
ar
X

iv
:h

ep
-p

h/
05

02
23

9v
1 

 2
7 

Fe
b 

20
05

B-Meson Distribution Amplitudes of Geometric Twist vs. Dynamical Twist
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Two- and three-particle distribution amplitudes of heavy pseudoscalar mesons of well-defined geo-
metric twist are introduced. They are obtained from appropriately parametrized vacuum-to-meson
matrix elements by applying those twist projectors which determine the enclosed light-cone operators
of definite geometric twist and, in addition, observing the heavy quark constraint. Comparing these
distribution amplitudes with the conventional ones of dynamical twist we derive relations between
them, partially being of Wandzura-Wilczek type; also sum rules of Burkhardt-Cottingham type
are derived. The derivation is performed for the (double) Mellin moments and then re-summed to
the non-local distribution amplitudes. Furthermore, a parametrization of vacuum-to-meson matrix
elements for non-local operators off the light-cone in terms of distribution amplitudes accompanying
independent kinematical structures is derived.

I. INTRODUCTION

Exclusive non-leptonic decays ofB mesons play a crucial role for our understanding of rare flavour-changing
processes and the exploration of the mechanism of CP violation within the standard model. Thereby, of
special interest are hadronic two-body decays, either via B → D transition, e.g., B → Dπ (DK), or with two
very energetic light mesons in the final state, e.g., B → ππ (Kπ). While the weak interaction part of these
processes is fairly well understood their strong interaction dynamics is quite non-trivial. However, some
simplifications are possible due to the strong ordering of the three fundamental scales, the weak interaction
scale MW , the b-quark mass mb, and the QCD scale ΛQCD. Because mb ≫ ΛQCD the heavy quark effective
theory (HQET) [1, 2] (for a review, see, Refs. [3]) may be applied and, furthermore, the strong interaction
effects with virtualities above mb may be included into the renormalized coefficients of local operators Oi of
the weak effective Hamiltonian.
In order to compute the (renormalized) matrix elements 〈M1M2|Oi|B〉, at least in leading order of

ΛQCD/mb, some factorization [4] into perturbatively calculable short-distance contributions and appropriate
long-distance contributions has to be applied – either using the QCD-factorization approach [5, 6, 7], the
more effective SCET approach [8, 9], or the pQCD approach [10]. For example, according to [5] that matrix
element in case of two light mesons can be represented by hard scattering amplitudes T , (BM) form factors
FBM
j as well as light (ΦM ) and heavy (ΦB) meson light-cone (LC) distribution amplitudes (DA), e.g.,

〈M1M2|Oi|B̄〉 =
∑

j

FBM1

j (m2
2)

∫ 1

0

du T I
ij(u)ΦM2

(u) +

∫ 1

0

dξ du dv T II
i (ξ, u, v)ΦB(ξ)ΦM1

(v)ΦM2
(u), (1.1)

assumingM1 to pick up the spectator quark from the B-meson; obviously, no long-distance interaction takes
place between M2 and the (BM1)-system.
In the case of light (pseudo)scalar and vector mesons the light-cone distribution amplitudes (LCDA)

are well-known for leading and next-to-leading twist for bilocal (quark-antiquark) as well as trilocal (quark-
gluon-antiquark)operators for the π-meson [11, 12] and the ρ-meseon [13, 14], also considering the Wandzura-
Wilczek (WW) relation. In case of B-mesons they have been determined in the framework of HQET [6, 15, 16]
also discussing in detail the WW-approximation [17, 18]; the case of the D-meson is easily obtained, at least
in leading order, by observing the spin-flavour symmetry of HQET. Furthermore, with the aim of a better
understanding of the scale dependence of LCDA – and of the hard scattering kernel – in the factorization
procedure the knowledge of their renormalization behaviour is required. In the case of the leading LCDA
Φ+ this has been studied recently [19].
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In the limit of infinite heavy quark masses (mQ → ∞), the heavy quark field Q(x) reduces to an effective

field hv(x) with the kinematics contained in a phase factor (v being the heavy meson’s velocity, v2 = 1),

Q(x) → e−imQvxhv(x). (1.2)

Moreover, the effective heavy quark field hv(x) obeys the on-shell constraint,

v/hv = hv, (1.3)

and the effective Lagrangian Leff =
∑Nh

i=1 h̄
(i)
v i(vD)h

(i)
v , is independent of the spin or mass of the heavy quark

and exhibits, therefore, the U(2Nh) spin-flavor symmetry (Nh is the number of contributing heavy flavors).
Of course, the on-shell constraint reduces the number of independent heavy meson DAs in comparision with
light mesons.
In accordance with the definition of usual meson LCDAs [11] but additionally respecting the on-shell

constraint (1.3), the B-meson LCDAs arise by parametrizing matrix elements of appropriate non-local LC
operators Oi which are built up by quark and antiquark fields – occasionally containing also gluons and/or
quark-antiquark pairs – sandwiched between vacuum 〈0| and B-meson state |B(v)〉 of momentum P =M v.
For instance, the (2-particle) LCDAs are introduced as (phase factor omitted)

〈0|q̄(κ1x̃) ΓU(κ1x̃, κ2x̃)hv(κ2x̃)|B(v)〉 = KΓ(P, x)

∫ 1

−1

dξ ϕB(ξ) e
−i(κ1−κ2) (x̃P ) ξ, (1.4)

where Γ denotes some generic Dirac structure

Γ = {1, γα, iσαβ , γ5, γ5γα, iγ5σαβ} with σαβ = i
2
[γα, γβ ], (1.5)

and x̃ = x + v
(√

(vx)2 − x2 − (vx)
)
, x̃2 = 0, defines some light-ray being related to x by a fixed non-

null subsidiary four-vector which may be identified with the B-meson’s velocity. The path ordered phase
factor, U(κ1x̃, κ2x̃) = P exp

{
−ig

∫ κ1

κ2

dτ x̃µAµ(τx̃)
}
, assuming Schwinger-Fock gauge, will be omitted in the

following. Furthermore, the matrix element (1.4) is parametrized by a kinematic factor KΓ and the Fourier
transform of the DA ϕB(ξ) w.r.t. variable x̃P ; KΓ depends on the momentum P of the (pseudoscalar) meson
and LC coordinate x̃ of the nonlocal operator as well as on the generic Dirac structure Γ. Explicit forms
for KΓ will be introduced in Section II. Everywhere, possible color indices in operator matrix elements will
be suppressed. The integration range in (1.4) results from the fact that, in the framework of non-local LC
expansion [22], that matrix element can be shown to be an entire analytic function in the variable x̃P [23].
Usually, due to the (anti)symmetry of the relevant QCD operators OΓ(κ1x̃, κ2x̃) w.r.t. exchange κ1 ↔ κ2 the
integration range is restricted to 0 ≤ ξ ≤ 1. — Analogous definitions hold in the case of tri-local operators
including, e.g., the gluon field strength Fµν(κx̃) at arbitrary intermediate points κ ∈ [κ1, κ2].
Conventionally, LCDAs are characterized by its dynamical twist which, roughly speaking, counts powers

of M/Q for the various terms in the kinematic decomposition of the matrix elements of non-local QCD
operators [24]. Alternatively, using group theoretical arguments, the original definition of twist [25] for local
QCD operators, τ = dimension d− (Lorentz) spin j, has been generalized to the notion of geometric twist

for non-local QCD tensor operators on the light-cone [26, 27, 28] as well as off the light-cone [29, 30]. The
decomposition of such tensor operators into operators of definite geometric twist leads to corresponding
decompositions of the LCDAs [31, 32] and to their power (or target mass) corrections [33].
In fact, concerning phenomenological aspects the notion of dynamical twist is favored. But, from a

quantum field theoretical point of view, geometrical twist seems to be more appropriate since it has an
obvious group theoretical meaning and, therefore, should have well-defined renormalization properties; it
also offers a clear separation between radiative corrections and higher (geometric) twist effects.
Both definitions of twist, despite of being different for higher twist, coincide at leading twist. However,

by comparing equivalent kinematical structures, it has been shown for distribution functions in DIS and of
LCDAs for light mesons, especially for π- and ρ-mesons, that there exist unique relationships between the

distributions of geometrical twist and the usual ones of dynamical twist.

To be more specific, let us generically denote the distributions of definite geometric twist τ by ϕ
(τ)
i (η)

and the ones of dynamical twist t by φ
(t)
j (ξ). Then the distributions of given dynamical twist t are uniquely

determined by that set of distributions of geometric twist τ with τmin ≤ τ ≤ t and, vice versa:

φ
(t)
j (ξ) =

t∑

τ=τmin

∫
dη Kj

i(ξ, η)ϕ
(τ)
i (η), ϕ

(τ)
i (η) =

τ∑

t=tmin

∫
dξ (K−1)i

j
(η, ξ)φ

(t)
j (ξ) , (1.6)
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with some invertible kernel Kj
i(ξ, η), where tmin = τmin. In fact, the relations between both kinds of

distributions are of triangular shape and, therefore, the corresponding set of equations can be solved with
respect to either basis. Solving the distributions of dynamical twist w.r.t. those of geometric twist allows to

derive the well-known WW-relations together with additional WW-like relations [31]; corresponding relations
have been derived for the (light) meson LCDAs [34] and, later on, called geometrical WW-relations [35]. Using
in addition the equations of motion, a different set of WW-like relations for the LCDAs – especially for the
vector meson case – appeared [14]; they should be called dynamical WW-relations. This situation has been
discussed more detailed in Refs. [35].
In the case of heavy meson LCDAs the situation suffers from the on-shell constraint of HQET. First, the

number of independent LCDAs is reduced. They have been determined already by Grozin and Neubert
[15] and discussed further by various authors [6, 16, 17, 18], also considering the WW-relation within the
dynamical twist approach. Second, concerning renormalization, they show some pecularities which have
been studied more detailed in the case of leading B-meson LCDA in Refs. [19]. Also regarding this it seems
to be of interest to consider the geometric twist approach, too, and to find how these two approaches are

related. The results of such a comparison, mainly based on Ref. [36], will be presented here.
The paper is organized as follows. In Sect. II we briefly repeat the derivation of the non-local two- and

three-particle LCDAs of dynamical twist by using the trace formalism according to Refs. [6, 17, 20]; in
addition, in order to be able to compare with the corresponding LCDAs of geometric twist, their local form
are given as Mellin moments. A consistent parametrization of the relevant matrix elements which is not
restricted to the light-cone is given in Appendix A. In Sect. III we determine the local two- and three-
particle LCDAs of geometrical twist by applying the local projection operators (restricted to its light-cone
form) onto the matrix elements of the corresponding non-local LC operators. In order not to be confused by
the on-shell constraint and obstacles of renormalization, they are derived for the general case also applying
to light (pseudo)scalar mesons. The corresponding projection operators are well known from earlier work up
to tensor operators of second rank [30, 31]; their local form is given in Appendix B. In Sect. IV the relations
between the LCDAs of definite dynamical and geometrical twist are given, first, for their local form and then
for their non-local form. Thereby, we also derive the relations between LCDAs of definite geometric twist
resulting from the on-shell constraint. Most of the calculations are performed using FORM [37].

