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I. INTRODUCTION

The soft-collinear effective theory (SCET) provides a systematic approach for separating
hard, soft, and collinear dynamics in processes with energetic quarks and gluons [1, 2, 13, 4].
In SCET the infrared physics is described by effective theory fields with well defined mo-
mentum scaling, which are used to build operators order by order in the power expansion.
The hard perturbative corrections are contained in the Wilson coefficients which can be
computed by matching computations order by order in perturbation theory in a,. The sym-
metries and power counting in the effective theory simplify the derivation of factorization
theorems and provide a systematic method of treating power suppressed contributions. The
construction of the complete set of allowed operators for a process is one of the first steps to-
wards deriving factorization theorems. The operators are constrained by gauge symmetry in
the effective theory, as well as by heavy quark effective theory (HQET) and SCET reparam-
eterization invariance (RPI) [4, 6, [7]. The operators and Wilson coefficients are typically
coupled by a convolution integral over the large momenta of gauge invariant products of
collinear fields. In some cases perturbative matching computations are not necessary, since
RPI gives relations between Wilson coefficients that are valid to all orders in perturbation
theory.

Heavy-to-light currents, J = gI'b, are important for describing a broad range of processes
with SCET, including both inclusive semileptonic and radiative decays like B — X, (v and
B — X¢y 1,2, 4,819, 10, 111, 12, 113, [14], exclusive semileptonic and radiative decays such
as B — mlv and B — K*v [2, 16, 15, 116, [17, 18, 119, 20, 21, 22], and exclusive hadronic
decays like B — 77 [23, 24, 23, 26].

Here we will consider higher order RPI relations for heavy-to-light currents in a theory
SCET| with ultrasoft (usoft) and collinear fields. Any momentum can be decomposed as
p* =npn*/2+apnt/2+p, where n,,n, are two light-cone vectors satisfying n? = n* =0
and n-n = 2. The vector n* appears as a label for the collinear quarks &, and gluons
A? and the quantum fluctuations described by these fields are predominately about this
direction. The collinear modes have momentum scaling as (n - p,ii - p,p1) ~ Q(N\%,1,\).
The usoft modes q,s, A, have momenta p, ~ Q2. We also use HQET usoft fields h, for
heavy quarks, where v* is a velocity label vector with v = 1 (see for example [27, 28]). The
mass of the heavy quark is denoted by m, @) is a hard energy scale ~ m, and A < 1 is the
SCET expansion parameter. The auxiliary vectors n,n and v break part of the full Lorentz
symmetry of QCD, and this symmetry is restored order by order in the power counting by
reparameterization invariance under changes in these parameters. For processes involving
heavy-to-light currents it is often convenient to work in the special frame where v; = 0, so
that v* = n-vn*/2+n-vn*/2 and n-vn-v = 1.

In HQET it is convenient to formulate the RPI constraints [4] to all orders in 1/m by
constructing RPI invariant operators and then expanding them to generate a chain of related
operators. These operators start at some fixed order in 1/m, but once the RPI invariant
form of this operator is known, all higher terms in the chain are determined. The RPI
symmetries in SCET are richer and typically the constraints are derived order by order
in A. In this case, higher order operators in the chain are not fully determined until the
appropriate order in \ is considered.



Reparamaterization invariance constraints in SCET were first considered by Chay and
Kim [6]. The complete set of SCET RPI transformations were formulated in Ref. [7] and
used to prove that the leading order (LO) SCET Lagrangian is not renormalized to all
orders in perturbation theory. RPI constraints on subleading Lagrangians and tree level
currents to O(A\?) were derived in Ref. [17] (and verified in [10] for a basis with v, # 0).
At O()), the extension to a complete set of heavy-to-light currents constrained by RPI
relations including currents that appear beyond tree-level was made in Ref. [17]. At this
order, all Wilson coefficients are constrained by RPI except for one scalar, four vector, and
six tensor currents, for which the one-loop matching was done in Ref. [29] and independently
in Ref. [30]. For the currents that survive for v; = 0 the O(\), RPI relations were verified
in Ref. [31]. To simplify the computation, they considered constraints restricted to the
projected v, = 0 surface (from the RPI-x transformation defined later) since this involves
writing down fewer operators. At O(A?), the allowed set of field structures for the heavy-
to-light currents was determined in Ref. [12]. Four quark operator currents first appear at
this order.! Recently the type-II RPI invariance was extended to include light quark mass
effects and provide constraints on certain m, dependent operators [14]. For heavy-to-light
currents at O(A?) a complete basis of Dirac structures and the full set of RPI relations have
not yet been constructed.

