eq.1, the stress tensor is given by

1
T4 = hasg0,0°0,8" — (Shasg” 0,000 — V') g (B1)
and the Euler-Lagrange equation is
D
o OV hasg 00" V= 0 (B2

which yields Eq.3. Choosing the gauge R = B = 0 in Eq.10, the relevant components of
the metric perturbation are (we work in k-space)

8goo = —0g™ =2A, 0gy; =6¢" =0, Olny/—g=A—-kE. (B3)

We perturb T% covariantly with respect to ¢* and define the covariant perturbation op-
erator § := 0p?V,; for example, dh,, = 0. Since & is Lie-transported along ¢?(t), i.e.,
(00, 9]* = 0, it follows that

5(6) = S (B1)

Using Eq.D.7 in Ref.[5] to calculate the perturbation in the Einstein tensor, §GY = 677
and 0GY = 6T give

— 6H?A — 2k*HE = —A¢“¢, + é“%éqsa + &V, , (B5)
OHA = @&ﬁa, (B6)

respectively. Using Eq.3, one finds

A+ K*FE = &b“% <%> . (B7)

Perturbing Eq.B2 covariantly gives

(% + BH) (%&éa - 2A¢a> + (6% — %5> da

10



1\ 2
(A KPE )¢a (5) g + (Sqf)bV;ab =0.
Here the second term is calculated as

D D ic ic ]
(% - %5> b= ("6, — PNEH'V)

= Q%b(éc'écf;[d)] + &?béc;béa;c - éc&?b;céa;b
= Racbd¢c¢d5¢b-

on account of Eq.B4. Therefore

22 &Sa + 3H &ba + Racbd¢ ¢ 5¢ + < ) &Sa + &Sbvab

= (A+KE )qba +2A(g + 3Hoy) -

(B9)

(B10)
(B11)

(B12)

From Eqs.B6 and B7, it is easy to show that the RHS of Eq.B12 is equivalent to that of

Eq.11.

C Some useful formulae

To evaluate Eqs.34 and 37, we calculate

dIn(N°N,H?) 2£ s N*N,

dlna H? N<eN.H
where N . 1s calculated as
No=¢"V,VuN
Va(@"VuN) = (Vud) (Vo)
= _H,a - N7bq'5b;a .

Taking the gradient of Eqs.3 and 4, one obtains

b
H,a 6H(V +¢¢ba)

q;b;a - _L[BQSbH + Racbd¢c¢ + Vab + ¢c a¢bc (Q‘Sb;aj] .

3H

11

(C1)

—~
Q
w

~~—

(C5)

(C6)



The second term in Eq.C6 arises when one commutes the covariant derivatives of Q‘SCVaVCQ.Sb.
From these equations, Gab =~ Ppq holds to the lowest order and thus the second term in
Eq.C5 becomes ¢,. Using Eq.3 again, one finds

12

1.
H,a _§¢a . (07)

We use = when the equation is valid up to the next order. Defining the first order quantity

1 1 (bcéd Vab
ab = _hach — S{tac 5 T T
Yab <2 bd SR bd) EREYE (C8)
Eq.C6 can be written iteratively as
; 1 (Hvabj
0 = Hyogy — =HY Yy — . C9
P, Yab = 3 HYam Vi (C9)
From Eqgs.C1, C4, C7, C9 and 39, one obtains
dIn(N°N,H?) , 2 Aab
: > e MY + —M» [ X -2
dlna €ab + 3 )\a)\bc + Oé)\ab I7i
20 4 N @ Vg
- - = —— 1
N<¢N. 3N¢N.H3H? (C10)
~ e, M. (C11)
Also it is easy to show that
¢ Lo ab
= = U+ JUT,) = U 12
i (U + 3U Up) u*, (C12)
HN, ~ A\ N? (C13)
H ™My ~ 2(X o Myye — Moy Mg)?) . (C14)

References

[1] A. D. Linde, Particle physics and inflationary cosmology (Harwood Academic, Switzerland,
1990); E. W. Kolb and M. S. Turner, The early universe (Addison-Wesley, New York, 1990).

[2] A.H. Guth and S.-Y. Pi, Phys. Rev. Lett. 49 (1982) 1110; J. M. Bardeen, P. J. Steinhardt
and M. S. Turner, Phys. Rev. D28 (1983) 679; A. R. Liddle and D. H. Lyth, Phys. Lett.
B291 (1992) 391.

12



[3] E. D. Stewart and D. H. Lyth, Phys. Lett. B302 (1993) 171.
[4] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95 (1996) 71.
[5] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78 (1984) 1.

[6] D. H. Lyth and E. D. Stewart, Phys. Rev. D53 (1996) 1784.

13