II. DISTRIBUTION AMPLITUDES OF DYNAMICAL TWIST

To begin with we briefly review the conventional representation of vacuum-to-meson matrix elements of
bi- and trilocal light-cone operators for B-mesons in the heavy quark limit by LCDAs of dynamical twist
times corresponding kinematic structures. Hereby we follow the covariant trace-formalism [2]. These LCDAs
are Fourier transformed and converted into their Mellin moments.
In the trace-formalism the vacuum-to-meson transition by a generic quark-antiquark operator with a single

heavy quark is parametrized in terms of two-particle LCDAs Φ̂±(vx̃) as follows [6, 17]:

〈0|q̄(x̃)Γhv(0)|B(v)〉 = −
ifBM

2
Tr

{
γ5 Γ

1 + v/

2

(
Φ̂+(vx̃)−

x̃/

2(vx̃)

[
Φ̂+(vx̃)− Φ̂−(vx̃)

])}
, (2.1)

where, as usual, the B-meson decay constant is defined by 〈0|q̄(0)γαγ5hv(0)|B(v)〉 = ifBMvα, and M is
the mass of the B-meson. Computing these traces for the various Dirac structures Γ one obtains:

〈0|q̄(x̃)γ5hv(0)|B(v)〉 = − ifBM
1
2

[
Φ̂+ + Φ̂−

]
, (2.2)

〈0|q̄(x̃)γ5γαhv(0)|B(v)〉 = − ifBM

(
vαΦ+ −

x̃α
2(vx̃)

[
Φ̂+ − Φ̂−

])
, (2.3)

〈0|q̄(x̃)γ5iσαβhv(0)|B(v)〉 = ifBM
v[αx̃β]
(vx̃)

[
Φ̂+ − Φ̂−

]
, (2.4)

with arguments vx̃ omitted. The parametrization of the matrix element 〈0|q̄(x̃)iσαβhv(0)|B(v)〉 is
obtained simply by observing the relation iσαβ = (−i/2)ǫαβκλγ5iσ

κλ, whereas the matrix elements
〈0|q̄(x̃)iσαβhv(0)|B(v)〉 and 〈0|q̄(x̃)hv(0)|B(v)〉 vanish. Here, and in the following, we use the notation

a[αbβ] := (aαbβ − aβbα) /2, a(αbβ) := (aαbβ + aβbα) /2. (2.5)
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As Grozin and Neubert [15] state, in the limit of fast-moving mesons, Φ̂+ is of leading (dynamical) twist

while Φ̂− is sub-leading. When the matrix element (2.3) is considered it becomes obvious that vα is related
to leading twist while x̃α/(vx̃) should correspond to 1/Q and therefore is related to subleading twist.
Equivalently, the vacuum-to-meson matrix element containing a trilocal quark-antiquark-gluon operator

is parametrized in terms of four three-particle LCDAs Ψ̂A(vx̃;ϑ), Ψ̂V (vx̃;ϑ), X̂A(vx̃;ϑ) and ŶA(vx̃;ϑ) with
ϑ being restricted to 0 ≤ ϑ ≤ 1 as follows [17, 20]:

〈0|q̄(x̃)Fµν (ϑx̃)x̃
νΓhv(0)|B(v)〉 =

ifBM

2
Tr

{
γ5Γ

1 + v/

2

(
(vµx̃/− (vx̃)γµ)

[
Ψ̂A − Ψ̂V

]
(vx̃;ϑ)

− iσµν x̃
νΨ̂V (vx̃;ϑ)− x̃µX̂A(vx̃;ϑ) +

x̃µx̃/

(vx̃)
ŶA(vx̃;ϑ)

)}
. (2.6)

Again, computing these traces for the Dirac structures Γ (arguments vx̃ and ϑ omitted) one obtains:

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5hv(0)|B(v)〉 = − ifBM x̃µ

[
X̂A − ŶA

]
, (2.7)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5γαhv(0)|B(v)〉 = ifBM

{
(vµx̃α − (vx̃)gµα) Ψ̂A − vαx̃µ X̂A +

x̃µx̃α
(vx̃)

ŶA

}
, (2.8)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5iσαβhv(0)|B(v)〉

= 2 ifBM

{
gµ[αx̃β] Ψ̂V −

x̃µ
(vx̃)

x̃[αvβ] ŶA +
(
vµv[αx̃β] + (vx̃)gµ[αvβ]

)[
Ψ̂A − Ψ̂V

]}
, (2.9)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγαhv(0)|B(v)〉 = − fBM ǫµακλ v

κx̃λ Ψ̂V . (2.10)

Again, the parametrization of the matrix element 〈0|q̄(x̃)Fµν (ϑx̃)x̃
ν iσαβhv(0)|B(v)〉 follows trivially from

Eq. (2.9), and 〈0|q̄(x̃)Fµν(ϑx̃)x̃
νhv(0)|B(v)〉 vanishes. According to the above introduced conventions, ΨA,

ΨV and XA are of leading (dynamical) twist, whereas YA is of subleading twist.
An independent derivation of the just introduced parametizations, but not restricted to the light-cone,

is presented in Appendix A. In this more general case the matrix elements depend on three leading DAs,
X1−X5, X2 and X4, and three subleading ones, Y2, Y4 and Y5, (cf. Eq. (A.19)). There it is also shown, that
off the light-cone ΨA and ΨV contain also subleading contributions, and Φ− contains subleading contributions
already on the light-cone!
Later on, to obtain relations between DAs of dynamical and geometric twist, the DAs have to be Fourier-

transformed and, thereafter, be converted into Mellin moments. As has been argued in Refs. [15, 17] the
singularities of the DAs in the complex (vx̃) plane are such that their Fourier transforms Φ±(u) vanish for
u < 0. On the other hand, considering non-forward matrix elements of light-cone operators, it has been
shown with the help of the α-parameter representation of Feynman diagrams, that these matrix elements are
entire analytic functions with respect to (P x̃) and, thus, the support of Φ±(u) is restricted to −1 ≤ u ≤ +1
[23, 32].
For LCDAs which are related to bilocal operators their Fourier transforms and the corresponding Mellin

moments read

Φ̂±(vx̃) =

∫ 1

0

du e−iuPx̃Φ±(u) =

∞∑

n=0

(−iP x̃)n

n!
Φ±|n, (2.11)

Φ±|n =

∫ 1

0

du un Φ±(u). (2.12)

In case of trilocal operators two-parameter LCDAs occur whose Fourier transforms and the corresponding
double Mellin moments read

F̂ (vx̃, ϑvx̃) =

∫ 1

0

Dui e
−i(u1+ϑu2)Px̃ F (ui) =

∞∑

n=0

(−iP x̃)n

n!
Fn(ϑ), (2.13)

Fn(ϑ) =

n∑

m=0

(
n

m

)
ϑm Fn,m, Fn,m =

∫ 1

0

Dui u
n−m
1 um2 F (ui); (2.14)
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here
∫ 1

0
Dui =

∫ 1

0
du1

∫ 1

0
du2 and F̂ (vx̃;ϑ) generically denotes any three-particle DA.

After transformation, Eqs. (2.2) – (2.4) read

〈0|q̄(x̃)γ5hv(0)|B(v)〉 = − ifBM

∞∑

n=0

(−iP x̃)n

n!

1
2

[
Φ+|n +Φ−|n

]
, (2.15)

〈0|q̄(x̃)γ5γαhv(0)|B(v)〉 = − ifBM

∞∑

n=0

(−iP x̃)n

n!

(
vαΦ+|n −

x̃α
2(vx̃)

[
Φ+|n − Φ−|n

] )
, (2.16)

〈0|q̄(x̃)γ5iσαβhv(0)|B(v)〉 = ifBM
∞∑

n=0

(−iP x̃)n

n!

v[αx̃β]

(vx̃)

[
Φ+|n − Φ−|n

]
, (2.17)

while, the transformed equations, in case of a matrix element of a trilocal operator, read

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5hv(0)|B(v)〉 = − ifBM x̃µ

∞∑

n=0

(−iP x̃)n

n!

[
XA|n(ϑ)− YA|n(ϑ)

]
, (2.18)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5γαhv(0)|B(v)〉

= ifBM
∞∑

n=0

(−iP x̃)n

n!

{
(vµx̃α − (vx̃) gµα)ΨA|n(ϑ)− x̃µvαXA|n(ϑ) +

x̃µx̃α
(vx̃)

YA|n(ϑ)

}
, (2.19)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5iσαβhv(0)|B(v)〉

= 2 ifBM

∞∑

n=0

(−iP x̃)n

n!

{(
vµv[αx̃β] + (vx̃) gµ[αvβ]

) [
ΨA|n(ϑ)−ΨV |n(ϑ)

]

+ gµ[αx̃β] ΨV |n(ϑ)− x̃µ
x̃[αvβ]
(vx̃)

YA|n(ϑ)

}
, (2.20)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγαhv(0)|B(v)〉 = − fBM ǫµακλ v

κx̃λ
∞∑

n=0

(−iP x̃)n

n!
ΨV |n(ϑ). (2.21)

The local decompositions (2.15) – (2.21) w.r.t. dynamical twist are required for comparison with those of
geometric twist in Sect. IV.