In constructing subleading operators we combine objects that are individually collinear
and usoft gauge invariant. The logic which ensures that all subleading operators can be
organized in terms of these objects relies on the decoupling of usoft gluons from the leading
order collinear Lagrangian by a field redefinition involving a Wilson line Y [4]. In section
we show that all results are independent of the choice of boundary condition for this Wilson
line. Processes described by SCET can depend on the path of Wilson lines, but this path is
determined independent of the choice of boundary condition.

Our main objective in this paper is to to derive the complete basis of currents at O(\?)
by constructing a basis that is valid at any order in perturbation theory and including all
RPI relations. Results are derived for use in the v, = 0 frame (and we take m, = 0 in all
currents). Two combinations of {SCET RPI-I, SCET RPI-II, HQET RPI} are formed which
leave v, = 0, and are called RPI-x and RPI-$ (section [TCl). We call these transformations
on the surface v; = 0 “projected RPI relations” and study their completeness in the full
space of allowed transformations in section For the O(A\?) heavy-to-light currents, we
show that transformations on the projected surface give the complete set of relations for
currents defined on this surface (see section [IID)). By eliminating the field operators we
show that it is convenient to consider the RPI relations as constraint equations of the form

Z Bj(wy) T = Z Cjlwe) T (1)

where B; and I'? are Wilson coefficients and Dirac structures for operators that appear at
some fixed order in A, and C; and I'{’ are terms that appeared in operators from lower orders.
By deriving these constraint equations in section [II Bl prior to searching for their solutions,

! In the most common decomposition the Wilson coefficients of the four quark operators start at O(a?), so

these operators are not needed if the basis is restricted to LO in as(my), such as in Ref. [10].



it becomes easier to simultaneously consider the restrictions imposed by the five different
types of RPI invariance from both SCET and HQET, since each gives a separate constraint.
A simple counting procedure is given for determining all possible Dirac structures prior to
imposing the RPI conditions. The solution of the constraint equations in section [IIJ give
relations between the B; and C; coefficients and determine the allowed Dirac structures I'?
in terms of ch.

II. INGREDIENTS FROM SCET
A. Degrees of freedom, power counting, gauge invariance, and Wilson lines

We briefly review some basic definitions from SCET that we will need for our computa-
tions. The fields include collinear gluons A%, ultrasoft gluons A% . collinear quarks &,, and
heavy quarks h,. An important attribute of our collinear fields is that they carry both a
large label momentum p and a coordinate x, such as &, ,(z). The label momenta are picked
out by momentum operators, PE,, = n-p&,, and PYE,, = p/&,, (see Ref. [d]), while
derivatives 10" act on z and scale like ultrasoft momenta. We define collinear covariant

derivatives
in-D.=P+gn-A,, iD= Pl + gAH in-D.=1in-0+gn- A, (2)
and an usoft covariant derivative
1Dl =0 + gAL .. (3)

To construct gauge invariant structures, it is useful to define the collinear Wilson line

W = [;Sexp(—%n-/lnﬂ (4)

and an ultrasoft Wilson line

Y (z") = Pexp (ig/ods n-Aus(zh + sn“)) , (5)

S0

where it is convenient to choose the reference point sy to be sy = —oo with P = P path
ordering for both quarks and antiquarks. We comment on the sy independence of results in
the next section. Making the collinear field redefinitions [4]

Enp(@) = Y (@)6np(2),  Anglz) = Y (2)Ang(2)Y (), (6)

removes all couplings to usoft gluons from the leading order collinear Lagrangian and induces
factors of Y in operators (giving a simple statement of usoft-collinear decoupling).
We will use the following structures, which are both collinear and usoft gauge invariant:

Xn =W,  H,=Y'h,, D.=WDW, D,=Y'D,Y, (7)



‘collinear quark‘soft quarks‘label operators‘ covariant derivatives
&n he qus | P PY lin-D. iD:*  in-D. iDl
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Operator

