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We study the weak decay of the neutral pion to a neutrino-antineutrino pair, 7° — v, in the
Skyrme model. In baryon free-space the process is forbidden by helicity while in a dense baryonic
medium, the process becomes possible already to leading order in Gr due to the break-down of

Lorentz symmetry in the background medium.

PACS numbers: 12.39.Dc,13.20.Cz,26.60.4c

I. INTRODUCTION

Neutrinos and their means of production play an im-
portant role in cosmological and astrophysical phenom-
ena [l]. In particular in this paper we shall be con-
cerned with the weak emission of a neutrino-antineutrino
pair from a neutral pion, 7% — v, which figures cen-
trally in the pion pole mechanism |2, 1] for the process
~vy — 7% = v¥ relevant to the neutrino emission process
vy — vv. The latter has been suggested as a competitor
to the modified URCA process for neutron star cooling
for most densities and for temperatures around 10° K
M, 5] while it has been shown to be forbidden to lowest or-
der in G by Gell-Mann []. On the other hand, medium
modifications of the pion can also influence the modified
URCA processes, as shown in [1], where neutrino-pair
radiation from nucleons in 7°-condensed nucleon matter
was studied. However, 8] has argued that such modifica-
tions may not be so efficient because of the gap between
the energy bands of nucleons interacting with the peri-
odic structure of the condensed pion field.

Returning then to the pion-pole mechanism, of course
in the limit of zero neutrino mass the amplitude for the
corresponding process vanishes for local weak currents of
the V. — A form. In [3] it was shown that a deviation
from vanishing neutrino mass could lead to small neu-
trino emission rates suppressed by a factor (m,/mx)3,
which however can be relevant in astrophysical processes
for temperatures where the pion pole is significant. In [d],
the pion pole mechanism is used to determine a bound
on the branching ratio of R < 2.9 x 10713 for the decay
70 — v, as well as an upper bound on the neutrino
mass as m, < 420 keV. In [10], various medium effects in
the pion-pole mechanism vy — 7% — v have been dis-
cussed. In particular, the nuclear medium effects on the
pion propagator are estimated to determine the nuclear
matter to vacuum ratio of energy loss from pion-pole neu-
trino emission, such that the decay width I'(7% — vp) is
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cancelled but assumed to be non-zero either from a neu-
trino mass or some other mechanism. The enhancement
seen in this ratio of energy loss rates for densities twice
that of nuclear matter is of the order of 10* coming from
the pion propagator modifications in dense nuclear mat-
ter alone. In this paper we shall consider precisely the
baryonic medium modifications of 7° — v, adding to
the picture established thus far by [10].

The simple reason that 7% — v is forbidden in the
limit of massless neutrino is the helicity selection rule.
Two outgoing neutrinos have opposite chirality, which
combine to total angular momentum one in the rest frame
of the decaying meson. Thus, it is impossible for the
pseudoscalar pion to decay into v. However in a dense
medium such a process has been shown to be possible
[d, (L1, 02]. Of course, a scalar meson at rest with re-
spect to the dense medium cannot decay into vv pairs.
However, a background medium provides an explicit ref-
erence frame so a scalar meson moving with respect to
the medium can have higher angular momentum admix-
tures in its wavefunction. In [L1] neutrino emissivity is
studied in the colour-flavour locked (CFL) phase at ex-
treme densities via decay of the “generalised pion” which
is the lightest Goldstone boson in this phase. The non-
vanishing decay comes from a breakdown of Lorentz sym-
metry which is explicitly incorporated into an effective
Lagrangian via differing temporal and spatial compo-
nents of the pion decay constant, fr and fs = frv2
where v2 represents an “in-medium pion velocity”. The
resulting neutrino pair emissivity from 7° decay does not
vanish and is proportional to (fr — fs)2.