III. DISTRIBUTION AMPLITUDES OF GEOMETRIC TWIST

In this Section we introduce the B-meson LCDAs of definite geometric twist. This is done in analogy to
the introduction of quark distribution functions in deep inelastic scattering [27] and of ρ-meson LCDAs [34]
in terms of definite geometric twist. Namely, we use the decomposition of non-local light-cone operators
O{σ} with given tensor structure {σ} into a (finite) sum of non-local tensor operators of definite twist τ ,

O{σ} =
∑

τ

O
(τ)
{σ} with O

(τ)
{σ} = P̃

(τ){σ′}
{σ} O{σ′}, (3.1)

with appropriate projection operators, P̃
(τ){σ′}
{σ} ≡ P̃

(τ){σ′}
{σ} (x̃, d̃), already known from Refs. [26, 30, 31],

P̃
(τ){σ′}
{σ} =

(
P̃(τ) , P̃(τ)α′

α , P̃
(τ) [α′β′]
[αβ] , P̃

(τ)(α′β′)
(αβ) , . . .

)
; (3.2)

d̃ is the inner derivative on the light-cone (see, Appendix B). Obviously, for a given tensor structure, the sum

over these projection operators of different twist τ defines a decomposition of unity,
∑

τ P̃
(τ){σ′}
{σ} = δ

{σ′}
{σ} .

Considering bilocal operators, the corresponding meson LCDAs of definite geometric twist τ , generically

denoted by ϕ
(τ)
a (u), are introduced according to Ref. [32] (cf. also Refs. [27, 34])

〈0|O{σ}(x̃, 0)|B(v)〉 =
∑

τ

P̃
(τ){σ′}
{σ} (x̃, d̃)K

[s]a
{σ′}(v, x̃)

∫ 1

0

du e−iuPx̃ϕ(τ)
a (u). (3.3)
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Thereby K
[s]a
{σ′}(v, x̃) is the basic kinematical structure (of scale dimension s w.r.t. x∂) of that matrix element

which can be read off from its parametrization w.r.t. LCDAs of dynamical twist since at leading order
geometric and dynamical twist coincide by construction. When, in accordance with (2.12), one goes over to

Mellin moments ϕ
(τ)
a|n one has to apply the corresponding local projection operators P̃

(τ){σ′}
{σ}|n+s

(x̃, d̃),

〈0|O{σ′}(x̃, 0)|B(v)〉 =
∑

τ

∞∑

n=0

P̃
(τ){σ′}
{σ}|n+s

(x̃, d̃)K
[s]a
{σ′}(v, x̃)

(−iP x̃)n

n!
ϕ
(τ)
a|n; (3.4)

in case of trilocal matrix elements 〈0|O{σ′}(x̃, ϑx̃, 0)|B(v)〉 the moment ϕ
(τ)
a|n has to be replaced by Υ

(τ)
a|n(ϑ).

The explicit form of the local projection operators is given in the Appendix B. In the following they
will be applied to the bi- and tri-local vacuum-to-meson matrix elements for pseudoscalar mesons. At first,
without applying the heavy quark on-shell constraint. Thereby we obtain a decomposition of these matrix
elements which differs from the decomposition in terms of dynamical twist determined in the preceding
Section. Afterwards, we will resum the Mellin moments to get the corresponding B-meson DAs.

A. Twist decomposition: Local representation in terms of Mellin moments

First, we consider the bi-local operators and introduce the Mellin moments of the corresponding DAs
of definite geometric twist. Then, applying the local twist projectors, in particular (B.9) – (B.11) in the
(axial)vector case and (B.12) – (B.14) in the skew tensor case, we get the following decomposition of the
vacuum-to-meson matrix elements:

〈0|q̄(x̃)γ5hv(0)|B(v)〉 = ifBM
∑

τ

∞∑

n=0

P̃(τ)
n

(−iP x̃)n

n!
ϕ
(τ)
P |n,

= ifBM

∞∑

n=0

(−iP x̃)n

n!
ϕ
(3)
P |n, (3.5)

〈0|q̄(x̃)γ5γαhv(0)|B(v)〉 = ifBM
∑

τ

∞∑

n=0

P̃
(τ)α′

α|n

(−iP x̃)n

n!
vα′ϕ

(τ)
A|n,

= ifBM

∞∑

n=0

(−iP x̃)n

n!

{
vαϕ

(2)
A|n −

x̃α
2(vx̃)

n

n+ 1

[
ϕ
(2)
A|n − ϕ

(4)
A|n

]}
, (3.6)

〈0|q̄(x̃)γ5iσαβhv(0)|B(v)〉 = ifBM
∑

τ

∞∑

n=0

P̃
(τ)[α′β′]
[αβ]|n

(−iP x̃)n

n!

v[α′ x̃β′]

(vx̃)
ϕ
(τ)
T |n

= ifBM

∞∑

n=1

(−iP x̃)n

n!

v[αx̃β]

(vx̃)
ϕ
(3)
T |n. (3.7)

The (pseudo)scalar case is trivial since on the light-cone always P̃(τmin) = 1. Therefore only the single LCDA

ϕ
(3)
P |n occurs. Obviously, in the axial vector and skew tensor case some LCDAs do not appear, namely, ϕ

(3)
A|n in

Eq. (3.6) and ϕ
(2)
T |n as well as ϕ

(4)
T |n in Eq. (3.7) vanish. The summation in Eq. (3.7) begins at n = 1 since ϕ

(3)
T |0

vanishes identically (cf. Eq. (B.13)). The matrix elements of scalar and vector operators vanish completely,
and that with iσαβ results trivially from expression (3.7). As stated above, the twist decomposition generates
all linearly independent kinematic coefficients which are known from the previous Section, Eqs. (2.2) – (2.4),
as well as Eqs. (A.36) – (A.38) of Appendix A. Let us also remark that, apart from different normalization,
the leading LCDAs from (3.5) – (3.7) coincide with those of Ref. [6], whereby the additional contribution in
(3.6) is considered to be nonleading (w.r.t. dynamical twist).

Next, we consider the trilocal operators and introduce the double Mellin moments of corresponding three-
particle LCDAs of definite geometric twist. Concerning the twist projections, we remind that only the
tensorial structure of the operators is crucial and not if it is a bilocal or trilocal one. The relevant projection
operators are defined by (B.9) – (B.11) for the (axial)vector operators, by (B.12) – (B.14) for the skew
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tensor operators and by (B.15) – (B.19) for the symmetric tensor operators of second rank. Unfortunately,
at present no projectors for tensors of third rank, besides totally symmetric ones, are at our disposal.
With these operators the trilocal vacuum-to-meson matrix elements in case of a pseudoscalar meson read:

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5hv(0)|B(v)〉

= ifBM
∑

τ

∞∑

n=0

P̃
(τ)µ′

µ|n+1

(−iP x̃)n

n!
x̃µ′Υ

(τ)
P |n(ϑ) (3.8)

= ifBMx̃µ

∞∑

n=0

(−iP x̃)n

n!
Υ

(5)
P |n(ϑ) , (3.9)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5γαhv(0)|B(v)〉

= − ifBM
∑

τ

∞∑

n=0

{
P̃

(τ)[µ′α′]
[µα]|n+1

(−iP x̃)n

n!
x̃[µ′vα′]

[
Υ

(τ)
A1|n(ϑ) + Υ

(τ)
A2|n(ϑ)

]

+ P̃
(τ)(µ′α′)
(µα)|n+1

(−iP x̃)n

n!

(
gµ′α′(vx̃)Υ

(τ)
A1|n(ϑ)− x̃(µ′vα′)

[
Υ

(τ)
A1|n(ϑ)−Υ

(τ)
A2|n(ϑ)

])}
(3.10)

= ifBM

∞∑

n=0

(−iP x̃)n

n!

{((
vµx̃α − (vx̃) gµα

)
Υ

(4)
A1|n(ϑ)− x̃µvαΥ

(4)
A2|n(ϑ)

)

−
x̃µx̃α
2(vx̃)

n

n+ 1

([
Υ

(4)
A1|n(ϑ)−Υ

(6)
A1|n(ϑ)

]
−
[
Υ

(4)
A2|n(ϑ)−Υ

(6)
A2|n(ϑ)

])}
, (3.11)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγαhv(0)|B(v)〉

= − fBM
∑

τ

∞∑

n=0

P̃
(τ)[µ′α′]
[µα]|n+1

(−iP x̃)n

n!
ǫµ′α′κλv

κx̃λΥ
(τ)
V |n(ϑ) (3.12)

= − fBM ǫµακλ v
κx̃λ

∞∑

n=1

(−iP x̃)n

n!
Υ

(4)
V |n(ϑ) , (3.13)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5iσαβhv(0)|B(v)〉

= 2 ifBM
∑

τ

∞∑

n=0

P̃
(τ)(µ′[α′)β′]
(µ[α)β]|n+1

(−iP x̃)n

n!

(
vµ′ v[α′ x̃β′] + gµ′[α′vβ′](vx̃)

)
Υ

(τ)
T |n(ϑ) . (3.14)

Here, some remarks are in order:
First, since the field strength Fµν in the trilocal operators (3.8) – (3.14) is contracted with x̃ν and,

consequently, the kinematic terms Ka(v, x̃), according to relations (2.18) – (2.21), have scale dimension 1,
the local LC projection operators are to be taken for n + 1. Let us remind that in Schwinger-Fock gauge,
x̃νAν(x̃) = 0, the field strength is related to the gauge potential, κx̃νFµν(κx̃) = − (1 + κ∂/∂κ)Aµ(κx̃).
Second, although any tensor of second rank can be split into a symmetric and an antisymmetric part,

it is impossible to yield an input parametrization for the matrix element in (3.10) with only one set of

LCDAs Υ
(τ)
As|n(ϑ) associated with the symmetric and another set Υ

(τ)
Aa|n(ϑ) associated with the antisymmetric

coefficients. The reason is, that the input parametrization has to vanish if additionally contracted with x̃µ.
Therefore, both LCDAs interfere for the gµα-term.
Third, as mentioned above, concerning expression (3.14) we do not know the explicit structure of the

projection operator P̃
(τ)(µ′[α′)β′]
(µ[α)β]|n . Furthermore, a projection operator P̃

(τ)[µ′α′β′]
[µαβ]|n does not occur since an

ǫ-structure on the RHS is forbidden for pseudoscalar mesons.
Finally, looking at the expressions (3.9), (3.11) and (3.13) we observe again that a huge number of LCDAs

of definite twist vanishes, thereby having in mind, that an additional free index µ besides Γ comes into play.