Scaling

TABLE I: Power counting for effective theory operators.

as well as the P/ label momentum operator. The fields in Eq. (@) are all post-field redefi-
nition. It is convenient to be able to switch the collinear derivatives for field strengths, for
which we use

C

in-D. = in-0+ign-B, in~<5c:in~<5—ign-8. (8)

iD= P 4Bl iD= —P I —igB!,

Here the field strength tensors are
1 1
igB! = %[mu,mjﬂ]] , ign - B = [%[m-DC,m-DC] , 9)

where the label operators and derivatives act only on fields inside the outer square brackets.
To determine which fields appear in the heavy-to-light current at each order of \, we need
the A-scaling of the operators listed in Table [

For convenience we will also use the shorthand notation

Xnw = [)‘(n d(w—n - UfT)] ,
(igB")., = [z’ng d(w—n- UfT)] ,
(ign-B), = [ign -Bé(w—n- va)] , (10)

so that X, corresponds to the gauge invariant combination of fields (£,WW) carrying large
O(\%) momentum w. An operator built out of several of these components then has multiple
labels, J(wq,ws,...), and the Wilson coefficient for the operator will be a function of the
same w; momentum labels, C'(wy, wo,...).
We will use a T" subscript or superscript to denote objects transverse to v*, and a L to
denote those perpendicular to n* and n*,
nt A
R} = R' —v"v-R, R’i:R“—Tﬁ-R—gn-R. (11)
The effective theory fields satisfy the projection relations P,Xx, = Xn, XnFs = Xn, and
P,H, = H, where the matrices are

b _ 1
Pn_z, Pﬁ_Z, and Pv—§(1+7é). (12)

The number of independent Dirac structures in a current is reduced by these relations. For
XnI'H,, we can project the Dirac structure onto a four dimensional basis {1,7°,7{} using

I =tr[P.IP] + " tr [y Pal'P,] + 75 tr [7$ IR (13)
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where = indicates that the relation is true between y,, and H,. Similarly, between collinear
quark fields, ¥, I'x,, we can project the Dirac structure onto the basis {f, #y°, #7¥} using

5 L
r= ﬁtr [h Pl P,] + %g tr [Y°h Pl P, + %ga tr [y Pl Py . (14)

Finally we define €| = fi,n,e"*° /2 where €' = +1, and note that the tensor identity,
gi"el” = —giel” (15)

will be useful.

B. Comments on boundary conditions for Y (x)

It is worth making a few comments on the path and sy dependence of the ultrasoft Wilson
lines used in Eq. (). This field redefinition is universal and should apply equally well for
any physical process. We define

Y (z*) = Pexp (ig /Ods nAus(xg)> , (16)

50

0
Yi(zh) = P’ exp <—z’g/ ds n~Aus(xfj)),
So
where 2 = z# 4 sn*. With respect to the equation of motion, n-D,Y = 0, the point sg
implements a boundary condition at infinity, and P denotes path ordering P or anti-path

ordering P. If YT is to be the hermitian conjugate of Y one requires that 3, = sg and P’ = P.
This ensures that YTY = 1 and that the field redefinition in Eq. (@) causes the usoft gluons
to decouple in the collinear Lagrangian. The following definitions will also be useful

0 oo
Y, =Pexp <zg/ ds nAus(:cg‘)> : Y_ =Pexp (—z’g/ds nAus(xfj)) , (17)
Vs )
YT =Pexp (—ig/ds nAus(xfj)> : Y] =Pexp (z’g/ds nAus(xfj)> :
oo 0

Here (Vi) = YJ:, and the subscript on Y7 should be read as (Y1), rather than (V).
A common choice for sy is the one made in Ref. |4,

SOIEOI—OO, ISIP, P/:F, (18)

where Y = Y, and YT = Y1, In Ref. [32] the choice sy = +oc with P’ = P was made in
order to correspond with particle production, YT = Yl. A third possible choice is [16]

o "
Il

"Uz "Uz
Il
v lliav]

for
for

ﬁl ﬁ\

so = —oosign(P), 3y = —oosign(P'), { ; g (19)
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FIG. 1: Eikonal ie prescriptions for incoming/outgoing quarks and antiquarks and the result that
reproduces this with an ultrasoft Wilson line and sterile quark field.