In this work, we study then the decay of the neu-
tral pion to vv specifically in a dense baryonic medium,
namely we work at densities below the critical point for
restoration of chiral symmetry. As in previous works
13, 114, 15, [16, [17], we describe the baryonic matter
via the Skyrme model where both pions and dense bary-
onic matter are described by a single effective chiral La-
grangian. The basic strategy of the approach begins with
the Skyrme conjecture [1§] that a soliton (skyrmion) of
the meson Lagrangian can be taken as a baryon so that
dense baryonic matter can be approximated as a system
of infinitely many skyrmions. Pions can be incorporated
either as fluctuations on the baryon free vacuum or on a
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classical field configuration describing dense matter. The
dynamics of the pions become then strongly dependent
on the background properties such as the baryon den-
sity. If we accept with [19] that the Skyrme model can
be applied up to some density, its unique feature of a uni-
fied meson-baryon description provides an elegant frame-
work for investigating nonperturbative meson properties
in dense baryonic matter. In particular, we need not as-
sume any density dependence of the in-medium param-
eters but rather work with a single model Lagrangian
whose parameters are fixed for mesons in free space. Only
the classical ground state solution describing the dense
skyrmion matter becomes density dependent as do natu-
rally in turn the fluctuating mesons on top of this dense
baryonic background.

The weak vector bosons are incorporated into the
model Lagrangian by standard gauging. In baryon free
space the 7 — Z vertex from the kinetic term of the La-
grangian leads to a trivially vanishing amplitude for the
process 10 — Z — vi. A new vertex for 70 — ZZ arises
from the gauging of the WZW term. This also yields a
vanishing result for 7% — ZZ — vv however at the level
of the amplitude-squared, which we shall show in this
paper. Most significantly we show in this paper that for
neutral pion fluctuations in dense skyrmion matter the
dynamics of the pions are affected by the background
and the 7° — v¥ can occur already to order G with
a strength determined by nonperturbative dynamics to
be of order 1073, significantly larger than the (m, /m,)3
behaviour for keV neutrinos. As in [L1, [1Z], the non-
vanishing amplitude is ascribed to pion dynamics in the
presence of the breakdown of Lorentz symmetry however
now in the hadronic rather than the CFL phase. Un-
like [d] which also works in the hadronic phase, in the
present work the nuclear medium will modify the pion,
closer in spirit to [10] where nevertheless these influences
on 7 — v were not considered in the hadronic phase.

A difference between our approach and that of |11, [12]
is that our initial Lagrangian itself respects Lorentz in-
variance; the breaking of the symmetry rather takes place
at the level of the background field ansatz over which the
pions fluctuate. In view of the assumptions behind the
skyrmionic model for baryonic matter, our results are
qualitative but are summarised in Fig.4 where enhance-
ment as a function of density of the decay 7° — v is in-
dicated in the quantity ¢, which is also intimately related
to the in-medium velocity of the pion v,. We compare
these specific results to those of [11] as well as to our
previous work on v, in [15].

This paper is organised as follows: in the next sec-
tion we introduce the model Lagrangian, followed by the
demonstration that 7° — v vanishes in free space. In
section IV we analyse the process in dense skyrmion mat-
ter and give a brief statement of conclusions at the end.

II. MODEL LAGRANGIAN

We work with the Skyrme model Lagrangian [1§]

2
L = Z”Tr(auUTa“U)—kﬁsk

2,1,2
+%T&“(UT+U—2)+£WZW (1)

where U = exp(iT - 7/ fr) € SU(2), m, and fr are re-
spectively the pion mass and decay constant in free space.
The Skyrme term Lgy is a higher derivative term intro-
duced into the Lagrangian to stabilise the soliton solu-
tion, namely

_ 1
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where L, = (0,U)UT and where R, = U'(9,U) will be
later required. Finally, the Wess-Zumino-Witten (WZW)
term Lwzw is necessary to break the symmetry of Eq. ()
under U — UT which is not a genuine symmetry of QCD.
The corresponding action can be written locally as [2(]

Tr(L°) = c/

M5

L Tr ([Ly, Lo]?) (2)

Pwzw(U) =C / Te(R®)  (3)

M5

in a five-dimensional space M° whose boundary is ordi-
nary space and time. The constant C' is determined as
C=- 2118[;2 so that the anomalous Lagrangian is consis-
tent with the triangle anomaly for the process 70 — v7
when the number of colors N, = 3. For compactness in
the following we adopt the differential one-form notation

with

L = L,da" = (dU)UT,
and
R=U'dU =U'LU. (4)

Gauging all but the WZW part of the Lagrangian en-
ables the electroweak vector fields to be introduced via
minimal coupling:

DU = 0,U —iA U + U(iA]), (5)
where
AL = eQA, - %(WJFF + W)
9 3 _ ;2
+ S c0sOry Z,(1° = 2Q sin® Oy ), (6)
Af g GQA# — ﬁZH(ZQ Sin2 9W) (7)

Here, A, is the electromagnetic field which couples with
strength @ = diag(2/3,-1/3), W/~ and Z, are the
SU(2) electroweak gauge fields, g is the weak coupling
constant, Oy is the Weinberg angle, and 7* = 1 (7 £i7?)
with 7% the Pauli matrices.