In the pseudoscalar case only the highest twist part Υ
(5)
P |n and in the vector case only Υ

(4)
V |n occur (also here

Υ
(4)
V |0 ≡ 0); in the axial vector case, despite of being more complicated, only the LCDAs Υ

(4)
Ai|n and Υ

(6)
Ai|n

occur. Since the on-shell constraint reduces the number of independent DAs by two, we suppose that in the
skew tensor case only two additional independent DAs may occur.

Independently, there occurs another possible set of trilocal vacuum-to-meson matrix elements and their cor-
responding LCDAs, denoted by Ω, which are related to the three-particle operators q̄(x̃)Fµν(ϑx̃)γ

µx̃νΓhv(0).
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According to their tensor structure they are analogously defined as the bilocal ones, Eqs. (3.5) – (3.7). There-
fore, we note only their form in terms of Mellin moments as follows:

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5hv(0)|B(v)〉 = ifBM(vx̃)

∞∑

n=0

(−iP x̃)n

n!
Ω

(4)
P |n(ϑ) , (3.15)

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5γαhv(0)|B(v)〉 = ifBM(vx̃)

∞∑

n=0

(−iP x̃)n

n!

×

{
vαΩ

(3)
A|n(ϑ)−

x̃α
2(vx̃)

n

n+ 1

[
Ω

(3)
A|n(ϑ)− Ω

(5)
A|n(ϑ)

]}
, (3.16)

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5iσαβhv(0)|B(v)〉 = 2 i fBM(vx̃)

∞∑

n=1

(−iP x̃)n

n!

v[αx̃β]

(vx̃)
Ω

(4)
T |n(ϑ) . (3.17)

Obviously, the matrix elements of equations (3.15) – (3.17) are related to those of equations (3.8) – (3.14)
by identities of Dirac matrices. In particular, these relations read

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5γαhv(0)|B(v)〉 = − 〈0|q̄(x̃)Fαν(ϑx̃)x̃

νγ5hv(0)|B(v)〉

+ gλµ〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5iσλαhv(0)|B(v)〉, (3.18)

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5hv(0)|B(P )〉 = − gλµ〈0|q̄(x̃)Fµν (ϑx̃)x̃

νγ5γλhv(0)|B(v)〉, (3.19)

〈0|q̄(x̃)Fµν(ϑx̃)γ
µx̃νγ5iσαβhv(0)|B(v)〉 =

(
gµαg

λ
β − gµβg

λ
α

)
〈0|q̄(x̃)Fµν(ϑx̃)x̃

νγ5γλhv(0)|B(v)〉

+ iǫµλαβ 〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγλhv(0)|B(v)〉. (3.20)

This leads to relations for the corresponding LCDAs which allows to express the Ω’s via the Υ’s. From
Eqs. (3.19) and (3.20) we receive the following two relations,

Ω
(4)
P |n(ϑ) ≡ 3Υ

(4)
A1|n(ϑ) + Υ

(4)
A2|n(ϑ) , (3.21)

Ω
(4)
T |n(ϑ) ≡ 2Υ

(4)
V |n(ϑ) + Υ

(4)
A1|n(ϑ) + Υ

(4)
A2|n(ϑ), (3.22)

corresponding to expressions Υ1 and Υ2 in Eq. (A.42). However, since we cannot manage the tensor of third

rank in Eq. (3.18), two further relations concerning Ω
(3)
A|n(ϑ) and Ω

(5)
A|n(ϑ) are missing.

The matrix elements containing Fµν(ϑx̃)v
µx̃ν follow immediately from the expressions (3.8) – (3.14) by

multiplication with vµ. Regarding this we should remark that, contrary to the expressions just derived, the
corresponding result has not the same structure as it would follow from the bilocal operator!

B. Twist decomposition: Nonlocal representation in terms of distribution amplitudes

From the local results, we yield the corresponding nonlocal representation by going back to integral
expressions. The fractions in n transform thereby to a second integral according to

1

n− r + 1
ψn =

∫ 1

0

du un
∫ 1

u

dw

w

(w
u

)r

ψ(w), (3.23)

Moreover, we have to respect that not all summations include the zeroth moment. Rewriting such sums by
the exponentials minus the missing moment we use the following formula:

∫ 1

0

du
(
e−iuPx̃ − 1

)
ψ(u) =

∫ 1

0

du e−iuPx̃

(
ψ(u)−

∫ 1

u

dw

w
δ
( u
w

)
ψ(w)

)
. (3.24)

We thereby yield expressions all multiplied by the same exponential which will be essential, later on, for
comparison with the distribution amplitudes of dynamical twist.
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The twist-decomposed two-particle distribution amplitudes read in the nonlocal representation

〈0|q̄(x̃)γ5hv(0)|B(v)〉 = ifBM

∫ 1

0

du ϕ
(3)
P (u) e−iuPx̃, (3.25)

〈0|q̄(x̃)γ5γαhv(0)|B(v)〉 = ifBM

∫ 1

0

du

{
vα ϕ

(2)
A (u)

−
x̃α

2(vx̃)

([
ϕ
(2)
A − ϕ

(4)
A

]
(u)−

∫ 1

u

dw

w

[
ϕ
(2)
A − ϕ

(4)
A

]
(w)

)}
e−iuPx̃, (3.26)

〈0|q̄(x̃)γ5iσαβhv(0)|B(v)〉 = 2 ifBM
v[αx̃β]
(vx̃)

∫ 1

0

du

(
ϕ
(3)
T (u)−

∫ 1

u

dw

w
δ
( u
w

)
ϕ
(3)
T (w)

)
e−iuPx̃. (3.27)

The corresponding nonlocal twist-decomposed three-particle distribution amplitudes are given by

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5hv(0)|B(v)〉 = ifBM x̃µ

∫ 1

0

DuiΥ
(5)
P (ui)e

−i(u1+ϑu2)Px̃, (3.28)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγ5γαhv(0)|B(v)〉 = ifBM

∫ 1

0

Dui

{
(vµx̃α − gµα(vx̃)) Υ

(4)
A1(ui)− x̃µvαΥ

(4)
A2(ui)

−
x̃µx̃α
2(vx̃)

([
Υ

(4)
A1 −Υ

(6)
A1 −Υ

4)
A2 +Υ

(6)
A2

]
(ui)

−

∫ 1

u1

dw

w

[
Υ

(4)
A1 −Υ

(6)
A1 −Υ

4)
A2 +Υ

(6)
A2

]
(w, u2)

)}
e−i(u1+ϑu2)Px̃, (3.29)

〈0|q̄(x̃)Fµν(ϑx̃)x̃
νγαhv(0)|B(v)〉 = − fBM ǫµακλ v

κx̃λ

×

∫ 1

0

Dui

(
Υ

(4)
V (ui) −

∫ 1

u1

dw

w
δ
(u1
w

)
Υ

(4)
V (w, u2)

)
e−i(u1+ϑu2)Px̃. (3.30)

The nonlocal DAs corresponding to the tensor case (3.17) are missing here.
Since, up to now, we did not apply the on-shell constraint the results (3.25) – (3.30) can be compared

to the well-known DAs for the π-meson [12]. Of course, up to mass factors which we did not consider, the
lowest twist DAs coincide. However, due to the factors n/(n+1) for the moments of higher twist, Wandzura-
Wilczek-like combinations and, due to missing zeroth moments analogous combinations occur. Furthermore,
as has been mentioned in the Introduction, the dynamical higher twist contributions are related to geometric
twist of the same as well as lower order.

IV. RELATIONS BETWEEN DISTRIBUTION AMPLITUDES OF GEOMETRIC AND

DYNAMICAL TWIST

This section is devoted to exhibit the relations between the DAs of definite dynamical twist on the one
hand and of definite geometric twist on the other hand. Thereby we get also relations among the DAs of
definite geometric twist due to the heavy quark limit. (Of course, these relations could have been obtained
by applying the on-shell constraint on the expressions (3.5), (3.6) and (3.7) in the bilocal case, and (3.9),
(3.11) and (3.13) in the trilocal case as well.) By construction, both types of DAs coincide at leading order
but, in general, differ at higher order.
First, let us present these relations for the two-particle DAs in terms of Mellin moments by comparing

expressions (2.15), (2.16) and (2.17) with expressions (3.5), (3.6) and (3.7), respectively:

Φ+|n = − ϕ
(2)
A|n,

1
2

(
Φ+|n − Φ−|n

)
= −

n

2(n+ 1)

(
ϕ
(2)
A|n − ϕ

(4)
A|n

)
, (4.1)

1
2

(
Φ+|n +Φ−|n

)
= − ϕ

(3)
P |n,

1
2

(
Φ+|n − Φ−|n

)
= ϕ

(3)
T |n. (4.2)

Equations (4.1) as well as (4.2) lead to independent relations for Φ±. Due to the on-shell constraint in the
heavy quark limit, the matrix elements of an axial vector operator is related to the matrix elements of a
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pseudoscalar and a tensor operator. Consequently, we find:

Φ+|n = − ϕ
(2)
A|n = ϕ

(3)
T |n − ϕ

(3)
P |n, (4.3)

Φ−|n = −
1

n+ 1

(
ϕ
(2)
A|n + nϕ

(4)
A|n

)
= −

(
ϕ
(3)
T |n + ϕ

(3)
P |n

)
. (4.4)

Due to these relations, it is sufficient to consider only either the axial vector operator or the pseudoscalar
and skew-tensor operator without losing information about the heavy quark Mellin moments Φ±|n. Also the

relations between the Mellin moments ϕ
(2)
A|n, ϕ

(4)
A|n, ϕ

(3)
P |n and ϕ

(3)
T |n – as well as their dependence on Φ±|n –

may be read off quite simply. Especially, one finds

0 = Φ+|0 − Φ−|0, (4.5)

ϕ
(4)
A|n = − Φ−|n +

1

n

(
Φ+|n − Φ−|n

)
, n ≥ 1, (4.6)

ϕ
(4)
A|0 = − Φ−|0 +

∫ 1

0

du lnu
(
Φ+(u)− Φ−(u)

)
, n = 0. (4.7)

Eq. (4.5) states Φ+|0 = Φ−|0, and consequently, with (4.1) and (4.2), we get ϕ
(3)
P |0 = ϕ

(2)
A|0 and ϕ

(3)
T |0 = 0.