Eq. ([9) still satisfies s(T] = 5y but corresponds to a different choice for particles and antipar-
ticles.? Here Y =Y, , YT = Y1 for particles, while Y = Y_, YT = Yi for antiparticles. To
see this recall that

5”717 = ;p + gr;—p ) (20)

and that if the label momentum is positive n-p > 0 we get the field for particles, £, and if
the label is negative n-p < 0 we get the field operator for antiparticles, £, [3]. Although it
is important to make some choice for sg, if one is careful then in any physical problem the
dependence on sy cancels. Any path dependence exhibited by a final result can be derived
independently of the choice of sy that one makes in the field redefinition.

Since the dependence on sy sometimes causes confusion, we explore some of the subtleties
in this section, in particular, why it is important to remember that factors of Y, YT can
also be induced in the interpolating fields for incoming and outgoing collinear states, and
why a common choice for sy = Eg is sufficient to properly reproduce the ie prescription in
perturbative computations. In many processes (examples being color allowed B — D7 and
B — X,v) the s¢ dependence of the Wilson lines cancels and the following considerations
are not crucial. In other processes, however, the path for the Wilson line is important for
the final result, particularly when these Wilson lines do not entirely cancel. An example of
this is jet event shapes as discussed in Refs. [32, 133, B4]. See also the discussion of path
dependence in eikonal lines in Refs. [35, 36, B7, 38, 39, 40, 41, 42)].

First consider the perturbative computation of attachments of usoft gluons to incoming
and outgoing quark and antiquark lines. The results for the eikonal factors for one gluon
are summarized in Fig. [l and can be computed directly with the SCET collinear quark
Lagrangian (or from an appropriate limit of the QCD propagator). These attachments seem
to force one to make a particular choice for sy and 3, see for example the recent detailed
study in Ref. [42]. In our notation it is straightforward to show that this choice corresponds
to

Sog = —00 sign(75), 59 = +00 sign(75T), {E

To see this take a quark with label n-p > 0 and an antiquark with label 72-p’ < 0, and note

2 Note that in this case sy = —oo sign(P), is an operator.



that

0 0

Y€, =Pexp (zg/ ds nAus(xfj)) np=Pexp (zg/ ds nAus(xfj)) na=YER L (22)
0 o0

EnpY = ipP/ exp (—ig/ds nAus(atfj)) =& Pexp (ig/ods nAus(xfj)> = ipYi,

0 o0
Y&, =Pexp <ig/ds n-Aus(x’;)>§;,p, =Pexp (—z’g/ds n-AuS(at‘S‘))S,;p, =Y. (.
[e'e) 0

0 0
Epyi=E P exp <—ig / dsn- Aus(:cg)) — & Pexp (—ig / ds n.Aus(:cg)> =& vi.
This is in agreement with the Y = V_, YI =Y vV = v,, YT = Yl used in [42] for the
production and annihilation of antiparticles and the annihilation and production of parti-
cles respectively. The results in Eq. (22) reproduce the natural choice of having incoming
quarks/antiquarks enter from —oo, while outgoing quarks/antiquarks extend out to +oo.
Although the choice in Eq. (1) agrees with the i€’s in Fig. [l it causes complications in
the attachments of usoft gluons to internal collinear propagators. With Eq. (2II) we have
sb # So. Now the field redefinition still induces factors of YlY_ —land Y'Y, = 1in
production and annhilation terms in the collinear Lagrangian, but it also induces factors of
YlYJr =Y, and VY. = Y] in quark-quark and antiquark-antiquark terms in the action,
400

where
Y, = Pexp <zg/ ds nAus(:cg‘)> . (23)
When usoft gluons attach to a collinear propagator with endpoints z and y we must end
up with a finite Wilson line Y'(z,y). In the original collinear Lagrangian (prior to the field
redefinition) this finite Wilson line is generated by the time ordering of fields in the usoft
gluon interaction vertices. If a field redefinition is made with boundary conditions satifying
sg = 35y then the vertices bordering a collinear propagator induce Wilson lines whose sy
dependence cancels, leaving this same finite Wilson line. For example, with s = —oo,
Y (—o00,2)Y(—00,0)" = Y(0,2). A choice like that in Eq. () is more complicated since
it violates hermiticity: (&,)" = &£ prior to the field redefinition, but this is no longer true
for the &, and &, fields after the field redefinition. Correspondingly, the term in the action
determining the free propagator depends on Y,,. Thus, in this case there are Y factors in
both the propagators and vertices which must be taken into account in order for the path
ordering not to conflict with the result from time ordering, and give the same finite Wilson
line.