In contrast, as is well-known, minimal substitution
does not work in gauging the WZW action. The so-called
trial and error Noether method [2(] gives the gauged
WZW action

Twzw(U, Al AT

= szw(U) + 5Ci/ TI‘(ALlA;S + ARR:&)
M4

—50/ Tr((dA A" + AFdAM)L
M4

+(dARAR + ARIA™R)
+5C | Tr(dA*dUARUT — dARQ(UT)ARU)
M4
oo (8)

Here we have shown only the terms relevant for the pro-

cesses involving single neutral pion and one or two gauge

bosons. A complete list of terms can be found in [20].
The leptonic part of the Lagrangian is

I o
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+(e = p, 7 terms). (9)
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Here again, we have presented only the relevant terms
for the process of our concern, that is, Z — vv. The
neutrino field v, is constrained to the left-handed one;
VsV, = —U,.

Finally, the Lagrangian should be complemented by
the terms for the dynamics of the gauge bosons, namely

1 L L v R R v
Lyzwe = —ZTr(F;L‘}, FA e A pATYY
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where F5R are field strength tensors and My, and My
are the masses of the gauge bosons.

III. 7° — vo IN BARYON-FREE SPACE

The lowest static energy configuration for baryon free
space is simply a constant U. Without loss of a generality
we can set U = 1. Thus, the Lagrangian constructed in
the previous section governs the dynamics of the pions
in baryon free space as it is. By expanding U = exp(iT -
7/ fr) up to a given order in the pion field we obtain the
hadronic part of the lagrangian for the weak decay of the
neutral pion as

L = 19,7 0'n — Imimome
fxg 0
7 9" 11
+2cos6‘W wo (11)
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FIG. 1: 7° — v processes.

The Lagrangian yields proper vertices for 7% — Z and
70 — ZZ, which contribute to the processes 7% — v
as shown in Fig.1. Observe that there does not appear
a term such as 70 — WTW~ despite fulfilling charge
conservation.

The amplitude for the process shown in Fig.la is

Mooz = %mplw(l (pr),  (12)

where we have approximated the Z-boson propagator
simply as i/(p? — M%) ~ —i/M% and Gp = g*/(8M3,).
p1 = (w1, p1) and pa = (wa, —p>) are the energy-momenta
of outgoing neutrinos and p = p; +p2 is that of the incom-
ing pion. For massless neutrinos @, (p1)p1 = pa2v(p2) =0
so that the amplitude vanishes identically.

The process of Fig.1b leads to

N.g?
Mﬂoﬁzzﬁyﬂz—illgﬂ_gf tan? Oy cos 20y
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where k1 = k+p/2, ko = —k+p/2 represent the momenta
of the two internal Z-boson lines. The loop-momenta are
integrated only up to a cut-off A ~ 1GeV for the low-
energy effective theory. Taking the square of the ampli-
tude and tracing over the spinor structure gives

2_ NZg* 4 2
|M7r0—>ZZ—>IJl7| —mt&ﬂ 9W COS 29W (14)

xIp(p,p1,p2)(p*p1 - 2 — 2p - p1p - p2)

where Iz (p, p1,p2) comes from the loop-integration but
whose form is not important in view of the next result: in
the pion rest frame (p?p; - p2 — 2p - p1p - p2), which arises
from the spinor traces for massless neutrinos, vanishes
identically, consistent with the helicity selection rule.