Expression (4.7) is obtained by taking into account Eqs. (4.5) and (4.6) and using l’Hospitals rule.
By making use of Eq. (2.12), we are able to obtain the corresponding nonlocal expressions as follows:

Φ+(u) = − ϕ
(2)
A (u) = ϕ

(3)
T (u)− ϕ

(3)
P (u), (4.8)

Φ−(u) = − ϕ
(4)
A (u)−

∫ 1

u

dw

w

(
ϕ
(2)
A (w)− ϕ

(4)
A (w)

)
= −

(
ϕ
(3)
T (u) + ϕ

(3)
P (u)

)
. (4.9)

The last relation looks like a (geometric) Wandzura-Wilczek relation but with missing non-integrated leading-

twist term or, stated otherwise, the difference Φ+ − Φ− is a pure WW-term in the difference ϕ
(2)
A − ϕ

(4)
A ,

Φ+(u)− Φ−(u) = −
(
ϕ
(2)
A (u)− ϕ

(4)
A (u)

)
+

∫ 1

u

dw

w

(
ϕ
(2)
A (w) − ϕ

(4)
A (w)

)
. (4.10)

Equivalently, from the vanishing of their zeroth moments we get some Burkhardt-Cottingham-like sum rules:

∫ 1

0

du Φ−(u) =

∫ 1

0

du Φ+(u) , (4.11)

∫ 1

0

du ϕ
(2)
A (u) =

∫ 1

0

du ϕ
(3)
P (u) ,

∫ 1

0

du ϕ
(3)
T (u) = 0 . (4.12)

The representation of the DAs of geometric twist by those of dynamic twist reads (omitting trivial ones),

ϕ
(3)
P (u) = −

1
2

(
Φ+(u) + Φ−(u)

)
, (4.13)

ϕ
(3)
T (u) =

1
2

(
Φ+(u)− Φ−(u)

)
, (4.14)

ϕ
(4)
A (u) = − Φ−(u) +

1

u

∫ 1

u

dw
(
Φ+(w) − Φ−(w)

)
. (4.15)

Integrating both sides of (4.15) over the range 0 ≤ u ≤ 1 and observing (4.11) the result (4.7) is re-obtained.
Now, let us present the relations between three-particle DAs of definite dynamical and geometric twist in

terms of double Mellin moments by comparing expressions (2.18), (2.19) and (2.21) with expressions (3.9),
(3.11) and (3.13), respectively. In case of the third order tensor structure we have no projection operator as
required in the expression (3.14) at our disposal. Therefore we are unable to present the full set of relations
between DAs of dynamical and of geometric twist. But, according to the definition of the DAs of geometric

twist we know at least that relation which results from the identity, δ
(µ′

(µ δ
[α′)
[α) δ

β′]
β] , of the projection operator

P̃
(τ)(µ′[α′)β′]
(µ[α)β]|n , which has to be compared with the corresponding expression in Eq. (2.20).
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Thereby, we finally obtain the following relations:

ΨV |n(ϑ) = Υ
(4)
V |n(ϑ) , (4.16)

ΨA|n(ϑ) = Υ
(4)
A1|n(ϑ) = Υ

(4)
V |n(ϑ) + Υ

(5)
T |n(ϑ) , (4.17)

XA|n(ϑ) = Υ
(4)
A2|n(ϑ) = −Υ

(5)
P |n(ϑ) +

n
2(n+1)

[
Υ

(4)
A2|n −Υ

(4)
A1|n −Υ

(6)
A2|n +Υ

(6)
A1|n

]
(ϑ) , (4.18)

YA|n(ϑ) = Υ
(4)
A2|n(ϑ) + Υ

(5)
P |n(ϑ) =

n
2(n+1)

[
Υ

(4)
A2|n −Υ

(4)
A1|n −Υ

(6)
A2|n +Υ

(6)
A1|n

]
(ϑ) . (4.19)

Looking at Eq. (2.20) we observe that at most two relations connecting ΨV |n(ϑ) and YA|n(ϑ) with some higher

twist contributions Υ
(τ)
T |n(ϑ), τ ≥ 5, are missing. Inverting Eqs. (4.16) – (4.19) the LCDAs of geometric twist

are simply expressed in terms of LCDAs of dynamical twist. Thereby, only relations (4.18) and (4.19) are
nontrivial leading in the same manner as for the inversion of relation (4.4) to vanishing zeroth moments:

1
2

(
Υ

(6)
A1|n(ϑ) −Υ

(6)
A2|n(ϑ)

)
=

1
2

(
ΨA|n(ϑ)−XA|n(ϑ)

)
+
n+1
n YA|n(ϑ), n ≥ 1. (4.20)

The nonlocal expressions are again obtained by re-converting the double moments to integral expressions.
Thereby, we use (2.14) to get the following nonlocal expressions

ΨV (ui) = Υ
(4)
V (ui), (4.21)

ΨA(ui) = Υ
(4)
A1(ui) = Υ

(4)
V (ui) + Υ

(5)
T (ui) , (4.22)

XA(ui) = Υ
(4)
A2(ui) = YA(ui)−Υ

(5)
P (ui) , (4.23)

YA(ui) = Υ
(4)
A2(ui) + Υ

(5)
P (ui) = −

1
2

[
Υ

(4)
A2|n −Υ

(4)
A1|n −Υ

(6)
A2|n +Υ

(6)
A1|n

]
(ui)

+
1
2

∫ 1

u1

dw

w

[
Υ

(4)
A2|n −Υ

(4)
A1|n −Υ

(6)
A2|n +Υ

(6)
A1|n

]
(w, u2) , (4.24)

with YA(ui) being a pure WW-term. Omitting the trivial relations, the inversions read,

1
2

(
Υ

(6)
A1(ui)−Υ

(6)
A2(ui)

)
=

1
2

(
ΨA(ui)−XA(ui)

)
+ YA(ui) +

∫ 1

u1

dw

u1
YA(w, u2), (4.25)

Υ
(5)
P (ui) = YA(ui)−XA(ui), (4.26)

Υ
(5)
T (ui) = ΨA(ui)−ΨV (ui). (4.27)

In the same manner as for the bilocal case we obtain Burkhardt-Cottingham-like sum rules,
∫ 1

0

Dui YA(ui) = 0 ,

∫ 1

0

Dui

(
Υ

(4)
A2(ui) + Υ

(5)
P (ui)

)
= 0 . (4.28)

In addition, due to vanishing of Ω
(4)
T |0(ϑ) = 2Υ

(4)
V |0(ϑ) + Υ

(4)
A1|0(ϑ) + Υ

(4)
A2|0(ϑ) and Υ

(4)
V |0(ϑ), we get

∫ 1

0

Dui Υ
(4)
V (ui) = 0 ,

∫ 1

0

Dui Ω
(4)
T (ui) = 0 ,

∫ 1

0

Dui

(
Υ

(4)
A1(ui) + Υ

(4)
A2(ui)

)
= 0 ; (4.29)

the last relation is consistent with expressions (3.10) and (3.11). From these relations we obtain
∫ 1

0

Dui ΨV (ui) = 0 ,

∫ 1

0

Dui

(
ΨA(ui) +XA(ui)

)
= 0 . (4.30)

Furthermore, in complete analogy to (4.7), from relation (4.20) together with (4.28) and (4.30) we get,

1

2

∫ 1

0

Dui

(
Υ

(6)
A1(ui)−Υ

(6)
A2(ui)

)
=

∫ 1

0

DuiΨA(ui) +

∫ 1

0

Dui lnu1 YA(u1, u2). (4.31)

For the remaining LCDAs Ω
(4)
P (ui),Ω

(3)
A (ui) and Ω

(5)
A (ui), because of their similarity with the bilocal

LCDAs, one gets relations analogous to Eqs. (4.1) – (4.15) with the ϕ’s replaced by Ω’s (at higher twist).
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V. CONCLUSION

Two- and three-particle LCDAs of definite geometric twist have been introduced and discussed in the case
of B-mesons. Comparing them with the corresponding LCDAs of dynamical twist [17] we were able to derive
relations between these different types of DAs as well as those relations which are due to the heavy quark
limit halving the number of independent DAs. Some of these new relations, especially those for Φ+−Φ− and
YA are of pure Wandzura-Wilczek type. In addition, since some zeroth Mellin moments vanish various sum
rules of Burkhardt-Cottingham type appeared. Concerning conventional LCDAs, this are the expressions
(4.11), (4.28) and (4.30) which, to our knowledge, up to now have not been considered in the literature.
In principle, applying the heavy quark symmetry analogous relations for heavy vector mesons could be

obtained. However, these relations would be more complicated than those considered here. Concerning
the two-particle LCDAs they could be obtained from the already known relations between geometric and
dynamic twist for the ρ-meson [34] by applying the on-shell constraint.
The derivation of these new DAs makes use of projection operators onto local light-cone operators of

definite twist, sandwiched between vacuum-to-meson matrix elements. Therefore, it was necessary to work
with (double) Mellin moments and re-sum afterwards into nonlocal LCDAs. The twist-decomposed three-
particle LCDAs for third rank tensors are missing since the corresponding twist projectors were not available.
The projection operators onto local operators of definite twist, given here on the light-cone, are also known

off the light-cone [30]. This opens the possibility to consider, at least in principle, mass corrections analogous
to an earlier study for ρ-meson DAs [32]. Of course, such corrections will interfere with and, therefore,
supplement the mass expansion in HQET. Concerning B-mesons such corrections could be obtained, at least
partly, from an earlier consideration of π-meson DAs by Lazar ([28], p. 68).
We expect that the discussion of the relations between LCDAs of dynamic and geometric twist improves

the understanding of B-mesons. In addition, since the LCDAs of geometric twist behave well-defined under
renormalization, this approach may help to extend the study of renormalization properties of leading twist
LCDA Φ+(u) [19] also to the non-leading Φ−(u) and three-particle ones.
In a subsequent paper, we are going to establish relations between two- and three-particle DAs forced by

the equation of motion. In order to do so the knowledge of two-particle DAs off the light-cone is required.
A first step in that direction has been made in Appendix A where the parametrization of vacuum-to-meson
matrix elements is considered off-cone.