Let’s adopt the choice in Eq. ([J) rather than Eq. (1) and check that the theory with
the field redefinition in Eq. (@) still correctly reproduces the results in Fig. [l for this case.
Here we have Y = Y, , YT = Y1 for particles and antiparticles. Thus, the correct ie’s are
obviously reproduced for the incoming collinear lines as well as intermediate propagator
states. On the other hand, the result for an outgoing quark seems to have the wrong factor
since £ comes with a V! rather than a Yl. However, with the standard definition of an
outgoing state there is actually an extra Y., induced by the field redefinition on the out-
state itself. When we take this factor into account we have Y, Y1 = Yl as expected. To see
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this, recall that an outgoing collinear quark state o,(p] is generated by a suitably weighted
integral over (0|, (zr), in the large time limit 7' — oo for ¢ = (T, ¥). When we make the
field redefinition this field, & (zr) generates an usoft Wilson line which extends from our
reference point sy = —oo to the n-x point for our asymptotic outgoing state (which is +oo
for T — o0), namely a factor of Y. A similar argument applies for outgoing antiquark
states, where we get Y, Y] = Y_. The same considerations must also be made for hadronic
bound states where they apply to the interpolating quark/antiquark fields used along with
the LSZ formula to define the outgoing state. The factors of Y, are universal, independent
of which out-state we choose. There are no additional factors for our incoming states since
our reference point and 7' = —oo coincide, Y (—o00, —00) = 1. Once the Y, factors are taken
into account, the choice in Eq. (I8) correctly reproduces the path for outgoing quark and
antiquark lines. If we had instead made the choice for sy in Eq. ([@) (which also satisfies
sg = 3p) then we would have Y factors for incoming antiquark states and outgoing quark
states, but the final outcome is the same. Thus the complete result is independent of the s,
choice.

The above discussion covers usoft interactions from the collinear Lagrangian, but it is also
worth remarking on the interactions induced by the field redefinition in (possibly non-local)
operators that are not time ordered. We continue to use Eq. ([¥). Here again, the identity
Y'Y = 1 is important in order to prove the cancellation of usoft gluon attachments. It is
convenient to adopt a convention where one collects the extra factors of Y., induced from
outgoing states together with the YT’s from production fields in these operators. In this
case if we consider J(z) = & &, for the production of a collinear quark and antiquark,
then instead of writing only the Y1 and Y, from the fields we write J — &+ Yl nY_&, =
&F it & which includes the Ys from any out-state this current could produce. Here the usoft
interactions in the Y and YT lines extend from x to oo and cancel. For the annihilation of a
quark and antiquark the lines extend from —oo to x and also cancel, namely Y_TYJr = 1. These
two cancellations are often sufficient to ensure the decoupling of usoft gluons. For example,
in exclusive processes we must have color singlet combinations to connect to incoming or
outgoing collinear hadrons and so we can typically pair up & and £F fields in the hard
scattering operator and make the cancellations manifest.

If we instead consider an inclusive process like DIS then we have a quark scattered to a
quark (we consider generic Bjorken x < 1 in the Breit frame). In this case including the Y,
from one outgoing quark in the final state gives &F i &8 — &F Yi # Y, & where the Wilson
lines do not seem to cancel. Here in order for the cancellation of usoft gluons to take place it
is important to either a) take into account all factors of Y, from the outgoing proton state,
or b) include the Y, from one outgoing quark state but note that we are only matching
cut diagrams for this inclusive process. The choice a) or b) depends on whether we want to
take the imaginary part at the very end, or from the beginning. For b) the effective theory
computation has the imaginary part of the hard computation, but the imaginary part also
effects the collinear operator, where we can denote the cut by a vertical line, } With our
initial state for the T-matrix taken on the RHS of the cut, the signs are as in Fig. [l but on
the LHS we have the complex conjugate of these expressions, and the above computation
becomes

9



Thus, the usoft gluon interactions also cancel in this case. Alternatively, with a) one must
keep track of all the lines in the full forward scattering calculation including Y factors
from all initial and/or final state quarks, and then the Y’s in the low energy theory again
all cancel. Both ways we arrive at the same final result, (Im C)&,it&, (see Refs. [43, 44] for
a discussion of DIS in SCET). Similar considerations can be applied to B — Xy in the
endpoint region. The sy dependence cancels, and for this process we are left with a finite
usoft Wilson line, h,(x)Y (x,0)h,(0).