IV. 7 = vp IN THE DENSE SKYRMION
MATTER

The Skyrme Lagrangian supports classical soliton solu-
tions, skyrmions, whose topological winding number can



be interpreted as a baryon number. With this conjec-
ture, dense baryonic matter can be approximated as a
system of skyrmions. Let Uy(7) = ng + 7 - 7i parametrise
the lowest energy configuration for a given baryon num-
ber density, where ng, 7 are space-dependent functions
describing the ensemble of skyrmions. Then we can in-
corporate quantum fluctuations on top of this classical
ground state configuration via the ansatz

U = /U Up\/Uy, (15)

where U, = exp(i7 - @/ fr). The trivial case of Uy(F) =
1 corresponds to pions in baryon-free space. For the
skyrmion matter encoded in Uy(7) we take the crys-
tal configurations studied in [19]. At low density, the
skyrmion matter is arranged in a face-centered-cubic
crystal where a well-localised single skyrmion occupies
each lattice site. As the density increases, the skyrmions
begin to overlap. At higher density, the phase becomes
the so-called “half-skyrmion cubic crystal”, where about
half of the baryon number of the original skyrmion leaks
out to generate another well-defined dense object in the
region of overlap. When the skyrmion matter is in an
exact half-skyrmion phase, the spatial average value of
the Up(#) vanishes identically.

Substituting the ansatz into the Lagrangian and ex-
panding in fluctuations, we obtain a number of struc-
tures. In the following we explicitly give only those terms
governing the dynamics of the fluctuations in the pres-
ence of the background potentials which will be relevant
to our discussion. Thus we obtain

L = 1Gu(Momd'nb — tnogm2n®
_i_lgabc aa,ﬂ.ch( )
2Cf7rg G33(F)ZM(9H7TO (16)
N, lgsm 0 _hvap 0 .
vaB 7 . Ha
2472 fw cos 9W w0 5(7)
+ sy
where
Gab(F) = ngaab"‘nanba (17)
VA(F) = e npdine (18)
Hop(P) = (ng + n3)(0an10sng — Oanzdsni)

—(n28an1 — 110an2)0s(ng +n3)  (19)
= Gggaavg) + VﬁsaaGLB-

We stress that the terms not given here govern the
skyrmion dynamics summarised in these potentials, and
have been treated in earlier works. In particular, for-
mulae for ng,7 are given in Eqs.(9-12) of [13] where a
different notation is used: ng < 7, n; + ;.

We now consider whether it is possible for the pro-
cess ™ — v to occur through a one boson interme-
diate state, which is leading order in Gp. To this end

we need Gs3(r), which comes from the kinetic term of

the Lagrangian, and H,g which originates in the WZW
terms that are linear in Aﬁ or Af. The contribution
of G33 is involved with the symmetric (in pv) structure
9" Z,0, 7 while H,3 appears with the antisymmetric
(in pv) e 7,0, 7.

In a naive mean field approximation, we can replace the
space-dependent potentials such as Gy, (7) and Hqg(7) by
their spatial averages (Gqp (7)) and (Hag(7)); viz.

(Gap) = % d32G oy (7) =
\%
<Via> = <Hab> =0,

where V' is the volume of a unit cell of the skyrmion
crystal over which the integration is carried out and G is
a constant. Due to the symmetric structure of the crystal
solution Uy(7), these averages of the potentials Hqg(7)
vanish. After renormalising the pion fields, 7*¢ = v/Gr®,
we obtain an effective Lagrangian as

G(Sabu (20)

L = %3 T, T — %m rragra
Iz 0
+Z oHr* 21
+2cos9W T (21)

Note that the structure of the Lagrangian is exactly the
same as Eq.([[), that of the pions in baryon free space.
Only the 7° — Z vertex strength is modified by a factor
fi)fn= V/G. Lorentz symmetry is still conserved in this
Lagrangian. Thus, the 7% — Z vertex cannot contribute
to 7 — v as discussed in Sec. III.

In [17] is shown that Lorentz symmetry breakdown of
pion dynamics in medium can be manifested only when
higher order effects in the background potential beyond
mean field approximation are incorporated. We now out-
line a perturbative expansion in the background poten-
tials. We decompose the Lagrangian into an unperturbed
part, L) and an interaction part, £;. We take Lo be
the Lagrangian for free pion in baryon free space, namely

Lo = 30,70 7 + Tmimor?, 22
“w

and L; the remaining terms in Eq.([IH). The local poten-
tial Gap(7) in the kinetic term makes the quantization
process somewhat nontrivial. Nevertheless the following
steps are standard for perturbing in the spatial potentials

- see [21]. The conjugate momenta of the pion fields 7¢
are given by
0Ly
e = 22 — 4° 23
ora " (23)
while the Hamiltonian is
H=Ho+H; (24)
where
Ho = %(H‘ZH“ + O Oim®) + %miwawa, (25)
and Hy = —L;.

