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1. Introduction

Scattering amplitudes of gluons in Yang-Mills theories exhibit a remarkable simplicity
that is not manifest from their calculation using Feynman diagrams. At tree-level, Parke-
Taylor or maximally helicity violating (MHV) amplitudes [[[] provide a striking example.

One-loop MHV amplitudes in N' = 4 super Yang-Mills also exhibit remarkable sim-
plicity when computed using the unitarity based method [JB,f. Recently, a new technique
was presented for computing general one-loop amplitudes in N' = 4 super Yang-Mills using
quadruple cuts [H]. This is a systematic and simple procedure that blends old [d], more
modern [B,B,A,8,0M0 and very recent ideas [[I,[Z to uncover the simplicity of generic
amplitudes. Using this one can easily reproduce all known results [B}8,L3,L4,L0,L5 and in
principle compute any other amplitude.

One main motivation for computing A/ = 4 amplitudes of gluons is that they are part
of amplitudes in theories with less supersymmetry [B] (for a review, see [[[d]).

In this paper we concentrate on one-loop N' = 1 amplitudes of gluons. Such an

amplitude can be decomposed as follows,
AN:I vector __ AN:4 _ 3AN:1 (11>

where AV=* is an amplitude where the full A" = 4 multiplet runs in the loop, and AN=1
denotes the contribution from an N = 1 chiral supermultiplet running in the loop. As
mentioned above, the N’ = 4 problem is easy to solve using quadruple cuts. On the other
hand, AN=1 only contains fermions and scalars in the loop and thus it is expected to be
simpler than the full N' = 1 vector multiplet. This is why the decomposition ([[])) is useful.

The computation of AV=! is also important because it is part of a supersymmetry

decomposition of a QCD amplitude at next-to-leading order,
AQCD _ .AN:4 _ 4AN:1 + Ascalar (12>

where ARCP denotes an amplitude with only a gluon running in the loop. A%®2* is an
amplitude with only a complex scalar running in the loop.

The benefit of this approach is that supersymmetric amplitudes are four-dimensional
cut-constructible [Bf]. This means that they can be completely determined by studying
their finite unitarity cuts, and therefore the dimensional regularization parameter can be

set to zero. Furthermore, they can be expressed as a linear combination of known integrals
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called scalar box, triangle, and bubble integrals, with rational coefficients in the kinematical
invariants.

The scalar part is more complicated, as only part of it can be determined by studying
four-dimensional unitarity cuts. There are single-valued pieces that have to be determined
using some other methodl The current state of the art in QCD is the five-gluon ampli-
tude [[§]. This means that even the scalar part has been fully computed for all helicity
configurations.

For special helicity configurations much more is known. AVN=! is known for all
MHV amplitudes [B]. Also in [], the cut constructible part of A* was given
for MHV amplitudes where the gluons of negative helicity are adjacent. More re-
cently, the non-adjacent case was computed in [[9] using the techniques of [[1],20,RT].
Also recently, AN=1(17,27,37,4%,5%,6%) was presented in [P and then extended to
AN=1(17 27,37 4% ... . nt) in [BF. Also in [BJ, the scalar box coefficients of all other
next-to-MHV six-gluon amplitudes were computed using quadruple cuts [J].

For Ase@ar apart from the five-gluon case, all amplitudes with at most one negative
helicity gluon are also known [P4,25,24q].

In this paper, we introduce a systematic approach to computing any finite unitarity
cut of amplitudes of gluons. Although our focus is on AN=1, it is important to mention
that this can also be applied to obtain the four-dimensional cut constructible part of 45¢21ar
or even as an alternative way of computing AV=% amplitudes. The basic idea is to exploit
the representation of the Lorentz invariant measure of a null vector ¢, introduced in [20],
as a measure over Rt x CP' x CP' with contour of integration a certain diagonal CP'.

More explicitly, one writes £,; = tAaXa, and then

/ d405H) (£2)(e) = / Tt /~ (A AN, dX(o) (1.3)
0 =)\

where (e) represents a generic integrand.

It turns out that the integration on the right hand side of ([.3) can always be reduced
in a systematic way to an integral performed in [2J]. The main simplification arises be-
cause the final integrals always localize to some poles in the region of integration. This
is reminiscent of the technique developed in [[J] where certain differential operators are

applied to the cut integral in order to produce a localization via a holomorphic anomaly

L' In principle the whole scalar part can be computed from unitarity cuts if higher orders in ¢,

the dimensional regularization parameter, are kept. (See section 4.4 of [[[7).)
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[B1]. Surprisingly, here we find that up to an integration over a single Feynman parameter,
which is responsible for logarithms, all unitarity cuts localize by themselves without the
need of a differential operator.

In the case of unitarity cuts of N' = 1 amplitudes of gluons, AV =1, one expects bubble,
triangle and box scalar integrals to contribute to a given cut. Remarkably, our procedure
naturally leads to a clean separation of the three kinds of contributions, allowing for an
individual calculation of the corresponding coefficients.

An important simplification in AN=! is that one- and two-mass triangle coefficients
never need to be computed. It turns out that their contributions always cancel against
singular pieces in box integrals. This leaves us with bubbles, three-mass triangles and
finite boxes, which we define in detail. Since the coefficient of scalar boxes can easily be
computed from quadruple cuts [[f] one can disregard that piece and concentrate on the
bubble and three-mass triangle scalar integral coefficients.

As an application of our technique we compute all AV=! next-to-MHV six-gluon
amplitudes. The reason we have undertaken the whole calculation is because six-gluon
amplitudes in QCD are going to be important for future colliders and our computation
completes the second piece in ([.7). It is important to mention that this calculation requires
the use of tree-level amplitudes of gluons with two fermions or two scalars. Luckily, very
compact formulas for those amplitudes were derived very recently [2§29] by extending the
techniques of [BQ,B1].

This paper is organized as follows: In section 2, we define AV=! in terms of a linear
combination of scalar integrals. Using its singular behavior we show that only bubble,
three-mass triangle and finite boxes are necessary. In section 3, we study general unitarity
cut integrals and present the method for computing them explicitly. For AN=! we explain
the way to basically read off the coefficients of bubbles and three-mass triangles. In section
4, we present the calculation of AVN=! non-MHV six-gluon amplitudes. We also present
our results for the next-to-MHV n-gluon amplitude where all negative-helicity gluons are
consecutive. This amplitude has appeared in [R3], but by our procedure it emerges in a
different form. Explicit details are given in order to illustrate the steps described in section
3. In section 5, we summarize the results for all the amplitudes computed in section 4.
Section 5 is intended to be self contained so that the reader interested only in the six-gluon
amplitude results can skip the rest of the paper. Appendix A contains a detailed definition
of scalar integrals as well as our definition of finite box integrals. Appendix B summarizes

the results of tree-level amplitudes of gluons and fermions needed in section 4.
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Throughout the paper, we use the following notation and conventions along with those
of [L1] and the spinor helicity-formalism [B3,B3,B4]. The external gluon labeled by i carries
momentum p;. Since pf = 0, it can be written as a bispinor (p;)es = A aXl- o. Inner
product of null vectors pag = AaAg and qug = AgX; can be written as 2p-q = (), )\’>[X, X’],
where (A, N) = e AN? and [A, N] = eabXdX’b. Other useful definitions are:

P j=pi+pit1+-+p;
Kz‘[r] =Ppi tPit1 + 0t Pigr—1
7 = (i 4 piga + -+ Pirre)?

(@Y plil =Y (i)l ]
<i|(Zpr)(ers)U> = iZ@' r)[r sl(s j)
[i|(ZT:pr)(zs:ps>|j] = ZZ[Z r)(r s)[s j]

<i\(;pﬁ(r§ps)(ipt)|j] = ZZ;@ r)[r sl(s t)[t ]

(1.4)

where addition of indices is always done modulo n.

2. One-Loop N =1 Amplitudes

Amplitudes of gluons at one-loop admit a color decomposition [B5,Bf] with single and
double trace contributions. The piece proportional to the single trace term Tr (7% ...T%)
is called the leading color partial amplitude and it is denoted by A,.1(1,...,n). In this
paper we concentrate on A,.1(1,...,n). The reason is that when all particles in the
loop are in the adjoint representation, all sub-leading color amplitudes are given as linear
combinations of A,,.; with permutations of the gluon labels (See section 7 of [J]] for a proof.)
This is the case for all amplitudes we consider. In the remainder of the paper we will
simplify the subscript and just denote the leading color partial amplitude by A, (1,...,n).

We consider amplitudes of gluons where an N' = 1 chiral multiplet circulates in the
loop. Reduction techniques allow us to express these amplitudes in terms of scalar integrals
in the shapes of boxes Iy, triangles I3, and bubbles I, [B7,B]. These functions are given
explicitly in appendix A, along with some helpful figures.
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The amplitude thus takes the following form:

€

ANzl _ TF(“Q)
n (471')2_6

Imgylm 2m er12m e 2m h y2m h 3m r3m 4m 74m
E (™™ A e I S e T A M T A+ e (2.1)

+c§mI§m + cnggm + cngg’m + CQIQ) .

Here ¢ = (4 — D)/2 is the dimensional regularization parameter, p is the renormalization

scale, and rr is defined by
(14 T*(1—¢)
"TT T 20, (2:2)

The sum runs over all the cyclic permutations within each type of integral. The coefficients
¢ of the scalar integrals are rational functions of spinor products. This follows from the

reduction procedure [§].

2.1. Singular Behavior

The infrared and ultraviolet singular behavior of these amplitudes is known and was
given in [B§BY,AQ]. For the case of a gluon amplitude with the A’ = 1 chiral multiplet in
the adjoint representation circulating in the loop, the divergent behavior is given simply

in terms of the tree-level amplitude by

= T ree
Aﬁf 1|Singular = WA; ) (2.3)
where
L(1+e)2(1—¢)
= 2.4
T (1 — 2¢) (2:4)

and A is the color-ordered tree-level amplitude.

Now let us see what this means for the scalar integral coefficients. The integrals I5™
and I§™ are finite. Therefore their coefficients do not contribute to (B-J). The bubble
integral diverges as 1/e. One- and two-mass triangle integrals can be conveniently written

in terms of the function

T(s) = S (~5)~ (2.5)
as follows:
B = 25T, B0 = gy (T = T() (2.6)

where s and t denote the invariants in different independent channels.
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Finally, one-, two-, and three-mass box scalar integrals have the property that they
can be made finite by adding linear combinations of T'(s) functions. We denote the finite
box integral functions by Iz, where F' stands for finite. Their definition is given in detail
in appendix A.

Now we are ready to derive the main result of this section. From (R.3) we see that
all divergences of the form 1/e? must be absent. This implies that all T'(s) functions must
cancel among the different terms. Since one- and two-mass triangle integrals are given
entirely as linear combination of T'(s) functions with rational coefficients, it follows that
their coefficients are such that they do not appear in the final answer for the amplitude.
Our interpretation is that the only reason they must be included is to cancel the 1/¢?
divergences from the box integral.

Therefore, we reach the conclusion that AN=! can be written as a linear combination

of finite box scalar integrals I, three-mass triangles I3™ and bubbles I. More explicitly,

_rp(p?)

N=1 3m r3m Imgrlm 2m er2m e 2m h 2m h 3m 73m 4m 74m
Ay = = E:(C2I2+C3 3T oML ™ I T IR M L+ e )

(dm)2—<
(2.7)

Finally, among the bubble coefficients there is one relation that must hold in order
to satisfy (B.3), namely that the sum of all bubble coefficients reproduces the tree-level
amplitude:

S e = AT (2.8
In section 4, (B.§) is used as a very non-trivial consistency check of our results for next-to-

MHYV six gluon amplitudes.