Acknowledgments

The authors are grateful to J. Eilers for many useful discussions and hints, the introduction to the calcu-
lation via FORM and for providing them with the local twist projection operators in the compact notation.

APPENDIX A: DERIVATION OF INDEPENDENT DISTRIBUTION AMPLITUDES OF

DYNAMICAL TWIST IN THE HEAVY QUARK LIMIT

In this Appendix we derive, in the heavy quark limit, the linearly independent kinematic structures –
together with Lorentz invariant DAs in x-space – which are compatible with the tensor structure of the
various bi- and tri-local light-ray operators when sandwiched between vacuum and B-meson state. Thereby,
for the sake of convenience, all the Dirac structures (1.5) are taken into account, considering γ5iσαβ and its
dual iσαβ = (−i/2)ǫαβκλγ5iσ

κλ on equal footing. Due to the on-shell constraint (1.3) and because of the
well-known relations on Dirac matrices we are enabled to derive all these parametrizations from a single
general ansatz. By flavor symmetry, that parametrization is valid for any heavy meson. In addition, since
in HQET spin symmetry relates pseudoscalar and vector mesons, a single ansatz is sufficient for both.
Furthermore, the general structure of matrix elements for bilocal operators 〈0|q̄(x)Γhv(0)|B(v)〉 may be

obtained from the trilocal operators 〈0|q̄(x)Fµν (ϑx)Γhv(0)|B(v)〉 by multiplying it with vµxν/(vx), ignoring
the dependence on ϑx and renaming the obtained DAs. Of course, also matrix elements built with the dual
field strength can be obtained this way. The consideration of trilocal operators is necessary for the study
of Wandzura-Wilczek relations in the framework of dynamical twist. For the same reason it is necessary
to know as much as possible about the kinematic structure and the DAs off the light-cone. Therefore, we
restrict our consideration to the light-cone only at the end.
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Let us begin with the trilocal operators. In order to be able to apply the on-shell constraint (1.3) we choose
to parametrize the following matrix element:

〈0|q̄(x)Fµν (ϑx)γ5γρiσαβhv(0)|B(v)〉 ≡ (ifBM) 〈Fµνγ5γρiσαβ〉.

Here and in the following, matrix elements are simply represented by the different parts of their operators,
also omitting the various variables. The most general ansatz for the independent kinematic structures which
can be built for a tensor of rank five with two pairs of antisymmetric indices reads

〈Fµνγ5γρiσαβ〉 = gα[µ gν]β gρσ Z
σ
1 + gσ[µ gν][α gβ]ρZ

σ
2 + gσ[α gβ][µ gν]ρ Z

σ
3

+
v[µxν]

vx
gρ[α gβ]σ Z

σ
4 +

v[αxβ]

vx
gρ[µ gν]σ Z

σ
5 +

v[µxν] v[αxβ]

(vx)2
gρσ Z

σ
10

+ gκ[µ gν]τ gλ[α gβ]
τ gρσ

(
vκvλ

v2
Zσ
6 +

vκxλ

vx
Zσ
7 +

xκvλ

vx
Zσ
8 +

v2xκxλ

(vx)2
Zσ
9

)
, (A.1)

where Zσ
i := vσXi + (xσ/vx)Yi, i = 1, . . . , 10, with Xi = Xi(vx, v

2, x2;ϑ) and Yi = Yi(vx, v
2, x2;ϑ) are

altogether twenty linearly independent, Lorentz-invariant three-particle amplitudes of equal dimension and
parity; furthermore, in this Appendix, the bracket notation (2.5) is used without the factor 1/2.
Due to the on-shell constraint (1.3) and the well-known identities of gamma matrices, the various matrix

elements for different Dirac structures can be related to (A.1). In particular, it holds

〈Fµνγρiσαβ〉 = (i/2) ǫαβστ 〈Fµνγ5γρiσ
στ 〉, (A.2)

〈Fµνγ5γα〉 = (i/6) ǫαρστ 〈Fµνγ
ρiσστ 〉, (A.3)

〈Fµνγ5〉 = vα〈Fµνγ5γα〉, (A.4)

〈Fµνγ5iσαβ〉 = vρ〈Fµνγ5γρiσαβ〉+ 2 (vα〈Fµνγ5γβ〉 − vβ〈Fµνγ5γα〉) , (A.5)

〈Fµνγα〉 = (i/6) ǫαρστ 〈Fµνγ5γ
ρiσστ 〉, (A.6)

〈Fµν 〉 = vα〈Fµνγα〉, (A.7)

〈Fµν iσαβ〉 = vρ〈Fµνγρiσαβ〉+ 2 (vα〈Fµνγβ〉 − vβ〈Fµνγα〉) . (A.8)

Relation (A.2) avoids the introduction of dual amplitudes and by equations (A.3) – (A.8) the parametrizations
for all the basic Dirac structures (1.5) can be derived from the general ansatz (A.1).
Up to now, these parametrizations do not respect those dependencies due to the identities for the gamma

matrices. In fact, it suffices to require the Chisholm identity,

γµγνγα =
(
gµνgαβ − gµαgνβ + gµβgνα

)
γβ + iǫµναβγ5γβ ,

for the LHS of (A.1),

〈Fµνγ5γρiσαβ〉 = gβρ〈Fµνγ5γα〉 − gαρ〈Fµνγ5γβ〉 − iǫραβσ〈Fµνγ
σ〉 . (A.9)

This requirement results in a linear system of algebraic equations for the DAs Xi, Yi with unique solution:

X3 = X1; Y3 = Y1; Y6 = −X7 = X5, Y8 = −X9 = Y5,

X6 = Y7 = X8 = Y9 = X10 = Y10 = 0; (A.10)

whereas the remaining eight DAs X1, Y1, X2, Y2, X4, Y4, X5, Y5 are independent ones.
Applying these restrictions to (A.1), computing (A.2) and the six matrix elements (A.3) – (A.8) one gets:

〈Fµνγ5〉 = − v[µgν]σZ
σ
2 −

1

vx
v[µxν]vσZ

σ
4 (A.11)

〈Fµνγ5γα〉 = − gα[µgν]σZ
σ
2 −

1

vx
v[µxν]gασZ

σ
4 (A.12)

〈Fµνγ5iσαβ〉 = vρǫραβτ ǫ
τ
µνσ Z

σ
1 − v[αgβ][µgν]σ Z

σ
2

−
1

vx
v[µxν]v[αgβ]σ Z

σ
4 +

1

vx
vκxλvρǫραβτ ǫ

τ
κλ[µgν]σ Z

σ
5 (A.13)

〈Fµνγ5γρiσαβ〉 = ǫραβτ ǫ
τ
µνσ Z

σ
1 + gρ[αgβ][µgν]σ Z

σ
2

+
1

vx
v[µxν]gρ[αgβ]σ Z

σ
4 +

1

vx
vκxλǫραβτ ǫ

τ
κλ[µgν]σ Z

σ
5 (A.14)
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〈Fµνγρiσαβ〉 = − gρ[αiǫβ]µνσ Z
σ
1 + iǫραβ[µgν]σ Z

σ
2

+
1

vx
v[µxν]iǫραβσ Z

σ
4 −

1

vx
vκxλgρ[αiǫβ]κλ[µgν]σ Z

σ
5 (A.15)

〈Fµν iσαβ〉 = v[αiǫβ]µνσ Z
σ
1 + ivρǫραβ[µgν]σ Z

σ
2

+
1

vx
v[µxν]iv

ρǫραβσ Z
σ
4 +

1

vx
vκxλiv[αǫβ]κλ[µgν]σ Z

σ
5 (A.16)

〈Fµνγα〉 = iǫµνασZ
σ
1 +

1

vx
igσ[µǫν]ακλv

κxλZσ
5 (A.17)

〈Fµν 〉 = iǫµνρσv
ρZσ

1 , (A.18)

i.e., one gets eight independent distribution amplitudes. Since v is dimensionless, all the matrix elements
are of (mass) dimension M3 – two dimensions are due to Fµν and one due to the bound state and, therefore,
the structure functions are ∼ M2. Furthermore, concerning dynamical twist, the DAs Yi are subleading in
comparison with the DAs Xi.
Now, let us truncate expressions (A.11) – (A.18) with xν . Thereby, Y1 disappears and, effectively, only

the following four combinations remain as independent ones (Ω ≡ v2x2/(vx)2):

ΨV = X1 −X5 − ΩY5, ΨA = X2 − ΩY4, XA = −X4, YA = Y2 + Y4 . (A.19)

As result we obtain:

〈Fµνx
νγ5〉 =

(
xµ −

x2

vx
vµ

)(
YA −XA

)
(A.20)

〈Fµνx
νγ5γα〉 =

(
vµxα − (vx)gµα

)
ΨA +

1

vx

(
xµxα − x2gµα

)
YA −

(
xµ −

x2

vx
vµ

)
vαXA (A.21)

〈Fµνx
νγ5iσαβ〉 =

(
vµx[α − (vx)gµ[α

)
vβ]

(
ΨV −ΨA

)
−

1

vx
(xµx[α − x2gµ[α

)
vβ] YA + gµ[αxβ] ΨV (A.22)

〈Fµνx
νγ5γρiσαβ〉 = gρ[αgβ]λ

(
xλvµ − (vx)gλµ

)
ΨA + gρ[αgβ]λ

(
xλxµ − x2gλµ

) 1

vx
YA

−ǫραβτ ǫ
τ
µκλv

κxλ ΨV − gρ[αgβ]κv
κ
(
xµ −

x2

vx
vµ

)
XA (A.23)