This defines the pion propagator and the interaction
Hamiltonian as schematically represented in Fig.2. The
perturbation rule is now very simple:
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FIG. 2: Diagrammatic rules for the pion propagator and the
interaction Hamiltonian.

1. Draw the diagrams for the corresponding physical
process. The number of shaded blobs included in
the diagram determines the order in perturbation.

2. For each internal pion propagator, we have

1
dp ———. 26
/ P —me) (26)
3. The 7 (p) — wb(p') vertex is given by

o+ =0~ 7 D(Gau(@) — ap)
- _abc= Tre (27)
+ig®p -V ((j)},
where p and p’ are the four-momenta of incoming
and outgoing pions. We observe that the back-
ground medium is a source/sink for the additional
momentum ¢.

4. The 7° — Z vertex is
5 p+q— 1) {ipuGaa(Q) + ie" *’p Hap(@)}  (28)

5. As for the external fields, we follow standard con-
ventions.

The momentum components of the interactions are noth-
ing but the Fourier expansion coefficients of the corre-
sponding potentials, for example, defined as

1

Culd) = 35 /V BTGy (7). (29)

with similar definitions for V*(¢) and Hag(¢) applying.
Due to the crystal structure of the background field con-
figuration, only discrete values of ¢ are allowed,

7="Tm (30)
where m label the spatial positions of the Skyrmions in
the FCC crystal and L is the lattice spacing [19]. The
naive mean field approximation corresponds then to the
¢ = 0 components of objects such as Gup(q).

As for the 7° — v process, we can have the diagrams
shown in Fig.3 up to second order in the background po-
tential. Clearly the baryonic medium can impart energy-
momentum to the pion, which at the end of the day is
why the process 7° — v can proceed. However the
general problem with arbitrary momentum imparted to
the pion from the medium is difficult to solve. We shall

1st order 2nd order

FIG. 3: First and second order diagrams in perturbation in
the spatial potentials

restrict ourselves to those contributions which can be ex-
pressed in terms of a local 7%V vertex, namely where
the four-momentum of the incoming pion is the equal to
the total momentum of the outgoing vv. Certainly this
is only a partial use of the information in the formalism.
We will see that to leading order the effect will still be
vanishing but at second order in the potentials a non-zero
result can be obtained because of a reorganisation of the
momentum in the system between the two interactions
of the potentials.
In more detail then, the first order diagram reads

_ GFfﬂ'
V2

which is the same as that for baryon free-space except

for the factor Gs3(0) = (Gs3) = G. At any rate, this

amplitude vanishes identically as hinted above because

@ (pr )P — 75)v,(p2) = O for momenta p = py + ps.
The second order diagram yields

MO G33(0)u, (p1)p(1 — 75)vu(p2),  (31)

@ _ Grfex~ -0 =7 P)Gss(q)
MO = L T

i, (p1){Gas (=) (p + §)(1 — 5)
+e" P (p + @ uHap (D)7 (1 = 75) oo (p2)

ng” 51 (p1)P(1 — 75 )00 (2), (32)

where

=35 |Gss(@ (33)

G7#0

In the last step we have used that (i) a,(p1)p(l —
v5)vy(p2) = 0, (ii) |G33(q)|* is even with respect to
qd < —¢, and (iii) only the first nonvanishing term in the
expansion the pion momentum point (pg,p) = (m,,,ﬁ)
need be kept. Note that only the spatial component p’
appears in the equation, which indicates that the Lorentz
symmetry is indeed broken. Also, the contributions from
H,p of Eq.([[0) only appear at higher order in this pion
momentum expansion.

Thus, up to the second order in the background poten-
tial, we have the nonvanishing result

Z |M(1)+(2)|2 = 4G%|XSk|2W72r(W1W2 +ﬁl ' ﬁ?)a (34)

spin
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FIG. 4: Density dependence of ¢ (solid line) and the corre-
sponding quantity involving the pion velocity from [15]. Here
po is the density of normal nuclear matter.

with xsk = fx0 + O(m2), wy = y/m2 + v2p? the pion
energy and w » the corresponding energy for the neutrino
and anti-neutrino, the sum of which equals that for the
pion. This is the result for one neutrino flavour; for more
flavours the result is multiplied by N,,.