3. Coefficients from Unitarity Cuts

In this section we introduce a new method for computing explicitly any finite unitarity
cut in a gauge theory with massless particles running in the loop. Of course, our aim here
is to apply the technique to the computation of the coefficients in (B.7) which determine
AN=1. Nevertheless, it is important to mention that this can also be applied to obtain
the four-dimensional cut constructible part of A% or even as an alternative way of
computing AV=* amplitudes.

The unitarity cut in the (i,7 + 1,...,j — 1, j)-channel is computed by cutting two
propagators in the loop whose momenta differ by P;; = p; + ... + p; in all Feynman

diagrams contributing to the amplitude. Adding up all these contribution we find a “cut

integral” [@]E

2 Further information about this technique may be found in [@. This body of work was not
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Fig. 1: Representation of the cut integral. Left and right tree-level amplitudes are

. i-1
|

on-shell. Internal lines represent the legs coming from the cut propagators.

Ciit1,..j-1,j =

/duAtree(ﬁl,i,i+ Lo, j—1,5,0) A" ((—£y),j + 1,5 +2,...,i—2,i—1,(—{1)),
(3.1)
where du = d*0,d* 0,6 (£2)5(F) (03)6(¢y + €5 — P;) is the Lorentz invariant phase space
measure of two light-like vectors (¢, £2) constrained by momentum conservation. See fig. 1.

This cut integral computes the discontinuity of the amplitude across a given branch
cut in the space of kinematical invariants. The same discontinuity can be computed from
the right hand side of (2:1)). Note that the coefficients are rational and thus do not have
branch cuts. The scalar integrals have a cut in this channel only if they contain the same
two propagators that are cut.

The idea is to determine the cuts of the known scalar integrals, compute (B-]]) explicitly
and then solve for the coefficients by comparing both sides.

The phase space integral in (B.]) can be performed following the techniques of [20].
The idea is to use momentum conservation to write the integral entirely in terms of just
one of the cut propagator momenta, say ¢ = ¢;. This vector is then parametrized as
oo = t)\axd, where the scale t is real and the spinors A and \ are independent homogeneous
coordinates on two copies of CP'. The integral is then performed over the diagonal CP!

defined by A=\ The integral can be rewritten as

/ dH05) (12) (o) = / Tt / O AN, N (o), (3.2)

intended to apply to massless theories. We find that the material can nevertheless be adapted for

the considerations of this paper. The modern interpretation is found in [B,f].

7



where the bullets represent generic arguments.
We first illustrate the procedure by computing the cuts of bubble and three-mass

triangle scalar integrals entering in (2.7) and then we discuss the calculation of the general
cut integral (B.1]).

3.1. Bubble and Three-Mass Triangle Unitarity Cuts

As a warm-up let us compute the double cut of a bubble and a three-mass triangle
using (B.J). We will need these results to read off the coefficients we need. Let us denote
the cut of a scalar integral I by AI.

The unitarity cut of a bubble is given by (see appendix A for a definition of the original
integralﬁ)

AL(K) = / d2 5 (126 (0 — K)?)

= / "t / N dA) X AN (K2 — K g A2 AY) (3.3)

= /(/\ AN dN————
(K qa AONG)2
were we have used that in the kinematic regime where K2 > 0 the delta function always
has its support in the integration region of ¢.
We postpone evaluating the last integral in (B.3). First let us evaluate a slightly more

complicated integral ]E,

I:/Ad)\ X d]———g(\ 3.4
Y e AP0 (3.4
with .
Hi: <)‘7 AZ)
g\ = ST (3.5)
Hj:1</\7 Bj >
First note the following identity that holds for an arbitrary but fixed negative chirality
spinor 7:
A dA ~. 0 A,
S TR S N (A oy m——itA (3.6)
(KqaA*A\®)? OXE \ (K g A2 (K g A2n%)
3 In the following calculations, we are omitting the factor of —i ((2473)42:; which has been ac-

counted for in the overall factor in (R.1]) and (£.7).
4 This integral was performed as part of a derivation of MHV diagrams for tree-level amplitudes

of gluons from a twistor string theory calculation [[LT].
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This identity holds for all values of A except for those where the denominator vanishes
along the contour of integration. The reason is that along the contour of integration A=A

and therefore

R =
AN =g = 2 (3.7)

where we have introduced a (0, 1)-form §({),¢)), such that

0N A BO) = -iB(@). (38)

Let us write the complete form of (B.g) that is valid for all values of A\ along the

contour of integration:

N D Bl
Kozt N = TN ((KMA“X@)(KMA“ ay? (A))

21 (5, g0

K . e)\a K )\a Z(S (A Bi))g(M){A, Bj)

(3.9)
The contribution from the first term in (B.9) gives zero after integration over X\. On the
other hand, the delta functions in the remaining terms localize the X integral and give the

value of the integrand at the pole. More explicitly one uses that
[ AN OARNHO) = i (). (3.10)
A short calculation reveals that (B.4) is given by

k k
_ ] Hz 1<B A1>
R )+ 27 BRI B (5 B (31

where g o = Kqan®.
This is the basic result that will allow us to calculate any double cut in section 3.2.

Going back to the cut of the bubble integral (B-3) we find that by setting g(A) =1 in

(B-1T)
AL(K) = —1. (3.12)

Consider now a three-mass triangle integral.
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Fig. 2: A double cut of a three-mass triangle integral.

Denote the momenta at the vertices by K, Ko and K3. Let us calculate the cut in
the K; channel, A;. Let the momentum in the cut propagators be £ and ¢ — K;. See fig. 2.
Then
0((¢ ~ K1)%)

(0 + K3)?
—_ /OO tdt/()\ dN)[X dX] OKT — tKl’“"‘Aafa)
0 K2 +tK3 0o A%

K? (K1 0a\*A%)

(K1.aaXA)2 K2(K1 0aA90) + K2(K3 06 A0

A L™ = — / d 05 (2)

(3.13)

= - /(A AN [N d)]

—— [oanRay o
(K1,0aA*A%) (QaaA*A*)
where Quq = ;—%(KLM) + (K3,04)-
This integral can be brought to the same form as that in (B.3) by introducing a
Feynman parameter to combine the two denominators into one. This Feynman parameter
integration turns out to be the only one needed in the calculation of general cut integrals

in section 3.2. This is why we show it explicitly here.

~_1 — :/1 dz ! — (3.14)
(K1,0aA*A)(QaaA*A?) 0 ((1—2)K 4+ 2Q)aaA*A4)?

Performing first the A and A integrations, we get

! 1
/0 d:z:((l ~ K 1207 (3.15)

The result of the x integration in the kinematic regime corresponding to the channel under
consideration, i.e., where K7 > 0 and both K3 < 0, K2 < 0 is then:
am 1 2Q% — VA 2(—Ky - K3 — K?) — VA
AT = —|1n —In 5 )
2Q2 + VA 2(—Ky- Kz — K)+ VA

(3.16)

VA

10



where A denotes the discriminant that arises from the quadratic equation in the Feynman

parameter, given by
A= (K2)?+ (K2)?+ (K2)? - 2K?K2 - 2K2K? - 2K2K?. (3.17)

3.2. General Cut Integrals

As discussed in section 2, calculating all one-loop N/ = 1 amplitudes is equivalent
to finding the rational coefficients of boxes, three-mass triangles and bubbles. The box
coefficients can be computed by quadruple cuts. In principle, the three-mass triangle coef-
ficients can be computed using triple cuts and the bubble coefficients require double cuts.
In practice we find that all bubble and three-mass triangle coefficients can be computed
from double cuts in a simple and systematic manner. It turns out that the separation
of the three-mass and bubble integral coefficients is easily done because of the striking
difference in the form of their cuts; see (B.13) and (B.14).

In the remainder of this section, we explain how to perform general double cut integrals
6.

First, find spinor-product expressions for the two tree-level amplitudes that form the
integrand of (B-1]). These are tree-level amplitudes of gluons with two fermions or two
scalars. Two recent techniques allow the calculation of those amplitudes: MHV diagrams
[E2,[3 A4 [AT] and recursion relations [P§P9]. However, at this point all we need is that they
are rational functions in the spinor products.

Recall that the measure in (B) is du = d*¢1d*¢26H) (01)5F) (£2)6@ (¢ + £y — Pyy),
where P;; = p; +pi+1+...+p;. Using the last delta function to perform the /5 integration

and (B.2) to write the measure over ¢1, we find
Ci ;= / tdt(\, dN)[X, dAJ6H (IA A PEY — P2)G(A A ). (3.18)
0

We denote ¢1 by ¢ when there is no possibility of confusion. Recall that ¢,, = tAaXd.
G(\, X, t) is the function that arises from the product of the two tree-level amplitudes in
(B1]). A simple observation that helps in actual calculations is that in order to obtain
G(/\,X, t), one has to write expressions of the form (e, ¢3) or [e,{5] in terms of £ = ¢;. A

systematic way of doing this is by using the following identity:

(e, 0o)[la, b1]  (e|lal1]  (e|Pi;]t4]
(o, 05) = A = o, 61 = AR (3.19)
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A similar identity is valid for [e, ¢3]. The factors [l2, ¢1] and ({3, ;1) all pair up in the end
allowing for the use of the vector form of /5. This happens because the product of the
amplitudes must be invariant under the scaling z\,, and 2_1ng.

Going back to the integral (B.1§), let us perform the ¢ integration by using the delta

function,
A, dA)[X, dX - P
Ci..j =P¢23~/MG M, ——L— . (3.20)
(P XaAq)? P\, A

Let us assume that the A dependence in the denominator of GG is simpler, i.e. it has
fewer factors than that of A. If the opposite were true, we would use the conjugate of the
discussion that follows.

Since A and \ are independent homogeneous coordinates on two CP' one must require ¢
to transform as t — (wz) ™'t when (A, ) — (wA, 2)) so that £4q = tAq\q remains invariant.
For the integral (B:20) to make sense, it must be the case that G(), , t) is invariant under
the scaling (X, t) — (zX, 27 1t). This ensures that G in (B20) has degree zero in A. This

implies that it can be written as a sum of terms of the form

HZ[AZ7 ]
[L il T1; ;.07

g(). (3.21)

Each term has degree zero in X. The function g(\) contains all other terms that do not
depend on A

There are two ways to proceed at this point. One is based on the introduction of several
Feynman integration parameters. We find that this method becomes very cumbersome as
the number of Feynman parameters increases. The second approach keeps the number of
Feynman integrations to be at most one, and it has the advantage of leading to a clean
separation of bubble, three-mass triangle and box coefficients. We discuss both approaches

because they might be useful in different situations.

Feynman Parametrizations

We want to transform the denominator of (B.21)) by replacing every factor 1/[A;, /]
by —(A;, 0)/{¢|A;|¢] and then using Feynman parameters to combine all factors in the
denominator, including the one in (B20), into one of the form 1/(¢|T(z1, ..., zmy2)[(]™ .

The integral to be performed has now the form

m-+2 m-+2
(A, dN)| )\ d)\
dx;6 r; —1 / [Ag, ¢ 3.22
/1 2" (e ik H l 522

L1yeo s Tm+2
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where we have absorbed all (4;, /) into §(\). Recall that the total degree in A of the
integrand must be —2. Therefore, there are m factors in the numerator containing A
It is not difficult to find an analog of (B.f), i.e., to write the integrand as a total

derivative in \. Indeed, one can prove by induction that

N AN T [Ai Al g™
<€IT|€]m+2 o
— (e o) | L= T i PGB gt |
‘ <£|T|£ m+1 = m+1—j (m+1—k:)gk Tt )|
Here, 1 is an arbitrary but fixed spinor and
. [A;, 0]
s| — i1 - Lg h P = . 24
9r|s] i1<i;.<ik Tiy ...T; with T A] (3.24)

Now we can proceed as explained in section 3.1. The idea is to realize that (B.23)
is valid for all values of A except those for which there is a pole. The final value of the
integral comes entirely from those poles as in (B.9) that led to (B.11)).