〈Fµνx
νγρiσαβ〉 = − iǫραβλ

(
xλvµ − (vx)gλµ

)
ΨA − iǫραβλ

(
xλxµ − x2gλµ

) 1

vx
YA

+igρ[αǫβ]µκλv
κxλ ΨV + iǫραβκv

κ
(
xµ −

x2

vx
vµ

)
XA (A.24)

〈Fµνx
ν iσαβ〉 = iǫαβκλv

κ
[(
xλvµ − (vx)gλµ

)(
ΨV −ΨA

)
+
xλxµ − x2gλµ

vx
YA

]
− iǫµαβλx

λ ΨV (A.25)

〈Fµνx
νγα〉 = iǫµακλv

κxλ ΨV (A.26)

〈Fµνx
ν〉 = 0 (A.27)

Obviously, according to the antisymmetry of Fµν , after a further truncation with xµ, any expression vanishes.
In the course of the computation we have used

iǫαβκλv
κ
(
xλvµ − gλµ(vx)

)
− iǫµλαβx

λv2 = − iǫαβκλ

(
gκµg

λ
ν g

ρ
σ + gκν g

λ
σg

ρ
µ + gκσg

λ
µg

ρ
ν

)
xνvρv

σ ,

(
vµx[α − (vx)gµ[α

)
vβ] + v2gµ[αxβ] = gα[κgλ]β

(
gκµg

λ
ν g

ρ
σ + gκν g

λ
σg

ρ
µ + gκσg

λ
µg

ρ
ν

)
xνvρv

σ ,

together with the well-known relations concerning products of ǫ-tensors and its contractions, especially,

ǫραβτ ǫ
τ
µνσ = gρσgα[µgν]β + gρ[µgν] [αgβ]σ .
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Now, truncating also with vµ the matrix elements (A.20) – (A.26) simplify considerably:

〈Fµνx
νvµγ5〉 = − (vx) (1 − Ω)Φ2 , (A.28)

〈Fµνx
νvµγ5γα〉 = xα Φ1 − vα(vx)

[
Φ1 + (1− Ω)Φ2

]
, (A.29)

〈Fµνx
νvµγ5iσαβ〉 = (vαxβ − vβxα)Φ1 = − (i/2) ǫαβκλ 〈Fµνx

νvµiσκλ〉 , (A.30)

〈Fµνx
νvµγα〉 = 0 = 〈Fµνx

νvµ〉 , (A.31)

with Φ1 = ΨA + YA, Φ2 = XA − YA; truncating with gµα, we obtain

〈Fµνx
νγµγ5〉 = (vx)

(
Υ2 +ΩΥ3

)
, (A.32)

〈Fµνx
νγµγ5γα〉 = xα Υ1 − vα(vx)

[
Υ1 − (Υ2 +ΩΥ3)

]
, (A.33)

〈Fµνx
νγµγ5iσαβ〉 = (vαxβ − vβxα)Υ1 = − (i/2) ǫαβκλ 〈Fµνx

νγµiσκλ〉 , (A.34)

〈Fµνx
νγµγα〉 = 0 = 〈Fµνx

νγµ〉 , (A.35)

with Υ1 = 2ΨV +ΨA +XA, Υ2 = 3ΨA +XA, Υ3 = 3YA −XA.
Despite of the different definitions of the DAs Φi, i = 1, 2 and Υi, i = 1, 2, 3, we observe a striking similarity

in the structure of the two kinds of matrix elements (A.28) – (A.30) and (A.32) – (A.34).
Let us now consider the case of bilocal operators. The matrix elements 〈Γ〉 can be read off from the

relations (A.28) – (A.31), taking advantage of the similar tensor structures and assuming the two-particle
DAs not to depend on ϑ. After division by vx one gets

〈γ5〉 = −
(
Φ+ +Φ−

)
/2 , (A.36)

〈γ5γα〉 = − vαΦ+ +
xα

2(vx)

(
Φ+ − Φ−

)
, (A.37)

〈γ5iσαβ〉 =
vαxβ − vβxα

2(vx)

(
Φ+ − Φ−

)
= − (i/2) ǫαβκλ 〈iσ

κλ〉 , (A.38)

〈γα〉 = 0 = 〈1〉 , (A.39)

where, for the sake of convenience, we introduced Φ±(vx, v
2, x2) =

(
(1 − Ω)Φ2 ± Φ1

)
(vx, v2, x2), i.e., the

additional x2-dependence from Ω = v2x2/(vx)2 has been included into the definition of the new DAs.
Now, let us restrict onto the light-cone, x2 → x̃2 = 0. Then the linearly independent LCDAs, which do not

depend on x2, will be written with a “hat”, i.e., X̂(vx̃;ϑ), Ŷ (vx̃;ϑ), and so on. The kinematical coefficients
of relations (A.20) – (A.27) are shortened, and the distribution amplitudes are reduced as follows:

Ψ̂V = X̂1 − X̂5, Ψ̂A = X̂2, X̂A = −X̂4, ŶA = Ŷ2 + Ŷ4 , (A.40)

Φ̂1 = Ψ̂A + ŶA, Φ̂2 = X̂A − ŶA , (A.41)

Υ̂1 = 2Ψ̂V + Ψ̂A + X̂A, Υ̂2 = 3Ψ̂A + X̂A, Υ̂3 = 3ŶA − X̂A , (A.42)

Φ̂+ = X̂2 − X̂4, Φ̂− = X̂2 + X̂4 + 2(Ŷ2 + Ŷ4) . (A.43)

Making use of these conventions and the restriction to the LC, the above derived representations of the
various matrix elements completely coincide with those obtained by Kawamura et al. [17] using the trace
formalism, cf. Eqs. (2.7) – (2.10) and (2.2) – (2.4) in the trilocal and bilocal case, respectively (cf. Subsection
II). Hence, we named the invariant DAs already in accordance with that Reference.

APPENDIX B: ON-CONE PROJECTION OPERATORS ONTO GEOMETRIC TWIST

In Sect. III we made use of (local) projections onto LC tensor operators of well-defined geometric twist.
The general procedure of decomposing non-localQCD tensor operators, either on-cone or off-cone, into a sum
of such operators having definite geometric twist has been developed in a series of papers [26, 27, 28, 29, 30].
There, it has been shown that this twist decomposition crucially depends on the tensorial structure of
the operator under consideration and that it can be obtained by using appropriate projection operators.
That procedure makes use of the representation of non-local tensor operators into a series of local ones and
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the decomposition of local tensor operators w.r.t. irreducible representations of the Lorentz group. The
procedure simplifies if light cone operators are under consideration. Since local and nonlocal LC expansion
are related mutually we can freely choose if we calculate the twist decomposition in the local or the nonlocal
representation.
The local LC tensors which are to be decomposed into tensors of definite twist are given, according to the

representations (3.4), by K
[s]a
{σ′}(v, x̃) (P x̃)

n. In the following they are denoted as

Nn(x), Oα|n(x), M[αβ]|n(x), M(αβ)|n(x). (B.1)

in the (pseudo)scalar, (axial) vector, antisymmetric and symmetric tensor case, respectively. Below, we
present the corresponding local LC projection operators. The LC projection operators for tensors of third
rank are available only in the totally symmetric case, but this is of no relevance here.
The most compact representation of the LC projections makes use of the ‘interior’ derivative [38] acting

on the light-cone,

d̃α =
{
(1 + (x∂))∂α − 1

2xα✷
} ∣∣∣

x=x̃
, (B.2)

which, together with x̃α, X := 1 + (x∂) and Xαβ := x̃β∂α − x̃α∂β spans the conformal algebra so(4, 2). In
that order, these operators are the generators of special conformal transformations, translations, dilations
and rotations, respectively. Especially, it holds

[d̃α, x̃β ] = gαβX +Xαβ , (B.3)

[X, x̃α] = x̃α, [Xαβ , x̃µ] = gµαx̃β − gµβ x̃α, (B.4)

[X, d̃α] = − d̃α, [Xαβ , d̃µ] = gµαd̃β − gµβd̃α . (B.5)

From this it follows

(X − 1) d̃[αx̃β] = − (X + 1) x̃[αd̃β] , (B.6)

d̃(αx̃β) = x̃(αd̃β) +Xgαβ . (B.7)

The various LCDAs of definite geometric twist as well as their moments are labeled by τ = τ0 + r [29].
Thereby, τ0 is that part of the twist which corresponds (or would correspond) to the totally symmetric tensor
operator, and r = 0, 1, . . . , labels higher order contributions due to the actual symmetry type characterizing
the irreducible representations of the orthochronous Lorentz group which appear in the decomposition of the
light-cone operators. In fact, for the operators ψ̄1(x̃)Γψ2(0) with Γ = 1, γα, iσαβ we obtain τ0 = 3, 2, 1 + 1,
respectively, namely, if the minimal twist ofM(αβ) is τ0 then the minimal twist ofM[αβ] is τ0+1. In principle,
there may occur different LCDAs of the same twist τ accompanying equal kinematical structures. This takes
place for tensors of higher rank but will not be made explicit here, i.e., only their sum will be given.
Now, we state all generic non-vanishing local on-cone operators of definite geometric twist up to tensors

of second rank [30, 31]:

N (τ0)
n (x̃) = Nn(x̃) (B.8)

O
(τ0+0)
α|n (x̃) =

1
(n+1)2 d̃αx̃

µOµ|n(x̃), (B.9)

O
(τ0+1)
α|n (x̃) =

(
δµα −

1
(n+1)2

(
d̃αx̃

µ + x̃αd̃
µ
))

Oµ|n(x̃), (B.10)

O
(τ0+2)
α|n (x̃) =

1
(n+1)2 x̃αd̃

µOµ|n(x̃), (n ≥ 1), (B.11)

M
(τ0+1)
[αβ]n (x̃) = −

2
(n+1)(n+2) d̃[α

(
δ
[µ
β] −

1
(n+2)2

(
d̃β]x̃

[µ + x̃β]d̃
[µ
))

x̃ν]M[µν]|n(x̃), (B.12)