Eqgs.(@3B4) are the main formal results of this work.
We plot numerical results for the density dependence of §
in Fig.4. We now discuss this with respect to other work
in the literature.

To begin with Eq.([&d) is formally the same as the cor-
responding quantity in [11] but where for us xgx depends
on the medium via  and on the vacuum value for the
decay constant fr. However in [L1l] xgk is replaced by a
quantity which we shall designate y jpg itself depending
on the velocity in medium of the CFL generalised pion,
vy. This velocity in [L1] measures in turn the breakdown
of Lorentz symmetry as reflected in the non-equivalence
of spatial (fs) and temporal (f7) components of the cor-
responding pion decay constant in medium,

Ixsps| = |fr — fs| = |fr(1 —v2)|. (35)

Thus despite studying quite different phases (hadronic
vs CFL) we find formal agreement to second order in
the potentials, up to what appears as a discrepancy: the
absence of a medium generated distinction between com-
ponents of the decay constant. However in a study of
the pion propagator in dense skyrmionic matter in [15] it
was shown by resummation of the corresponding expan-
sion in potentials to infinite order that the in-medium
pion velocity is given by

S V@RI Y (Gaa@)
1— ’1}2 _ Z a=1,2 a=1,2,3

2
q7#0

- . (36)

Comparing this to the present result for §, Eq.([B3), one
expects that a similar, though technically more difficult,
resummation in the context of 7 — v will reveal the
dependence of this decay in medium on the pion veloc-
ity and thus in turn on the inequivalence of fr and fg
in medium. It is important to stress that the isospin
mixing terms in the numerator of Eq.(B0) cannot appear
in our present calculation of Eq.([B3]) to second order in

potentials, and can only occur after resummation. The
analogous combination of in-medium quantities, f} and
vy as obtained in [15] are indicated with the dashed curve
in Fig.4 for comparison.

We see from Fig.4 our present result |6]? ~ 4.6 x 10~*
representing a significant density enhancement in the
hadronic phase in the decay rate of 7° — v as compared
to (m,/mz)® ~ 1079 for keV neutrinos. Resummation
effects, were they to mirror the results of [17], would am-
plify this further. In [17], the pion velocity is obtained in
the range of 0.8 < v, < 1. This leads to a larger 1 — v
than the |6] obtained in our second order calculation, but
is still smaller than that for the CFL phase in [L1] where
v2=1/3.

V. CONCLUSION

We have studied the neutral pion decay into a neutrino-
antineutrino pair. In baryon free space, the process is
forbidden by helicity conservation for massless neutrinos.
Though new vertices 7° — Z and 7% — ZZ emerge
when the Skyrme Lagrangian is gauged, they also lead
to a null result but for the square of the amplitude. On
the other hand, we have shown that Lorentz symmetry
breaks down due to the absolute frame of a background
dense medium enabling 7° — v¥ which plays a crucial
role in astrophysical phenomena.

Our result formally matches with [11], which however
dealt with the colour-flavour-locked phase of matter at
very high densities. Thus our work shows that such a
pion pole mechanism already can be manifest even in the
lower density hadronic phase.

Our result is the first study of the 7% — v¥ in Skyrme
models, which elegantly combine meson and baryon dy-
namics. The limitations of the Skyrme model, in partic-
ular the provisional use of the unrealistic Skyrme crystal,
mean our result is still qualitative. We stress though that
the discrete translational symmetry of the crystal plays
no role in these results, only its general isotropy which
is anyway realistic. The mechanism for the decay is pre-
cisely the same as that hypothesised for the CFL phase
and already can be exhibited for massless neutrinos in
the hadronic phase. To the order in perturbation in back-
ground potentials studied here and retaining only those
contributions to an effective local 7007 vertex, the result
formally agrees with that in the CFL phase. Moreover,
the mechanism provides for significant enhancement of
the decay above the contribution that a keV order neu-
trino mass would provide. Its role in the overall process
vy — 7 — v is not yet clear: in [17] we have observed a
suppression in I'(yy — 7°) while we have yet to consider
the pion propagator modifications in the spirit of [10].
Moreover introduction finite temperature effects is nec-
essary to enable a more detailed application to neutrino
emissivity in compact stars.
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