The complication with this approach is that the final result is expressed in terms of
several Feynman parameter integrations. In practice, if the number of Feynman parameters

is two or more then the integration procedure is cumbersome.

Simple Pole Expansion

In order to avoid the proliferation of Feynman parameters we propose a second way of
treating the integral (B.20). The idea is that before doing the integral, we should separate
the denominator factors with A as much as possible, at the cost of more terms. Where
there is a product [a £][b ¢] in the denominator, multiply both numerator and denominator

by [a b]. Then apply Schouten’s identity,
[0 ]Ik 1] = [i K]L5 1] + [2 [k j], (3.25)

in the numerator with another factor [c ] (which must exist by homogeneity). We then get
two terms with [a ¢] or [b £] in the numerator, cancelling one of the denominator factors.
The result, in terms of Ay, is a denominator of the form IL, (¢1Q|€][A £] in every term.

Factors of the form (/|Q,|¢] can be treated in the same way by writing

(€1Q10] = [Qr, 1] (3.26)
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where XQT o= —(Qr)aa)y-
Using this procedure to split poles in A and given that the integrand has degree —2

in X, one finds in the end only two possible kind of integrals

/ (A, dN) [N, dA]
(P&t Aaha)?

A:

H(\); Ip=

/ (A dN[\dN B, 4] HO. (3.27)

(a2 Q11

For the second class of integrals we can apply the splitting procedure once more to
split the product (¢|P|¢](£|Q.|¢]. Then we find an integral of the form Z4 and one of the

form - -
B <)\, d)\> [)\, d)\]
1= [ demiaig (3.28)

Here H () is used to denote a generic function of ¢ and independent of X

As anticipated in section 3.1, the two kind of integrals, i.e., T4 and Z¢, appeared in the
calculation of the bubble and three-mass triangle integral discontinuities. Therefore one
can repeat the same procedure for their computation. In particular, Z4 does not require
any Feynman parameters and produces a rational function. On the other hand, Zo only

requires one Feynman parameter and produces only logarithms.

Canonical Decomposition
The decomposition of the cut integral into integrals of the form Z4 and Zs has a
very useful byproduct. Since Z4 produces only rational functions and Zs produces only

logarithms, it is easy to conclude that the bubble coefficient is given by

[ (AN, dN]
¢y = / P H(N). (3.29)

Here we have used the fact that for a given unitarity cut, there is only one bubble integral
with the corresponding branch cut.

In the calculation of Z& one has to introduce a Feynman parameter x to write the
factors with X in the denominator as ((|zP + (1 — z)Q|¢]?>. The integration over A and X
produces two different kind of terms. The first comes from the pole (¢|zP + (1 — x)Q|n].
The second kind comes from the poles in H(\). This is explained in detail in section 3.1
where (BI])) is computed. There the two kind of terms are shown explicitly.

Let us write the contribution to Z¢ from the first term in (B-11)),

1 1
/0 dr P+ (1-2)Q)2
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H(\(z)) (3.30)



where A(z) is the solution of (¢|xP + (1 — z)Q|n] = 0.

It is easy to see that the contributions to Z¢ from the poles of H(\) will only have
linear factors in x in the denominator. This implies that upon integration in x they can
only produce logarithms of rational functions of the kinematical invariants. These simple
functions come from the discontinuity of one-, two-, and three-mass scalar box integrals.

On the other hand, the term given in (B.30) can produce a more complicated object.
There are again two cases: if the discriminant of the quadratic equation (zP+(1—x)Q)? =
0 is a perfect square, then we find more one-, two-, and three-mass scalar box contributions.
If the discriminant is not a perfect square then we either have the contribution of a three-
mass triangle or a four-mass box integral.

Recall that the coefficient of scalar box integrals can be computed very efficiently by
using the quadruple cut technique introduced in [{]. This implies that we can ignore all
those contributions and concentrate only on the three-mass triangle coefficients.

The discriminant of (zP + (1 — x)Q)? is given by

A=4(((P-Q)- Q) —(P-Q)1Q%. (3.31)

Therefore, we are only interested in integrals that produce a discriminant of the form

(BI7), i.e.
Az, = (K2)? + (K2)? + (K2)? - 2K?K? — 2K2K? — 2K2K?2. (3.32)

From the calculation of the three-mass triangle cut in section 3.1 we know that if
P = K, then in order to produce (B:32) we need Q.4 = %(Kl)ad + (K3)aa-

Once we have identified the integral that has the discriminant of a three-mass triangle
scalar integral we have to perform one more decomposition. The idea is to expand the

integrand in simple fractions, as a function of x, until we find a term of the form

1
3m 1
g / M P T (- 0Q)

whose coefficient we can identify with the three-mass triangle coefficient ¢3™. This proce-

dure is applied in detail in the calculation of the cut C§§;3> in section 4.2.

(3.33)

We illustrate all the features of this procedure for calculating bubble and three-mass
triangle coefficients in the next section with the example of the six-gluon amplitude. One
particularly challenging technical point is that generically one might expect poles in the
denominator of the form (¢|PQ|¢). This is a quadratic equation for \. We explain how to

deal with this in the calculation of the coefficient cg:’%;z in section 4.2.
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4. Example: All N =1 Next-To-MHYV Six-Gluon Amplitudes

There are several pieces missing in the calculation of the six-gluon next-to-leading
order scattering amplitude in QCD. They are: next-to-MHV AN=1 MHV and next-to-
MHYV Asc@lar - Recently important progress has been made for the first class of amplitudes.
In 7], the amplitude A(17,27,37,47,5%,6%) was presented. In [ff], all scalar box
coefficients of the remaining helicity configurations were computed using quadruple cuts.
It is the aim of this section to present all the remaining coefficients and some new forms

AN:l

for known ones. These results complete the next-to-MHV piece.

4.1. First Configuration: A(17,27,37,4T 57, 67)

This amplitude has been computed in [3]. Here we rederive it to illustrate our
integration technique. Our result will agree with [ but emerge in a slightly different
form.

The first observation is that all the box and triangle coefficients vanish. This is easily
seen by examining the helicity assignments in all possible distributions.

Thus every double cut simply gives the coefficient of the associated bubble integral.
The nonvanishing cuts are Cs4, Cg1,Co34 and Cs45. Among these, cuts Chzy and Csys
are mapped to each other by the permutation of indices P, : 1 <> 6,2 <+ 5,3 <> 4 plus
conjugation, while cuts C34 and Cg; are invariant under P,. There is another permutation
Ps : 14 3,4 < 6 under which Cs34 and Csy4 are mapped to Csss and Cgy respectively. So

there are only two independent integrands which are given as

s = / duAT(£1,5,6,1,2, 65) AT((—L5), 3, 4, (—L1))

_ (3|1 + 2/6)° (1|1 + 2|6][¢2 4]
= [ a 6 1 21(3 4516 + 1218, (f1 5} 3 1)
(1|5 + 6]4]° (1|5 + 6[£65](3 ¢1)
" /dﬂ (56)(6 1)[3 4)(5]6 + 1|2]PZ%;  [2 £2](4 £1)
and
_ (3| P34516]” (£1|P345(6](3 £1)
Corz =~ [ i 3 5y (APl (42)

Cs12- When we calculate the integrand, we need to use the tree-level amplitude of four

gluons and a pair of fermions and complex scalars. These amplitudes are given in Appendix
B.
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Now we will do the integration. To demonstrate our method, we will do one integration
(for the cut C34) in detail and then simply cite the other three results, which are obtained

similarly.

The Cut 034 N
The integrand is given by ({.1]). There are two terms which are mapped to each other
under P, so that the cut C34 is invariant. Thus we can focus on the first term only. In

the first term, multiply numerator and denominator by (¢; ¢3) and perform the ¢ integral

to get
3| Py2|6]* P2 (01 P12|6](¢1 3) 1
ol =— ( 34 /)\1 Ao, V[N drs
ST B 2B A GRS, | P PGS s il

(4.3)

We can rewrite this as

~ 01| P12|6](€1 3) (n 1]

C(l):O/)\ld)\ldAl& <<1 : 4.4
34 W dhey)ldAe Ael] (€1 5)(01 4) (01| Ps34|l1](€1]|P3aln) (4.4)

where we have defined the constant

(3|P12|6]* P2,

C= TG T B 4 (1P 2Ph,

At this stage, we have three poles: |[¢1) = |4), |¢1) = |5), and |¢1) = |Pe3|n]. However,
since |n| is an arbitrary spinor, we can choose it to be |n] = |4]. It is easy to see that after

making the above choice we reduce the integrand into

(1) _ 5 (£1]P12[6][4 1]
C(34 _O/<>‘€1 d>\€1>[d>‘€1 a;\/gl] <[3 4]<£1 15><1;1 4><£1|1P34|€1]> (45)

where only one pole |¢1) = |5) gives nonzero contribution (for the pole |¢1) = |4), since the

factor [4 ¢1] appears in the numerator, the residue is zero). Reading out the residue we get

[4 5](5| P345/6] (3| P3456]°

(4.6)
(4 5)[6 1][1 2](5| P345|5](5| P3a5|2] P3,5

1
C§4) ==

Note here that the result of the integration is the residue with an extra minus sign. How-

ever, the coefficient of a bubble will be just the sum of the residues at the poles.

The Results
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Since for the other integrations, the procedure is exactly same as above, we list our

results directly. The coefficient in the cut Cg1o is given by

_ (3| Ps12/6]° (3]P5|6]Pg15 | (3| Ps12P2Pei2|6] 47
C2:3;6 = — 2 ( . )
6 1][1 2](3 4)(4 5)(5[P612|2] P12 \ (5| FPs12/5] (2| Po12/2]
The coefficient in the cut Css4 is given by
o — — (1| Psea |4]° <<1|P2|4]P5261 <1|P561P5P561|4]) (4.8)
o (5 6)(6 1)[2 3][3 4](5|Ps61/2] P31 \ (2|Ps61/2] (5] Ps615]
The coefficient in the cut Csy4 is given by
Cpn — [4 5)(5| P345/6](3| P46 (2 3) (1| Paga|2)(1| Pazal4]”
T (4 5)[6 1][1 2](5| P3as|5](5| P3as|2] P3ys — [2 3](5 6)(6 1><2|P234|2]<5|P234|2]P22€>4 )
4.9
Finally, the coefficient in the cut Cg; is given by
ey = [5 6](5| Pse1/4]{1| Psg14]* (1 2) (3| Pg12/2](3| Ps12/6])*
=7 (56)[2 3][3 4](5| P61 |2](5| Pse115] Pagy  [1 2](3 4)(4 5)<5‘P612|5]<2|P612‘2]f26212 )
4.10

It is easy to check that the sum of all these coefficients is equal to the tree-level amplitude

as required by the divergent behavior discussed in Section 2.