To summarize, keeping careful track of the boundary condition sy dependence in the
usoft Wilson line Y, a choice satisfying sq = Eg appears to be the most natural (even though
there will be additional Y, factors from states). Physical results are independent of the
choice made for the sy reference point. They may still depend on the path of Wilson lines
in the final result, but this is determined by the universal class of processes described by
the operator rather than the choice of sy in the field redefinition. Similar conclusions hold
for the path dependence in collinear Wilson lines W. We note that with respect to the
definitions of the gauge invariant structures made in Eq.(IT), the remaining allowed global
color rotations simply correspond to color rotations at the reference point. We will pick
the same reference point in W and Y factors. For example, the gauge invariant product of
fields (YTh,) carries a color index in the 3 representation, which by convention is acted on
by global rotations U(sg), via (YTh,) — U(so)(YTh,). These color rotations still connect
invariant products of collinear and usoft fields.

C. Reparameterization invariance

The structure of the currents is constrained by reparameterization invariance, which is
an invariance that appears due to the ambiguity in the decomposition of momenta in terms
of basis vectors and in terms of large and small components. The total momentum P* of a
heavy quark is decomposed as

P =mqgut + EkF,
where mg is the quark’s mass, v* is its velocity, and £* is a residual momentum of order
mgA?. Then the simultaneous shifts

vt — o'+ ¢ and  K* — kY — mgpt, (25)
where the infinitesimal 3# ~ A%, can have no physical consequences [5]. We refer below to this

reparameterization invariance as HQET-RPI. The transformation of the field H, — H,+0H.,
induces terms at O(A°) and O(A\?),

SAH, = (imB - x)H,, , K, = 4 H,. (26)

There are also reparameterization invariances associated with ambiguities in the decom-
position of the momenta of collinear fields. Here the total momentum P* of a collinear parti-
cle is decomposed into the sum of a collinear momentum p#, with (n-p, n-p,p1) ~ Q(A?,1, \),
and an ultrasoft momentum k*, with (n -k, -k, ki) ~ Q(N2, A2, \?):

Pt = pt + kM (27)
nt n*
:?ﬁ-(p—l—k‘)—l—?n-kﬂL(pLijl). (28)
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This decomposition has two types of ambiguity. The first comes from splitting P* into large
(p) and small (k) components. Thus operators must be invariant under a transformation
that takes

PoP+n-tl, in-0—in-0—n-l,
Pl — P+ i} — 10 — U, (29)

where all operators and derivatives act on one or more collinear fields, and ¢ is O(\?). We
refer to this reparameterization invariance as SCET RPI-a. Examples of an infinitesimal
transformation on fields and operators are

0 = (- )X,  SMIPE =05, SIP=q-t, (30)
where n-¢ = 0. Note that (i¢ - x) terms only effect ultrasoft derivatives acting on the fields
since the overall current is evaluated at x = 0.

The second ambiguity in the decomposition of the momentum of the collinear particles
comes from choosing the light-cone vectors n and 7. An infinitesimal change in these vectors
which preserves the relations n? = 0, 72 = 0, and n-in = 2, can have no physical consequences.
The most general infinitesimal transformations of n and n that preserve these conditions
along with the collinear power counting are [1]

0 { Ny =y + A an { n, —n, (111) { n, — (1+a)n, (31)

Y

— — — — J_ — —
n, =y, Ny — Ny + g, n, — (1 —a)n,
where {A7, e, a} ~ {X', A% A%} are five infinitesimal parameters, and 7 - e~ = n - " =

n-At=n.-At=0.