M
(τ0+2)
[αβ]|n (x̃) =

(
δ
[µ
[αδ

ν]
β] −

4
n3(n+2) x̃[αd̃β]x̃

[µ
d̃
ν]

+
2

(n+1)(n+2) d̃[αδ
[µ
β] x̃

ν] +
2

n(n+1) x̃[αδ
[µ
β]d̃

ν]
)
M[µν]|n(x̃), (n ≥ 1), (B.13)

M
(τ0+3)
[αβ]|n (x̃) = −

2
n(n+1)

x̃[α

(
δ
[µ
β] −

1
n2

(
d̃β]x̃

[µ + x̃β]d̃
[µ
))

d̃
ν]M[µν]|n(x̃), (n ≥ 1), (B.14)
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M
(τ0+0)
(αβ)|n (x̃) =

1
(n+1)2(n+2)2 d̃αd̃β x̃

µx̃νM(µν)|n(x̃), (B.15)

M
(τ0+1)
(αβ)|n (x̃) =

2
n(n+1) d̃(α

(
δ
(µ
β) −

1
(n+2)2

(
d̃β)x̃

(µ + x̃β)d̃
(µ
))

x̃ν)M(µν)|n(x̃), (n ≥ 1), (B.16)

M
(τ0+2)
(αβ)|n (x̃) =

{
δ
(µ
(αδ

ν)
β) +

1
n(n+1)2(n+2)

(
d̃αd̃β x̃

µx̃ν + x̃αx̃βd̃
µ
d̃
ν
)
−

2
n(n+1) d̃(αδ

(µ
β)x̃

ν)

−
2

(n+1)(n+2) x̃(αδ
(µ
β)d̃

ν) +
4

n2(n+2)2 x̃(αd̃β)x̃
(µ
d̃
ν) +

2
n(n+2)2 x̃(αd̃β)δ

µν

+
2

n(n+2)2 δαβx̃
(µ
d̃
ν) +

n+1
n(n+2)2 δαβδ

µν

}
M(µν)|n(x̃), (n ≥ 1), (B.17)

M
(τ0+3)
(αβ)|n (x̃) =

2
(n+1)(n+2) x̃(α

(
δ
(µ
β) −

1
n2

(
d̃β)x̃

(µ + x̃β)d̃
(µ
))

d̃
ν)M(µν)|n(x̃), (n ≥ 1), (B.18)

M
(τ0+4)
(αβ)|n (x̃) =

1
n2(n+1)2 x̃αx̃βd̃

µ
d̃
νM(µν)|n(x̃), (n ≥ 2). (B.19)

Let us remark that the restrictions in n, appearing in Eqs. (B.13) and (B.14) as well as Eqs. (B.16) – (B.19)
are automatically fulfilled due to the definitions of these expressions, i.e., the zeroth and first moments,
respectively, vanish by construction. Furthermore, the second term in the RHS of Eq. (B.12) and the last
term of Eq. (B.14) vanish – they are written only because of analogous terms in case of the symmetric

tensor. Finally, we should mention that M
(τ0+2)
[αβ]|n (x̃) contains two and M

(τ0+2)
(αβ)|n (x̃) contains five independent

components corresponding to irreducible representations of the Lorentz group which, in principle, could be
accompanied by independent DAs. But in that paper we associate only one and the same with them. Any
other expression corresponds only to a single irreducible representation.
Obviously, these operators of definite twist are obtained by applying the corresponding projection operators

P̃
(τ)
n , P̃

(τ)µ
α|n , P̃

(τ)[µν]
[αβ]|n , P̃

(τ)(µν)
(αβ)|n (including the fractions in n) on the undecomposed operators:

N (τ)
n (x̃) =

(
P̃(τ)
n Nn

)
(x̃), (B.20)

O
(τ)
α|n(x̃) =

(
P̃

(τ)µ
α|n Oµ|n

)
(x̃), (B.21)

M
(τ)
[αβ]|n(x̃) =

(
P̃

(τ)[µν]
[αβ]|n M[µν]|n

)
(x̃), (B.22)

M
(τ)
(αβ)|n(x̃) =

(
P̃

(τ)(µν)
(αβ)|n M(µν)|n

)
(x̃). (B.23)

In addition, they obey the common property of projections:

(
P̃(τ) × P̃(τ ′)

)Γ′n′

Γn
= δττ

′

P̃
(τ)Γ′n′

Γn , (B.24)
τmax∑

τ=τmin

P̃(τ) = 1 (B.25)

In order to prove these properties the conformal algebra and the relations (B.6) and (B.7) have to be used.

[1] B. Grinstein, Nucl. Phys. B 339 (1990) 253,
H. Georgi, Phys. Lett. 240B (1990) 447.

[2] A.F. Falk, H. Georgi, B. Grinstein, and M.B. Wise, Nucl. Phys. B 343 (1990) 1.
[3] M. Neubert, Phys. Rep. 245 (1994) 259,

T. Mannel, J. Phys. G, Nucl. Part. Phys. 21 (1994) 1007,
A.V. Manohar and M.B. Wise, Heavy Quark Physics, Cambridge University Press, Cambridge 2000,
A.G. Grozin, Heavy Quark Effective Theory, Springer Tracts Mod. Phys. 201, Berlin, Heidelberg 2004.

[4] M. Bauer, B. Stech and M. Wirbel, Z. Phys. C 29 (1985) 637, Z. Phys. C 34 (1987) 103.
[5] M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, Phys. Rev. Lett. 83 (1999) 1914, Nucl. Phys. B 591

(2000) 313.
[6] M. Beneke and T. Feldmann, Nucl. Phys. B 592 (2001) 3.

17



[7] M. Beneke, T. Feldmann und D. Seidel, Nucl. Phys. B 612 (2001) 25;
M. Beneke, A.P. Chapovsky, M. Diehl, and T. Feldmann, Nucl. Phys. B 643 (2002) 431;
M. Beneke and M. Neubert, Nucl. Phys. B 651 (2003) 225, Nucl. Phys. B 675 (2003) 333;
M. Beneke and T. Feldmann, Nucl. Phys. B 685 (2004) 249;
G. Buchalla, Int. J. Mod. Phys. A 19 (2004) 1017.

[8] C.W. Bauer, S. Fleming, and M.E. Luke, Phys. Rev. D 63 (2001) 014006,
C.W. Bauer, S. Fleming, D. Pirjol, and M.E. Luke, Phys. Rev. D 63 (2001) 114020,
C.W. Bauer and I.W. Stewart, Phys. Lett. B 516 (2001) 134,
C.W. Bauer, D. Pirjol, and I.W. Stewart, Phys. Rev. Lett. 87 (2001) 201806, Phys. Rev. D 65 (2002) 054022.

[9] C.W. Bauer, D. Pirjol, I.Z. Rothstein and I.W. Stewart, Phys. Rev. D 70 (2004) 054015,
M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, Comment on ”B → M(1)M(2): Factorization,

charming penguins, strong phases, and polarization”, hep-ph/0411171.
[10] Y.-Y. Keum, H.-N. Li and A.I. Sanda, Phys. Lett. B 504 (2001) 6, Phys. Rev. D 63 (2001) 074006;

C.-H. Chen, Y.-Y. Keum, and H.-N. Li, Phys. Rev. D 64 (2001) 112002,
Y.-Y. Keum and H.-N. Li, Phys. Rev. D 63 (2001) 054008,
H.Y. Cheng, Y.-Y. Keum, and K.-C. Yang, Phys. Rev. D 65 (2002) 094023,
Y.-Y. Keum and A.I. Sanda, Phys. Rev. D 67 (2003) 054009.

[11] V.L. Chernyak and A.R. Zhitnitsky, Nucl. Phys. B 201 (1982) 492, 246 (1984) 52, Phys. Rep. 112 (1984) 173.
[12] V.M. Braun and I.E. Filyanov, Z. Phys. C 44 (1989) 157, Z. Phys. C 48 (1990) 239;

P. Ball, JHEP 9901 (1999) 010.
[13] P. Ball and V.M. Braun, Phys. Rev. D 54 (1996) 2182.
[14] P. Ball, V.M. Braun, Y. Koike and K. Tanaka, Nucl. Phys. B 529 (1998) 323;

P. Ball and V.M. Braun, Nucl. Phys. B 543 (1999) 201.
[15] A. G. Grozin and M. Neubert, Phys. Rev. D 55 (1997) 272.
[16] G.P. Korchemsky, D. Pirjol, and T.M. Yan, Phys. Rev. D 55 (2000) 114510.
[17] H. Kawamura, J. Kodaira, C.-F. Qiao, and K. Tanaka, Phys. Lett. B 523 (2001) 111; Erratum-ibid. B 536

(2002) 344; Int. J. Mod. Phys. A 18 (2003) 1433; Nucl. Phys. Proc. Suppl. 116 (2003) 269.
[18] T. Huang, X.-G. Wu, and M.-Z. Zhou, B-meson Wavefunction in the Wandzura-Wilczek Approximation, hep-

ph/0412225;
[19] S.W. Bosch, R.J. Hill, B.O. Lange and M. Neubert, Phys. Rev. D 67 (2003) 094014;

B.O. Lange and M. Neubert, Phys. Rev. Lett. 91 (2003) 102001;
B.O. Lange, Eur. Phys. J. C 33 (2004) 259;
V.M. Braun, D.Yu. Ivanov, and G.P. Korchemsky, Phys. Rev. D 69 (2004) 034014.

[20] B.O. Lange, Soft-collinear factorization and Sudakov resummation of heavy meson decay amplitudes with effective

field theories, PhD Thesis, Cornell U., 2005; hep-ph/0409277
[21] H.-N. Li and H.-S. Liao, Phys. Rev. D 70 (2004) 074030.
[22] S.A. Anikin and O.I. Zavialov, Ann. Phys. (NY) 116 (1978) 135;

O.I. Zavialov, Renormalized Quantum Field Theory, Kluwer Academic Press, Dordrecht 1990.
[23] D. Müller, D. Robaschik, B. Geyer, F.-M. Dittes and J. Hořeǰsi, Fort. Phys. 42 (1994) 101, [hep-ph/9812448].
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