Comparison with Known Results:

The same amplitude has been calculated in [, where the result was given by

1 Lo|s345/s Lo[s234/58
A =a1Ko[se1] + a2Ko[s34] — 3 [bl 0[5345/561] 1 by o[s234/534]
S61 S34
Lo[sasa/se1] ., Lo[ssas/s34] (4.11)
S S S S
by L5234/ S61) |, Li0|5345 34}
561 834

with

1
a1 =ay = §Atree

<3|P345|6]2<3|P345P3452 — P3452P345|6]

T BIPaaal26 111 213 4)(4 )P,
by = (3| P35 |6]% (3] — 5P345Psas + Psas5P345/6] (4.12)
(5] P345|2][6 1][1 2](3 4)(4 5) P35 '
by = (1| Po3a|4])* (1| Poga2Pazs — PazaPa3a2l4]
(5| P234|2][2 3][3 4](5 6)(6 1) P35,
by = (1| Po3a|4]% (1|5 Pa3aPaza — Poza5Pazal4]

(5] P234]2][2 3][3 4] (5 6)(6 1) P,
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The functions Ky and Ly are defined by [j]

e G G

The function Ky is proportional to the bubble integral, and the function L is related to

Ko(s) = (4.13)

1—7r

the Feynman parameter integral for a two-mass triangle integral. These two functions are

in fact related by the identity
Lo[s1/s2] _ Ko[s2] — Ko[s1]

S92 S9 — 81
Therefore (.11)) can be brought to the following form:

1 b 1 b 1 b
A= (al——il——ig) K0[361]+(a2__72 )Ko S34]
2861 — S345 2861 — 5234 2 534 — S334 2 S34 — S345

1 b b b b
+ 5 K ! + 1 ) Ko[s345] + ( 2 + 3 ) Ko[s234 ]
561 — 5345 534 — 5345 534 — S234  S61 — 5234
(4.15)

Each quantity in parentheses corresponds to one of the bubble coefficients in ([.7)-(E.10).
It is easy to check that our results agree with ({.15).

+0(e). (4.14)

4.2. Second Configuration: A(1=,27,3% 47 5% 67)

This configuration has the following Zs symmetry: P, : i <> 7 — i plus conjugation.
With this helicity assignment, we have box, triangle and bubble contributions. The box
part is easy to calculate by quadruple cuts.

The nonzero box contributions come from both two-mass hard and one-mass box

integrals. For the two-mass hard box integrals I, Zggh, i = 2,4,6, the coefficients are

P Pisg (4] Pass 3] (4 6)[3 1]

cAm b —

e 2 (6]Puss|1)%(4 5)(5 6)[1 2][2 3]

2mh P3P, [2 6)(4| Ps12/2](4] Ps12/6])* i (4.16)
- 2 (45)[6 1)[1 2|(5| Ps12/2](3| Ps12/2]

2m h Pis Py (1 5)(1| Psg1|3])* (5| Psg1|3]

Ca:2:6 = —

2 [23](5 6)(6 1)(5| Pse1|2](5| Pse1 /4]

It is easy to see that ¢33 ' and ci:’g;é‘ are mapped to each other under P, while ¢33, s

invariant. For the one-mass box integrals I, iT , 1 = 5,0, the coefficients are
_ PRPY (1] Pysal2](1|Pasal3)”
® 2 (56)(6 1)[4 2](5[P2s4|2] Py
_ P3PL (5] Psus|6](4] Psus|6]”
2 [61][1 2)(3 5)(5| Psas 2] P35

(4.17)

&3
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which are mapped to each other under P,.

For the triangle part, as we argued in general, we need only pay attention to the three-
mass triangle part, I3™. For this case, there is only one I3™ function with the distribution
(23|45|61). We can calculate the coefficient by triple cut in principle, but we choose to
read it out by a corresponding double cut integration which we will evaluate presently.

For the bubble part, we have following cuts: three particle channels Ci23, Cg12 and
Casy; two particle channels Cys, Csq, Cy5 and Cg;. Among them, the pairs (Cgia, Casy)
and (Cag, Cy5) are exchanged under Z, symmetry while others are invariant. So in total
we have five independent double cuts with the following integrands.

B (4| Pys6|3)?
Chas = — /d”u 2](2 3](4 5)(5 6)Pig [1 £1]{¢1 6

[3 41](¢1 4)

[1 41](¢1 6)
_ (1) Ps613] [3 £a](la 1)[3 44]
Cost == / BB 415 6)(6 1) EZ; [4 L)l 5)[2 61

3 04](6 4

B 5 6]*(4 2)2 (4 £1)[q 3]
Cos ‘/ an <<2 375 6J[6 122, (41 Pror 1] 12 £2](01] Poon 5
(4] Pys6|3]° (4| Pyse|l2] (2 2) (02| Pa3 Pyse|4)

23] (4 5)(5 6) Pise (4| Pass|1] (6] Puse|l2](C2 3)(C2| Pas|1]
(1142 44+ 5]5] [3 £1] (£1]P23]5] ((1]6]5](2 £1) + (2]3|5](1 51))2)
4 5](6 1)(23) (b +4+5)2 [2 1] (61| Pa3l4] (01| Pg1|5](6| Pys Pa3|l1)

d ( 3 4](4| Pg12/6]° [3 02] (€2 Ps126]
PTG

2| P3P 5 (5| Ps12]2]  [4 £2](l2 5)

(B8 9UPal3” (4 4><1|P561|£1]>
(5.6)(6 1)P3, P2, (5| Pse1[2] (€1 3)[2 £4]
[16](1 2)*[3 5* [6 £2](2 £1)
Con _/du ([3 4][4 5](2| P3as|5] Py Piys [1 £2](€1] Psas|3]
(6 1)[5 6]*(4 2)* (61 1)[5 £o]
(2 3)(3 4)(2| Pa3al|5] Pg) Py (€1 6) (4] Pazalls]
1 (4]l + 2 + 3|3] (€1 Ps1[3](4 £1) (1 £1) ({4 P12|3](1 £1) — (4 1><£1|6|3]>2)

(6 1)[2 3](4 5) (f2+2+3)? (01| Ps1P23|4) (€1 5)(£1 6)(€1]|Ps1|2] <£1|P€5|3] )
4.18

Again, when we calculate integrands we need to use the tree-level amplitude of four gluons

_|_

and a pair of fermions or scalars given in Appendix B.
Now we will perform the integration. Compared to the previous subsection, this

integration is more involved. We use two examples to demonstrate our method.

The Cut 0234
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The integral in ([L.I§) may be reduced to

Py [3 4] (£ 1)(0] Pa34|3]
(0| Pysa| ) [4 €] (£ 5) (€] Paz4|2]

Cosy =C / (¢ do)[¢ df] (4.19)

after the t integration, where ¢ = /5 and

(1| Pysa 3]

O T RABAG 66 DL,

Now we can see the new feature in the above integrand: it depends on the antiholomorphic
variable |¢] as well as the holomorphic variable |¢). To simplify the calculation, we split
the above integrand by multiplying numerator and denominator by (¢|Pa34|4]. Then use a

Schouten identity to rewrite [3 £](€|Pasa|4] = [3 4)(€| Pasall] — [3|Pasall)[€ 4], we get

Caaa :Cp2234/<g de)[e de) (€ 1) (£] Pazal3] < (3 4] n (€] Pa34]3] )

(€ 5) (€| Paza|2](C| Pazal4] \ [4 £](€| Posall] ~ (€| Pyzal€])”
=Cs) + Csih

(4.20)

Splitting the whole integral into two pieces not only simplifies the calculation but also

provides a nice way to separate the various contributions. As we will see shortly, the first

term will produce a pure logarithmic contribution which is related to the imaginary part

of the box integral while the second term produces a rational function which is exactly

the coefficient of the bubble function. This same pattern will show up in every calculation

we meet. Since we have already found the coefficient of the box integral from a quadruple

cut, we can neglect this term and concentrate on the rational piece only. In other words,
this splitting is the canonical way to separate box, triangle and bubble contributions.

Now let us do the integration term by term. For C’é?)’zl we have

(€ 1) (€] P234|3] (€] P234|3]
(€ 5) (€] Pa3a 2] (| Pazal4] (£] Pyzy|0)?

(€ 1)(0] Pysa|3)2[n 1] )
pol

éiﬂma/wwwm
(4.21)

= — OP234 <<g 5) (Z‘P234‘2] <£|P234‘4] (f‘P234|77] (f‘P234|£]

where ( )pole means to sum the residues of all poles, which is the consequence of the

integration [(¢ d¢)[¢ d¢]. Choosing |n] = |P234|1), we find that there are three poles giving
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nontrivial contributions: |¢) = [5), |{) = |Pas4|2] and |¢) = |Pa34|4]. Summing up these

contributions we finally get

o@ _ (1| Pasa|3)” (1] Py[5)(5| Posal3]”
2112 3][3 41(5 6)(6 1) Py \ (5] Paza|2](5| Pasal 4] (5] Pazal5] (4.22)
(12)[2 3]*P3,, (14)[3 4* P, )
(2 4](5| P234|2](2| P23al2]  [4 2](5| Pazal4] (4| Pazal4]
For C’ééi we have
L (€ 1)(€] Pa3a3] [3 4](¢ 4)
Cs3y —CP2234 /<£ de)[e de] (05 (€ Pysa|2] (€] Posa 4] (€1pal€] (€] Posalf] o

D2 ! ; (€ 1)(£| Pa34|3][3 4](€ 4) 1
‘CP234/0 dz [ (¢ aoie an (£ 5){0) Pasal2) (€ Pasald] (1 P|CF

where in the second line we have used the Feynman parametrization to rewrite the in-
tegrand with P = zP4561 — ps. At this stage, the integration is easy to do and given
by

(1 _ 2 ! (€] Pa34|3][3 4](¢ 1) (4| P|/]
Cas1 =~ CP234/0 a2 (<e 5) (€] Pasal 20| Poaa ] szma) pote

_Cop? /1 & (<5|P234\3] [3 4](1 5) (4|P|5] 2 3][3 4](1] P23al2]  (4|PP234|2)
% Jo (5] P234/2] (5] Pa34|4] P2 (5| P|5] (5 P234|2][2 4] P2(2| Pa3a P Pa34|2]
[3 4]2(1| Pagal4] (4] PPag4l4) )
[4 2](5|Po3a|4] P2(4|Py34P Ps34|4]
B (1 5)(1| Pasa|3)” (5| Poza3] P3s, — P
= 5 (In -3 5 T In 55—
[2 3](5 6)(6 1)(5|Pa34|2](5| Pa3al4] P33, — Pig P33y — Pg
(1| Pysa|2](1| Pa3al3)° | ( P3P3, )
(5 6)(6 1)[4 2]2(5| P234|2] P35, (P34 — P3) (P33, — P3y)

_|_

(4.24)
It is easy to see that the first logarithm is the contribution of two-mass-hard box integral

I ZE;Gh and the second logarithm is the contribution of the one-mass box function I;Z'.

The Cut 023
Now we consider the cut Cs3 from which we can read out the coefficient of triangle
function. The integrand is given by three terms. For the first two terms, the calculations

are similar to those above, so we just list the results for coefficients of bubbles (and neglect
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those of boxes). They are

_.(D) (2) (3) .
€2:2;2 =C9.9.0 1 C3.2.9 T C9.9.0;

1) _ (24)%56]" (4]Ps61l5] (5| Ps61/3] 1

%2 7[5 6][6 1] P%; (4] Pso1l1] (3| Ps61[5] (5| Pso1 Pas Pse |5]

2 _ (4] Pase 3] __[32](2 1) (4| Paso1)* (4.25)
%2 2 3](4 5)(5 6)Pise (4] Paso[1] \ 2 1]{6] Paso| 1] (1] Ps 1]

_|_

(4 6)%[2 3)(2| Pas66](Pi5s)” )
(6] P156|2](6| Pase|1](6| Pase P23 Pase| 6]

The third term is a little involved. Defining

o(0) = — (€| P3]5] ((1]6]5](2 £) 4 (2[3[5](1 £))*
(| Pa3l4] (€] Ps1|5](€] P23 Py56)

_P621P23+P223P61 2_P621P425

B YT

(4.26)
Q

it is easy to see that the third integration becomes (with C' = W)

Py [3 4] (1| Poy|5](¢] Pas|f] 4+ P33(1[¢|5]
<£|P23|€]2 2 4] (£|QE]Ps;

c=—c / (0 de)[e df] g(0) (4.27)

after the t-integration. Now we can use our method to split the antiholomorphic part in

the denominator as

- L 0B (32)(1 025
of =c [ “d@[“”&apzswnm Q) (‘“'6'5“ 03) )

_ 1 g(€)P35(1 £) (€| Pas|5](¢ 2)
(£ Pas|€)? (€ 3)(£| Po3Q|l) (4.28)

O .
~ PN <z\(§|(21)<<a|§22322w> ((LIBISI(E1P2sQI6) + Pas (1 6 “‘Q'E’D}

The first, second and third lines of (f.2§) are respectively the contributions from the box,

bubble, and triangle. For the second term, it is easy to read out

S ooy (L0 0PI Y
2:2;2 [4 5](6 1) \ (¢ 3){¢|Pa3Q|0)({| Psll] ] oo

(4.29)

There are five poles giving non-zero contributions: three from g(¢) and two from the factor

(€| P,3@1¢). To find the location of the last two poles, we use the following method. Taking
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two arbitrary external momenta |a) and |b), since the spinor is two dimensional, we can
represent |{) as
1£) = (la) +x[b)) (4.30)

with undetermined complex variable i Putting it back into (¢| P,3Q|¢), we get a quadratic

equation whose solutions are

—((a|P3Q|b) + (0| P23Q|a)) & (a b)v/ Az,
2(b| P23Q|b)

(4.31)

where

Asm = (P&)? + (Pgs)? + (P3)? — 2P3 P3y — 2P53 Py — 2P Py (4.32)

Now we can write the residue as

5
RO I (£)(1 £){£| P23]5][3 £]
2:2:2 = Z ( (€ 0;) S PasQlD) <£|P23|£])£_% (4.33)

with the following five poles:

[01) =|Pasld], |lo) = |Pe1[5], [l3) = |P23Py5/6)

(4.34)
[la) =la) + x4 |b),  |5) =|a) +x_[b),

It does not seem useful to write the expression (f.33) explicitly because it is rather long
and complicated. However, its structure is very clear and easy to implement in a computer
program. One has to evaluate the right hand side of (f:33) for the five values of |¢) given
by (E34) and add up the obtained contributions. We find that the (f.33) is the most
convenient way to present the answer.

It is worth remarking that although the square root shows up in above expression, the
final result cé?%;z is rational. A similar feature is encountered in calculating the coefficient
of a four-mass box integral from a quadruple cut [f].

Now we are left with the third term of 023 which can be expressed as

(3:3) _ P 1 g(0)({|Q|3] 2
C5a) = c/ d /Edﬁ [0 d] PIE QR0 Pl (<1|6|5]<€|P23Q|€>+P23<1( €><€)|QI5])
4.35

® In principle we should write [£) = a(|a) + z|b)), but one can check that the factor o drops

out of the final expression, so we can set o = 1.
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with P = (1 — 2z) P23 + 2Q. Do the integration [(¢ d¢)[¢ d¢], and we are left with

(3;:3) _ ! . [ ] 9(0){{|Q|3] 2
o =C [ | rmipm TR (WO ePaQle + PR Qi)

pole

Pl g0ie 2
C/ [ (0| P|0)P2 (£ ) (£)Q|2](£| P23Q|{) ((116]5](¢| P23 Ql£) 4 Ps3(1 €><€|Q\5])]

pole

(4.36)
where at the second line we have chosen |n] = |P|n) with arbitrary 1. The advantage of
this choice is that now every pole is independent of the Feynman parameter z, and we can

evaluate fol dz before taking residues of poles. The integration is of the following pattern,

I Z/ldz (zc1 + c2)
f= o (apz? + a1z + a2)(zby + bs)
:/1 da b1<—b261 + blcg) 1
0 (agb% — a1b1b2 —|— aob%) (Zbl —|— bg) (437)
/1 dZ (bgcl — blcg) (22(1() + al)
0 2(@2[)% — alblbg —+ aob%) (CL022 +a1z+ CLQ)
n /1 d= (2a2b161 —aibscy — a1bica + 2&01)202) 1
2 2 2
0 2(a2b1 arb1by + a0b2) (CL()Z + a1z + a2>
where
ap =(Q — Ps3)?, a1 =2Py3- (Q— Po3), as=DPjy
(4.38)

by =(|(Q — Pa3)|],  ba = ({|[Pasll] c1=(Ml(Q— Pa3)ll], ca= (n]P2s]{]

We have split I¢ into three terms. Among them, the first two terms give the imaginary
part of the box integral while the last term is exactly the cut contribution of the three-mass

triangle function. Let us define the function

(2a2b161 —aibscy — a1bica + 2&01)202)
2(&21)% — alblbg + &Obg)

Ri(aj,bj,¢5) = (4.39)
We would like to point out that there is an important subtlety with the above pl"ocedure.E
It is correct only if the denominator agb% — a1biby + aobg does not vanish. However, it

can be shown that this denominator vanishes for |¢) satisfying (¢|P23Q|¢) = 0 which is one

6 This subtlety was overlooked in previous versions of this paper. We would like to thank P.
Mastrolia for stimulating discussions pointing to this issue and R. K. Ellis who independently

found the problem and informed us.
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of the poles in eq. (:3F). This means that we have to redo the simple pole expansion

assuming that asb? — a1b1bs + agbs = 0. In fact, we need only the term proportional to

1
(apz?2+a1z+az)

integration. Redoing the simple fraction expansion we find that

because only such a term contributes to the three-mass triangle upon the z-

m 18 multlphed

by the function Ry (a;,b;, c;), where

(a2b201 + a2b102 - a1b202)

RQ(CL]7 J,C]) b2(2a2b1 —albz)

(4.40)

and all a’s, b’s and ¢’s are as before. Thus, we finally have the coefficient of three-mass
triangle as

3m 1

222 = 5106 19(2 3)

5
S 10 ) S ) (allslel Pl + P (1 0610

(E QI PaQll) s,
1 (4.41)
BEIrER
7
9(0)(€|Q|3]R2(ay, bj, cj) 2 ]
le; 116]5](€| Po3s@1l) 4+ Pss(1 £){£|Q|5 .
S |t et (SPsQI0 + Pt o@Qi)|
Here, in the first term, the summation is over the poles
161) =|Posld],  |€2) = |Pe[5],  [€3) = [PasPus6),
(4.42)
[6a) =[Q12],  |€5) = [m).
In the second term, the summation is over the remaining two poles
[le) = |a) + x4 |b),  |¢r) =a) +z_[b). (4.43)

We can choose |17) properly to reduce the number of poles further, but we do not do so

here. It was checked numerically that eq. (f.4])) is indeed independent of |7).

The Results
Now we list the coefficients of the amplitude A(17,27,3%,47,5%,6%). The box co-
efficients are given by (f.16) and (f.I7). The three-mass triangle coefficient is given by
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eq. (.40)). For bubbles, we have six coefficients. From cuts in three-particle channels we

have

e (1] Posa|3]” (116]5)(5| Ps6113]
23T (2 3][3 4](5 6)(6 1) Pgyy \ (5] Pa61[2](5] Pae1|4] (5| Pse1 5]
(12)[2 3]>P%, (1 4)[3 4>P%, )
[2 4](5| Ps61(2](2| Pse1|2] 4 2](5|Pse1|4](4| Ps61]4]
e (4|Ps12/6]” (211(6](4] Po12[2)” (4.44)
#5016 1][1 2](3 4)(4 5) P2y, \ (5] Po12|2](3] Po12|2)(2| Pe12|2]
5OJ(45) P, [63)(34)°P8, )
(3 5)(5|Ps12|2](5| Ps12]5] (3 5)(3|Ps12]2](3| Ps12|3]
(4| Pyse|3]° ( [6 3] (6 4) (1/2/3](4| Pr23|1] )
(

1 2][2 3](4 5)(5 6) \ (6]P123/6](6]Pr2s|1]  (1|Pra|1](6]Pr2s|1] Pls

C2:3;1 :[

From cuts in two-particle channels, we have

S [3 5](5] Pe126] (4] P12/ 6] (2 4) (1| P51 |2](1| Pse1|3)”
223 716 1][1 2](3 5) (5[ Po12]2] (5[ Pe12|5] Pgy (5 6)(6 1)[2 41<5\P561\2J<2|Psm\2uz§f,-il .
and
S (2 4)%[5 6]* (4|Ps61/5] (5] Ps1/3] 1
%2 715 6][6 1] P25, (4] Pso1|1] (3| Ps61]5] (5] Pse1 Pos Po1 5]
. (4] Pass 3] [3 2)(2 1) (4| Pasel1])?
[2 3](4 5)(5 6) Pg (4] Pasg|1] \ [2 1](6] Pase 1] (1] Pas|1] )

(4 6)%[2 3](2| Pys6|6](Pi5g)* )
(6] P156|2](6| Pase|1](6| Pase P23 Pase| 6]

R L 9(O)(1 £)(£|Pas|5][3 4]
O & (o0 smaats )M

The coefficient c3.2.4 can be obtained c2.2.2 by a flip symmetry, while the coefficient cz.2.6

can be expressed as Atree — D oipers C2:ryi iom the divergence equation (B.§). We have
obtained an analytic expression for cs.2.6 using the techniques of this paper and checked
numerically that (R.§) is satisfied. The analytic expression is rather long, so we omit it

here for brevity.

4.8. Third Configuration: A(17,2%,37,47,57,6™)

Now we move to the last helicity configuration A(17,2%,37,4% 57, 6%). It has the

largest symmetry Zg generated by P, : ¢ — ¢ + 1 plus conjugation. Because of this, we
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need to calculate just one coefficient for each type of function and act on it by P, to obtain
all the others. The box coefficients are

Q2m i P3sP%  (1Psas|4)® (1] Psas|5)(6] Paas|4]

- 2 (1 2)[3 4](6|P345/5]> (2] Psa5/5](6] P34s]3]

(4.47)

and

_ PE P (5] Pyss|2)” (4| Py56|2](6| Pase|2]
2 [12][2 3](4 6)2Pf5g (4] Pase|1](6] Pasel3]

For the triangle integrals, there are two two-mass triangles related by P,. For the

im __
C4;1 -

(4.48)

bubble integrals, the orbit of the cut in a three-particle channel contains three elements,
while the orbit of the cut in a two-particle channel contains six elements. The representative
integration we will perform is the following:

(5| P123|2]* (5] Pr23|€2] (€2 Pr2s|2] [2 £2](5 £2)
[12][2 3](4 5)(5 6) Piay (6] Pr23|l2](l2] Pro3|1] [3 £a](4 £2)

[4 6]*(1 3)2[1 2] [£1 2]¢61 3) (3 5)%(1 2)[2 6] (1 £5)[6 £o]
[4 5][5 6](3[ Pase|6] Pi5e P [€1 1](¢1]Pasel4] (3 4)(4 5) (3| P3as|6] P45 Py (2 £2) (5] Psasléo]
1 (5]€2 +3 +44] (5 £1)(1|Pr2|fa] (G| Pral4]  ((5]6]4](1 1) + (1[24](5 £1))?

(12)[34](56) (fa+3+4)* (6 £1)(2[Pr2|l1] (5| P34 P12|l1) (01| Psg|4](€1|P12|3]
(4.49)

Cioz = —

Cio =

Now we perform the integration for these two cuts.

The cut 0123
After the t-integration and splitting we end up with

PPy3(5| P123]3]

([|P12s]2](¢ 5) 1 (€] Py23|2] 2 3]
Cia3 =C / 0 deyl de
12 =C 6 Pials] ) N P T8 TPralS] \ (11 Progl® T WPl A
C’P1223<5 6) (€ doy[e de (0| P23[2](¢5) 1 [ ({[P123|2] (6] P123|2]
(6] P1233] (0| Pra3[1](€ 4) (€ 6) \ (0| Pas|]® (€| Pr23]€]{6|Pr23¢]
(4.50)
with C = — i 2][2<§]‘21253>|<2§26> Pz By our standard method, it is clear that among these

four terms, the first and third terms will give rational functions and the second and fourth
terms will give the logarithmic functions involved in the box contributions. Carrying out
the integration for the first and third terms we read out the coefficient of bubble Ci23 as
ot = — (5|P12s[2]” (4] P123|2]* (4 5)(5 6)[4 6]
"~ [1 2][2 3](4 5)(5 6) Pys \ (4| Pr23|1](4] P123|3] (4] P123]4](4 6)
(1 5)[1 2]* PRy (5| Pr2s|1] (5| Pr2g|3] (5 3)[2 3Py
[1 3](4]Pr23|1](6] Pros|1](1[ Pr2s|1] ~ (6]P123[3] [3 1]{4]P125|3] (3| P125|3]

(5 6) (5 4)[4 6](6| Pya3|2]?
(6] P123|3] (6 4)(6]P123]1](6|P123]6]

(4.51)

_|_
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We can do similar calculations for the second and fourth terms and it is easy to check that

they produce the imaginary parts of box integrals.

The cut C1o
Here we consider the cut C';5. The integrand consists of the three terms. Integration
of the first two terms can be performed by the same procedure as presented earlier in the
paper. Therefore, we will only state the results. The first two terms contribute to box
coefficients, which can be neglected for our purposes, and to the bubble coefficient c.2.1.
The corresponding contributions are
(1) [4 6]*(1 3) (3 Pase|4] (4] Pase|2]

(O — 4.52
220 = [T 5105 6)(3] Pass 6] Phg (2| Prso |4 (41 Prog Pra Pasg 8 (4.52)

and
2 (3 5)%[2 6] (1| P345|5](5| P345]6]

CSH4 = . 4.53
221 = 13 0)(4 5)(3| Pyas|6] P2y (5] Paas| 1] (5] Poas Pro Pass] 5 (4.53)

Now we consider the last term. After performing the ¢t-integration, its contribution to the

cut Ci2 can be written as follows

3) _ (£ deyle dey o, [02] [ ({1 P2|€](5]6]4] (5 £)[¢ 4]

ciy=c | NN T ( PR QN )  Ws)

where

1
C= (12)[3 4](5 6)’ (4.55)
_({£5) (P24 ((516]4](1 €) + (1]2]4)(5 £))?
90 =~ 106) WPaPup) (Pl Pual3] (4.56)
and

Q= P%(PE?GPH + P2, Psg). (4.57)

Now we use our method to split the integrand in (£.54)). We find that

- L gon 12160
oy =c [(anie ag {@\Pwm[l 7 Q] (“"6"”‘ 02 )

_ 1 g(O)PE(5 £)(¢| Po|4](¢ 1)
(£|Pro| ) (€ 2) (€| P12Q|€) (4.58)

1 9(H){€1Q|2]

P ol Ry (P10 + PR Qi)
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Among these three parts, the first one contributes to one of the box coefficients and can be
neglected for our purposes. The second term gives a contribution to the bubble coefficient

C2:2;1. Performing the {-integration, we find this contribution to be of the following form

6

o 1 (05 H{PL2 4
22 = TE G 6 & (“ gD <£|Pmm)w (4.59)

Here the locations of the six poles is as follows:

[01) = |Psgl4], [l2) = |P12|3], |€3) =[6), |€s) = |P12P34]5),

(4.60)
[Us) = |a) +x_|b), |ls) = |a) + x4|D),
with
_ —((a]P12QIb) + (b| P12Qla)) £ (a b)/ Az,
T+ = (4.61)
2(b| P12Q|b)
and
Az = ((P122>2 + (P3y)° + (P2)* — 2PL,P3, — 2P3, Pl — 2P526P122) (4.62)

Note that the pole |¢) = |2) does not contribute because of the factor [2 ¢] in the numerator
of (I59).

Now we move on to the last term in (f.58). It will produce the contribution to the
three-mass triangle coefficient. By introducing the Feynman parameter z, we can write it

as follows:

(33) _ (d Ot df)  —g(0){¢|Q2] 2
NE / / TP QN PRqn (PI6AEPRQI0) + Pia (5 O(IQ14]),

(4.63)
where
P = (1 — Z)P12 + zQ). (4.64)
Performing the /-integration, we obtain
g 9(0) (4|Q|2]
33 = —0/ { U 5(6]4](¢| PaQle) + P2, (5 £)(¢|Ql4 ,
€|P|€ £|P|77] <€|Q‘1]<€|P12Q|€><< | | ]( ‘ 12@‘ > 12< >< |Q‘ ]) bole
(4.65)
where |7] is an arbitrary auxiliary spinor. Let us write |n] as
] = |P|n) (4.66)
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for some spinor |77). Then (f.69) becomes

1 ~
P\ 9(0){(¢|Q|2]
0“”‘”:0/ dz{w 5(6[4](£| P12Q¢) + P2(5 0)(£|Q|4 .
12 0 <€|P|€]P2 <£ m(f\Q|1]<£|P12Q|€)(< | | ]< | 12 | > 12< >< | | ]) bole
(4.67)
The Feynman integral of this type was considered before. It produces the functions

Ri(aj,bj,¢c;) and Ra(aj,bj,c;). As a result, the contribution to the three-mass triangle

coefficient is given by

6
1 9(0)((|Q[2|Ry(ay, bj, c;)
ML= 0 12T I2((5|6]4] (€| PiaQll) + P2,(5 £)(£|Q|4
8
1 9(0)(¢|Q[2]R(ay, bj, c;) 2
+ % 5|6[4](£| P12Qf) + P (5 £){¢|Q]4]) ,
T2 45 6) 2 O T (ISPl + P ..
(4.68)
where, in this example, the coefficients a;,b; and c¢; are
ap = (Q — P12)?, a1 =2P1»-(Q — P12), a2 =P}, (4.69)
by = (£|Q — Pra|l], by = ({|Pr2|l], c1=(n[(Q— Pr2)|f], ca= (n|Pr2]l]. '
In the first term in eq. (f.68), the summation is over the poles
[61) = |[Pssl4],  [l2) = |Pr2|3],  [€3) = |6), |€a) = [P12Ps4[5), (470)
14s) = [m),  [le) = |Q1].
In the second term, the summation is over the poles
[z) = la) + x_|b), |ls) = |a) + z1[b). (4.71)
Thus, the bubble coefficient c.2.; is represented by the sum
€2:2;1 = Cég;l + Cg?%;l + Cé?%;l’ (472)

where cég;l, cg?%;l and cé?%;l are given by (.53), (E53) and (f.59) respectively. The three-

mass triangle coefficient ¢315,,., is given by ([.63).
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4.4. The amplitude A(17,27,37,4%,...,n")

The next-to-MHV n-point amplitude with all negative-helicity gluons appearing con-
secutively has been computed in [RJ]. We perform the calculation here as well, as an
illustration of our procedure. The solution will emerge in a different form.

From the viewpoint of our discussion in Section 2, there are no box and three-mass
triangle contributions, hence no one-mass and two-mass triangle contributions. All we
have are bubble contributions which can be calculated by double cuts. There are two

nonvanishing double cuts, which we denote by I and II.

I:/dﬂ AL(El,k'-i- 1, ey 1, 1,2,£2)AR(£2,3,4, ...,k,£1> 4 S k S n—1
N N N (4.73)
II :/d/J, AL(€1,2,3, ...,k?, ZQ)AR(ZQ,k + 1, ceey 1,[1) 4 < k <n-—1

However, these two kinds of cuts are mapped to each other under the permutation P,
(n—i+4) ¢ i and the identification k = n — k + 3.
Now we focus on the case I. To do this we need to know the tree-level amplitudes

with two fermions or complex scalars, which we list in Appendix B. First we have

Ar( + 1), nt 17,27 ,45)

g-l—
1>
i (n—1—jn— LKA KT 0,3
(L2 L1)(01 k—|—1><k+1k+2>-- (n D2 o G I 2)(n — 1 — | K9]

7=0
(1‘K J+2 [J+3]|£ >
(1| KU J+2 [J+3]|£ )

(42— (k1)) o [n3—(k+1)] ) 3
W k+ 1)K K 165)

_ k+1 k+1
(b2 ) (01 K+ 1)k + 1k + 2). (| 1ye 27 Dl 8=l g g g2 (] g)
n+2—(k+1 n+3—(k+1 @
. 1 (_<1|K,L:1 SR ”w)
n+2—(k+1 n+2—(k+1 n+3—(k+1
<€1|Kk+—; (k+ )]|2] <1|KI£:+41 (k+ )]KI[H:; (k+ )]|£2>

(4.74)
where the last term is the special case with j =n — k — 1. In this formula, a = 0,1, 2 for
1,45 to be gluons, fermions and complex scalars. Using (f.74]) and MHV-amplitude of Ar
we get the integrand of cut I as

I:—/d,tL(k k+1)(12)(23) (01 3)
[ei(@i+ 1) (b k+1)(k &)
(n—1—j n— )UK K 3)?2 < L5 )

k
<
= t[]+2]t[3+3] <TL ]|K J+2 |2] <7’L 1 ]|K1[;7jj2]|2]

k1 (4.75)
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Notice that in the above integration, only the holomorphic part |¢1) appears in the inte-
grand, so the integration is very easy to do, similar to the example A(17,27,37,4% 5% 67).
We separate the integral into the cases where ;7 # n — k — 1 and the special case of
j = mn—k — 1. For the cases where j # n — k — 1 there are three potential poles:
161) = K2 n), 161) = |k + 1) and [¢1) = |k). By choosing |n] = |K¥™2|3), we get rid of
one of them. Similarly, for the case j = n — k — 1, we take || = ng_Q]\?)) to get rid of
one pole and leave only two poles: |[¢1) = |k) and |¢1) = |K£k_1] |2]. Adding all these pieces
together, we find that the coefficient from cut I is

2:k—2;3 =m /s o L\
[[_Gii+1) < i+2, [J+3]< |K]+2 |2]< ~ |K[=7+2]|2]

Jj=0 “n—j nJ

x <<3Lkék‘2wk-+:u<k-+1¢ff“+“zr“*gwl> __<3Lk%k ”|kkaf<“+“zrj*2|1>)
(4 1155+ 1) (k|1
(12)(2 3) (k k+ 1) (1| KT EEFE)3)2
[Ty G 1) =2 g 41 5 ) 2) (kK12
x(_MK?%mwm“%¢HM><wﬂ1K“”mumk2m>
Gl el (2152

(4.76)

By symmetry we read out the coefficient from cut II as

o <nl 2>< 3) n_zkfz <j-|-5j+4><3|K[j+2]K£j+3]|1>?
’ H _(ti+1) = t[3+2] [J+3]< +4‘KJ+2 |2]<j+5‘K£J+2]|2]
UK — k4 3)(n — k + 3| KSR 3
( (n—k+3[KE 2 jn—k+ 3
amakﬁm—k+4m—k+axﬁ3KW”m>
(n—k+ 4| K22 In — k4 4]
(12)(2 3) m—k+4n—k+$BM*£MKWHJD
[T (i+1) t[ kJ]r4t£l kJ]r4( —k+3|Kn k+4|2]< _k+4|Kn—k—|—4|2]
X(umﬁkﬁ|—k+@m—k+4KfihKLH4$
(n—k+4KF 2 |k — &+ 4
+MK*;MKnm4w@m%kav'
(21K

(4.77)
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In [P3], the amplitude was decomposed in terms of functions Ky and Ly, given here
in (-T3), where the function K is proportional to the bubble integral and the function
Lo is related to the Feynman parameter integral for a two-mass triangle integral. By the
identity ([.14), it is possible to convert their expression to an expansion in bubble integrals

only, as we have done here.

5. Summary Of Results For Next-To-MHYV Six-Gluon Amplitudes

In this section we collect our results for the next-to-MHYV six-gluon amplitudes for the

reader’s convenience.

We define the following functions:

(2a2b161 —aibscy — arbiea + 2&01)202)
2(&21)? — alblbz + &0b%>

Ri(aj,bj,cj) =

5.1
Ro(a;,bic:) = (agbac1 + asbica — arbacs) (5-1)
R b2(2a2b1 —a1b2>
5.1. A(1-,27,37,4%,5%,6%)
The amplitude is given by
r 2\e€
A(17,27,37,4%,57,67) = (Z;TI;QZG (c2:3:612:3.6 + C2:3:212:3.2 + 2:2.312.9.3 + €2:2:612:2.6)
(5.2)
with rr = % and
Co:3:6 = — (3| Por2[6]° (<3|P5|6]P6212 (3| P12 P12 6] )
o (6 1][1 2](3 4)(4 5)(5| Pe12|2]Pg12 \ (5|Ps12/5] (2| Ps12/2]
Coigip = — (1] Psoa |4]° (<1|P2|4]P5261 (1] P5615 Ps61/4] )
o (56)(6 1)[2 3][3 4](5| Ps61/2] P35, \ (2| Ps612] (5] Ps61/5]
Cpnes = [4 5)(5| P345/6](3| Ps45(6]” (2 3) (1| Paga|2)(1| Pazal4]”
T (45)[6 1][1 2](5| P3as|5](5| Paas|2] Pys (2 3](5 6)(6 1)(2|Pa3a|2](5| Paza 2] Pssy
o — [5 6](5| Psg1[4] (1| Psg1|4]° (1 2) (3| P12/2] (3| Po12/6]*
=7 (56)[2 3][3 4](5| P61 |2](5| Pse115] Pisy  [1 2](3 4)(4 5)(5\P612|5]<2|P612\2]P62(12 )
5.3
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52. A(17,27,3%,47,57,6T)

The amplitude is given by

_oa — TF(N2>€2h2h 2m h12m h 2m h 12m h
A(17,27,37,47,57,6%) = (3.9 Iip A s I

(47_‘_)2_6 4:2;2 £4F:2;2 + C4:2;4 4F:2;4 + C4:2;6 4F:2;6 + C}lgjlm
+ ng:z;zfgg;z;z + c2:3,212:3,2 + €2:3:612:3:6 + C2:3;112:3;1
+c2.9.200:0.9 + €2.2.312.9.3 + 2:2.412.9.4 + C2.2:612:2.6)
(5.4)
with
G2mh P§Phs  (4]Puss[3]°(4 6)[3 1]
- 2 (6]Pase/1]*(4 5)(5 6)[1 2][2 3]
omn_ PiPas  [26] (4] Ps12|2] (4] Po12/6]”
2 (45)[6 1][1 20(5] Pora|2)(3| Per2|2)”
amh PR P31 (1 5)(1 P [3]°(5] Prea |3] (5.5)
' 2 [23](5 6)(6 1)(5| Pse1|2](5| Pse1|4)*
am _ PPy (1] Pa34]2)(1] Posal3)”
o 2 (56)(6 1)[4 2]2(5[Pa3a|2] P3yy
am _ PP (5| P456] (4] Ps4(6]”
0 2 6 1][1 2](3 5)2(5| P34s[2] P35
A 1 X
F222 7 14 51(6 1)(2 3)
g(O){L1Q|3] R (ay, by, c5) 5 }
0 116]5](| Po3Q|€) + P2, (1 £)(¢|Q|5
s O (oBlAmRIn + it o)
+ L X
[4 5](6 1)(2 3)
g(O){L1Q|3]Ra(ay, by, cj) 5 }
0 116]5](¢| PosQ|6) + P2,(1 £)(¢|Q|5
(5.6)

35

4F;5+C;

im
4:6

1m
I4F;6



(1] Pysa[3]° ( (1[6]5](5| P [3]°
2 3][3 4](5 6)(6 1) Py \ (5]Ps61/2](5|Ps61|4](5| Pse15]
(12)[2 3]* P, (14)[3 4]* P%, )
2 4](5] Ps61|2](2[ Ps61(2] ~ [4 2](5|Pse1/4]{4] Ps61/4]
(4] Poao]6]’ ( (2[1/6){4| Pea2|2)” (5.7)
6 1][1 2](3 4)(4 5) Pg15 \ (5] Ps12|2](3| Ps12]2](2| Ps12/2]
[5 6](4 5)°Pgis (6 3](3 4)*P51» )
(3 5)(5]Ps12|2](5Ps12/5] ~ (3 5)(3|FPs12|2](3| Fe12/3]
(4] Pyse|3]” { [6 3](6 4) o (1203)(4[Prgs 1] }
1 2][2 3](4 5)(5 6) | (6]P123|6](6|Pr23|1] (1| P123|1](6]P123|1] Py

C2:3;2 = — [

+

C2:3;6 = — [

C2:3;1 :[

(2 4)2[5 6]* (4| Ps61/5] (5| Ps613] 1
5 6][6 1] P2, (4| Pse1|1] (3| Ps61]5] (5] Pse1Pa3Pse1]5]

(4] Pysg|3]2 <_ [3 2)(2 1) (4] Pass|1]°

C2:2:2 :[

[2 3](4 5)(5 6) Pi5e (4 Pase|1] \  [2 1](6]Pase|1]{1] P2s|1]

(4 6)*[2 3](2| Pys66](Pi56)* )
(6] Pas6|2](6| Pase|1](6| Pise Po3 Pyse| 6]

L&, | g(0)(1 £) (€| Pas|5][3 (]
a2 vt
oo [3 5)(5| Po12/6] (4] Pe1216]” (2 4) (1| P51 |2)(1| P31 [3]”
2% 706 1][1 2](3 5) (5| Po12|2](5[ Pe12]5] Pgis (5 6)(6 1)[2 4](5| Pse1/2](2| P61 /2] P25,

c2:2.4 =Py (c2:2:2)

C2:2:6 :Atree — €2:2;2 — €2:2;3 — €2:2:4 — €2:3;2 — C2:3:6 — C2:3;1
(5.8)

The symmetric action is P, : i <> 7 — i plus conjugation, i.e, { ) <> [ ]. For (f.6) and
(B.8), we have defined

ap =(Q — P23)*, a1 =2Px3-(Q—Pr3), ax=P3

5.9

br =(|(Q — Pa3)|l],  ba = ({|Pasll] c1=(M(Q— Pa3)ll], ca= (P3|l )

[01) =[P2sl4], [l2) = |Pe1l5],  [l3) = [Pa3Ps5[6) (5.10)
[ls) =la) + x4 |b),  |l5) =|a) +x_[b), [ls) =[QI2], |lz)=|m) .

vy — —((a]| P23Q|b) + (b| P23Qla)) = (a b)v/ Az, (5.11)

2(b| P23Q|b)
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where

Asm = (P51)* + (P5)? + (P33)? — 2P, P3y — 2P33 Py — 2P Py
g(0) = _ (£1P23]5] ({1]6]5](2 £) + (2[3]5](1 £))?
(| Posld] (€] Ps1|5](¢] P23 Pu56) (5.12)

1
= Pz (Pg, Pas + P35 Ps1)
23

Here |a), |b) and |) are arbitrary.

5.8 A(17,2%,37,4% 57, 67)

This helicity configuration has the largest symmetry, namely a Zg generated by P,

1 — 1 + 1 plus conjugation, so we have grouped everything into orbits. The amplitude is

given by

6
A(l_ 2+ 3 4+ 5” 6+ 47T 2 € ( 42177211}1 E?th—i_zcéll;r? 4F1+Zc3221]§ﬂ§21
i=1

+E c2:3:12:3.; + g Cz:z;ﬂz:zn)
i—1 i—1

(5.13)
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2m h _ PP (1Paas|4”  (1|P3as|5)(6] Poas 4]

FELTT2 T (12)[3 41(6] Paus 5] (21Psas]51{6] Paas[3)
gm__ PhPh (5Pasel2®  (4]Paso|21(6| Paso|2]
" 2 [12][2 3](4 6)2Pf55 (4 Paso|1]{6] Pass|3]

1
€3:2:2;1 :<1 2>[3 4]<5 6>
x 9O QI2]R1(ay, bj, ;) )
1._%4,778 [W” Qe[ P2Qle) ((5]6]4] (| PL2Ql€) + Piy(5 £><£|Q\4])}

1 V9O LQI2]Ra(ay, by, ¢5)
TG 6) > {W QN PraQ)
)

i=5,6
(5 Pras|2)® ( (4] Pras|2)° (4 5
1 2][2 3](4 5)(5 6)Pfy3 \ (4] Pi23|1](4|P123|3](4| P123|4](4 6)
(1 5)[1 2]* PR3 (5| Prgs|1] (5|Pi2sl3] (5 3)[2 3]*Phy
[1 3](4]P123[1](6] P12 |1]{1[ Pr23[1] ~ (6]P123[3] [3 1]{4]P123]3](3| Pi23|3]
(56) (5 4)[4 6](6|Pr2s|2]’ )
(6| Pr23|3] (6 4)(6[P123|1](6]P123]6]
[4 6]*(1 3)* (3| Pase|4] (4] Pase|2]
[4 5][5 6](3| Pass|6] Pise (2| Pase|4] (4| Pase Pra Pase|4]
(3 5)*2 6] (1| P545(5] (5[ P345/6]
(3 4)(4 5)(3| P345|6] P3y5 (5| P3as|1)(5| P3a5 P12 P3as5)]
1

6
T a6 PR 4
TBAEE A [“ % 2><£|P12@|£><2|P12|£J

_|_

({5]6]4](€|P12Q€) + Py (5 €><€|QI4])L ,

(5 6)[4 6]

C2:3;1 = — [

_|_

C2:2:1 =

(5.14)

and the other coefficients can be obtained by the symmetric action of P,. Here one needs

|€1) = |Psgl4], |l2) = |Pi2|3], |l3) =16), [ls) = |Pi12P34]5),

(5.15)
[ls) = la) +x_|b), [ls) =la) +x1|b), [lz)=|m), [ls)=|QI1].
ap = (Q — P12)*>, a1 =2P12-(Q — Pr2), az= P}, (5.16)
br = ({|Q — Pr2|l], by = ({|Prall], c1 = ((Q— Pi2)|l], co= (n|Pr2l{] .
g(0) = _({£5) (P24 ((516]4](1 £) + (1]2]4])(5 £))?
(€ 6) (€| P1aPs4]5) (€] Psg|4] (€| P12|3] (5.17)
Q= P%(P56P12 + Py Psg)



v — —((a[P12Q|b) + (b[P12Q|a)) £ {a b)v/ Az, (5.18)
- 2(b| P1oQ)b) '

where
Az = (Piy)? + (P3y)? + (Psg)? — 2Pfy Py — 2P, P3; — 2P5 P (5.19)
and |a), |b), |) can be chosen arbitrarily.
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Appendix A. Scalar Integral Functions

In this appendix we list the explicit results for the scalar integrals derived in the
reduction procedure of [B7. The expressions here are taken from [BA7].
The dimensional regularization parameter is € = (4— D) /2. The constant r is defined

by
T(1+er%(1 —e)
T T -2 (A1

i+r+r’

i+1 i i+r i+r

@ (b) (©

i+r
i
(d)

Fig. 3: Scalar bubble and triangle integrals. (a) One-mass triangle I3". (b)

Two-mass triangle IgTZ (c) Three-mass triangle »nm (d) Bubble Iz..;;.

3irir/set
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K2 K
l
K 1 K 4
(@)
i+r+1 i+r+2
i-3 i-2 i+r
o
i_a C\/ i+r-1
1 )
i . i-1
i+1 [ -1 i+1 i
(b) (c)
i-3 Hr+r=1 iHr+r
) i+r+r'+]
i+r+1 i+r+1
i+r i+r )
i+r-1 C\/ i+r-1 C\/
l l
i+1 i -1 i+1 i -1
(d) (e)
i+r+r'=1  i+r+r
I+r+r'+1
i+r+1
i+r i+Hr+r+r-1
|+r_1 C\/ i+r+rl+rn
! T+ L
i+1

(f)

i-1

Fig. 4: Scalar box integrals. (a) The outgoing external momenta at each of the
vertices are K1, Ko, K3, K4, defined to correspond to sums of the momenta of gluons
in the exact orientation shown. (b) One-mass I;7'. (c) Two-mass “easy” I
(d) Two-mass “hard” I77,". (e) Three-mass

4:7r57
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Scalar bubble integrals:

o . d4—2€p 1
fo = —ildm) / (2m)* =2 p2(p — K)? 42
Iy = 1 (% —In(—tI"h + 2) + O(e) (A.3)

e . (A4)
= \4aT '
3 (2m)4=2¢ p2(p — K1)?(p + K3)?
m rr —1—e¢

I3 = 6—2(—75?]) !

Imn,::CE(—iyU_E—‘C—QZ;T_”)_E

3irsd €2 (_tET]) . (_tgzl;’"—l]) <A 5)

. 3 ; )
1 + 26~ 1-— 26'

I3m rg = ! L - ’ - L. B ;
3’ \/A_32|: 12( 1—i(5j) 12( 1+2’5j)} +O(€)

We have defined the following:

As = —(K7)? = (K3)? — (K3)* 4+ 2K{ K3 + 2K3K; + 2K K}

[r] _ 4] [n—r—r]
51 — b — b — by
1=

VA3

) ) (49
5y =

VA3

o

VA3

Scalar box integrals:

m . —€ d4£ 1
[P / (2m)42 (2 1 i) (0 — K1)% +ie) (£ — K1 — K2)2 +ie) (£ + K@Z; z’)e).
7

We separate divergent terms from the finite pieces of interest, as explained more fully

in section 2. We refer to the finite pieces I4r as finite box integral functions.
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s
=3
|
[\
=
S
—_
| —
—~
~
|~
w
S—
4
_|_

(—t)c = (—t) ] + g

(@, e U
(3] [3] [2] 2
2 i . L2 1 [
Q%:_ﬁﬁ%_Lh1—E; +Lip [1— 57 |+ 5ln® | + T Lo,
ti—3ti—2 ti—3 ti—? 2 ti—? 6
(A.8)
2m e 2rp 1 [r+1]\—e [r+1]\—e [r]\—e [r+2]\ —¢ 2m e
I4:r;i = [r4+1],[r+1] [r42],[r] 6_2 [(_ti—l ) + (_ti ) o (_ti ) o <_ti—1 ) ] +I4F:r;i
ti—l t’L - ti—l t’L
2rp ndl . ndl _ glrt 2]
2m e __ _ 7 _ ? Nt T
I4F:7";i t[ —lil]t[.T—i_l] — t[T_liz]t[T] [le <1 t[T_lil]) + L12 <1 t[T+1] + L12 1 t[T_lil]
[r+2] [r] ,[r+2] [r+1]
. tiy . ti tiy 1. o[ty
+ Lia <1 - t[r+1]) —Li; <1 h W) T3 In <t[r+1] +0(¢)
7 i—1 " 7
(A.9)
2rp L1, 2 = r+1v—e 1, ply—e 1, 2]\ —
AL NS ey (71 [ Y G S | 4 12mh
4:7;1 t£2_]2t£r__'il] 62 |:2( 2—2) +( i—1 ) 2( 7 ) 2( i—2 ) + 4F:r;i
[2] (2] (2]
2rp 1 ti_o ti_o 1o tisy
@?@:—77——-P—m<1 )m( : +—In? | -
N r41 r r+2 r+1
e 2 ) ) e
[r] [r+2]
I Lip (1 =2 O
+Liy [ 1— ) +Lip [ 1— ) +O0(e)| .
i—1 i—1
(A.10)
IETT/Z = ’ 2TF ’
iy tEr_—iil]tEr—i—r ] . tEr]tET_—gr +1]

(2

1 1 r+1]\ —¢ 1 41’1\ —e
= |3t oty

3m 2rp 1 | tEH—T/] | t£T+T/] 1 | ty_—iil] | t£7n__|11]
irrtsi = TR ] e |t T ) e ) T B e ) B e
AF glrttllrr] Iyl 2 ¢l il ) g ()

1, t[r—lil] t[r] t[r+1r’+1] t[r]t[r—lir'+1]
+ 5 ln W —+ L12 1 — t[r+1] + L12 1 — t[rT/] — L12 1 — W + O(G)

7 i—1 3 i

Z (A.11)

T\ —e€ 1 T 7"/ ]. —€ m
(_t[' ]) - 5(_t£——|1 " ]) :| + Ié:fF:r:r’;i'

N —

The dilogarithm function is defined by Liz(z) = — [ In(1 — 2)dz/z.
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I4m .

i (-1 (=3 ()

1
a(zy — z2)

J

. t34 — 1€ t34 — 1€ t34 — 1€
—Liy (1 )= - In (1 ;
2 ( + t13 — tij) n ( Ths t13 — iG) n ( + t13 - iex]) <A12)

. t24 — %€ t24 — 1€ t24 — 1€
—Lis |1 x; | — —Tk, — | In (1 — T,
2 < +t12—i€ J) 77( F t12—7,€> ( +t12—2€ J)

+ ln(—$j>(ln(t12 — i€) + ln(t13 — i€) — ln(t14 — iE) — ln(t23 — Z€)>) .

1

Here we have defined t,,,; = — (K + K1 + ...+ Kj_1)%

n(z,y) = 2mi[d(—Imz)d(—Imy)d(Im(zy)) — Y(Imz)d(Imy)d(—Im(zy))], (A.13)

and z; and x, are the roots of a quadratic polynomial:

cws2-i—bas-l—c-l—ied:a(x—xl)(x—xg), (A.14)
with
a = toatsy,
b = ti3tos + t12tz4 — t1atas,
(A.15)
¢ = ti2t13,
d= to3.

Appendix B. Tree Amplitudes with Fermions and Scalars

Here we summarize some results that are useful for our calculations.ﬂ Take a = 2
for a scalar and a = 1 for a fermion. (Taking a = 0 reproduces the results for all-gluon

amplitudes, but these are not needed in this paper.)

A4} 6,5%,67,17,27, 3 o) = Ligjsase + T12sapse
(311 + 2/6)° <_<4|1+2|6]>“
[6 1][1 2](3 4)(4 5)P3;5(5|6 + 1[2] \ (3|1 + 2[6]

(15 + 6[4]° (<1|5+ 6|3])“
2 3][3 4](5 6)(6 1) P2, (56 + 1|2] \ (1]5 + 6[4]

(B.1)

_|_

7 Some of these results have appeared in [E§29).

43



Similarly we have

Aldgs,

5%,67,17,27, 3415/5) = I123456 + +11234)56
B (4]1 + 2|6]* <<3|1+2|6])“
(6 1][1 2](3 4)(4 5)P2,. (56 + 1|2] (3|1 + 2[6] \ (4|1 + 2]6]

(15 + 6/3]* <_<1|5+6|4])“
2 3][3 4)(5 6)(6 1) P2, (5|6 + 1|2](1]5 + 6|4] (1|5 + 6|3]

(B.2)

_|_

Notice that for the split /153456 Wwith a fermionic line between the two vertices, the

amplitude is zero (unlike the internal gluon case).

A(Lf)6,27,87,47,57,65 ) = Najzase + Lor2j3as + Ise12)34

_ [13]*(5 6)* ( (5\P123\3])a
[12][2 3](4 5)(5 6) PZ,3(4| P123|1](6| P1233] \ [1 3](5 6)

n (6 2)4[3 4]* ( (2 )) (B.3)
(6 1)(1 2)[3 4][4 5](2|Ps12|5](6| Ps12|3] P55 \ (2 6)

N (2| Paga 1] ( <2|P234|6])
(2 3)(3 4)[5 6][6 1] Pgy4(4| P23a|1](2| Pasal5] \ (2| P2sall]

A(lg 527 ;37,4757 6F/S> I2314561 + 1123]456 + L6123]45
_ [3 4)*(5 1)* <<5 6>)C‘
[2 3][3 4](5 6)(6 1) P33, (1]Pasal4](5] P23al2] \ (5 1)

(1 2)4[4 6]* ((2|P456|4]) (B.4)
(1.2)(2 3)[4 5][5 6](3|Pas6|6](1| Pase|4] Pise \ (2 1)[6 4]

(5| Psas 6] (_ <5|P345\1])a
(3 4)(4 5)[6 1][1 2] P3,5(5|Ps45|2](3| P345|6] \  (5]Ps456]

+

_|_

A(l;/s 27,37,47,5%, 6;:/5) = I12)3456 + 612|345 + I5612/34
) (4]Pra)’ (Laioy:
[1 2][2 3](4 5)(5 6) Pryg(4|P123|1](6] Pr23|3] \ (4|Pi23|3]
(1 2)4[3 5]4 ((2 6>)a (B.5)
(6 1)(1 2)[3 4][4 5](2| Ps12|5](6| Pe12|3] P51z \ (2 1)

[5 6]*(4 2)* (_ [5 1])a
(2 3)(3 4)[5 6](6 1] P354(4] Pa3a|1](2] Posa|5] \  [5 6]

_|_

_|_
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A(1;/5H

27,3%,47,5" ,05,5) = Tizj3as6 + Le12)345 + Is61234
_ [13]*(4 6)* ( <4|P123|3])a
[1 2][2 3](4 5)(5 6) Piy3(4| P123]1](6] P1233] [1 3](4 6)
(62)'[3 5" ( (2 >) (B.6)
(6 1)(1 2)[3 4][4 5](2|Ps12/5](6| Ps12[3] P55 \ (2 6)
[51]*(4 2)* ([5 6])
(2 3)(3 4)[5 6][6 1] P334(4| Pozal1)(2[ P2sal5] \ [5 1]

The NMHYV tree-level amplitude with adjacent negative helicities is given by

_|_

_|_

A(4f)6,57, ™ 17,278, )
n—>5 . . n—j— n—qj—
1 Z (n—j—1 n— )UKy KR8
H? <Z i+ 1> t[n i—2] [n i— 3< —j|K£n_]_2]|2]<n—j— 1|K£n—J—2]|2] (B?)

. _<1|K£”‘J‘2]K£”‘J‘3]|4>
(1 E5 ARy ))
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