If we start in the frame v, = 0, then transformations (I) or (II) or (HQET-RPI) take us
out of this frame. A certain combined type I and type II transformation, however, leaves
vy = 0 [31]. We refer to this transformation as RPI-x. We can also form a combined
HQET and type II transformation that leaves v, = 0 which we refer to as RPI-§. These
transformations are

nu—>nH+AjL v — vk + O

_ _ A _ _

(%) My = T = Gz () q n* — "+ = B, (32)
,UU_>UN nu—>nu

where A+ ~ X, B ~ A2, and B3, is the L-part of Sr. In defining the $-transformation
we found that it is more convenient to leave v; = 0 by making a transformation on v
simultaneously with n, rather than simultaneously with n. Under the x-transformation the
components of a generic four-vector V,, transform as

n-V. Zn-V4+AL-VE,

L. 1L
n-V LﬁpV—iA v :
(n-v)? _
vi Syt At (D T Yy (2 e WALyt (33
poo T e ”( 2+2(n~v)2> +< 2 +2(n~v)2> (33)

11



To the order we are working we need the following terms from an RPI-x transformation:

Ni

5£/\°)pﬁ S — 590)(2'971-3) = A, - (igB1), (34)
5O igB) = 0, 6050 = 0.
N o nn L 7754AL
SOUPE = (nev)nlt ANP 00X = Xn
SO (igBY) = (n-v)Pnlh A*-(igB.), 0P = —(M)%L - PL,

0% = —%n (Zgl$l + 7?’“) igB*AL] ,

& 1
—+ Xn [7,
Pt 2(n-v)? (n-v)*P
where np is the transverse part of n,

n* 2 nH

n%zn”—nvv”-;—(nv)g. (35)
We will also need the transformation
_ 1 _
§Y5(w — n-vPh) = HAL'PI §'(w —n-vPh). (36)

For the RPI-$ transformation at the order we are working we need the following terms:

50O, = (imPr - 2)H, 60, =TT, (a)
5§/\2) §(w —n-vP") = —n-Br P8 (w — n-vP").

For the last identity it is straightforward to see that the $-transformation on 7 does not
enter until one higher order. We chose to define the RPI-$ transformation to be for v and n
rather than v and n because of the property that terms with n are often pushed to higher
order, making the relations derived with RPI-$ more orthogonal to those from RPI-x. For
example, in order to have a simple form for the dgI"’s in Eq. () below it is important that it
is n and not n that transforms. Finally, we note that since all Dirac structures are O(1), all
RPI transformations of Dirac structures have the same power counting as the transformation
parameter, in particular, 6,I' ~ O(A\!) and 65" ~ O(\?).

Finally, note that we will consider the RPI tranformations of all currents prior to making
the field redefinition in Eq. (@) so that we do not have to transform Y. However, in order not
to have to switch our notation back and forth we will write all equations with the operators
obtained after the field redefinition. This implies that results quoted for the transformation
of objects involving H, should be though of as being made for h,, with the field redefinition
which induces H, made only afterwards.

D. Completeness of Projected RPI1
It is natural to ask if for v, = 0 the transformations RPI-$ and RPI-x in Eq. (B2) are

sufficient to give the complete set of constraints that arise from the original SCET type-I,
SCET type-II, and HQET RPI transformations. The set { RPI-$, RPI-x, SCET-II } forms

12
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FIG. 2: Transformation of operators on and off the v; = 0 surface. Here O exist for v, = 0,
while 63,475 vanish on the v, = 0 surface.

an equivalent complete grouping related by linear combinations. To address this question,
consider splitting all possible operators into two sets, a set {O;} which do not vanish on the
v, = 0 surface and a set {O;} which do. An example is pictured in Fig.

Constraints are derived by requiring cancellations among the resulting post-
transformation set of operators. If we consider an operator O; then under one of the
projected RPI transformations, RPI-$ or RPI-, it transforms into the set {O;, Oz}. On
the other hand an operator O; only transforms back into the set {O;}. This is a special
feature of the projected transformations and ensures that relations derived on the v; = 0
surface can not be spoiled by operators which appear away from the surface. It appears that
we can neglect the O; operators since they vanish when we project on the v, = 0 plane.
However it is still possible that we will miss an additional relation between operators on the
surface, so that the surface analysis will not be complete.

There are two possible sources that could lead to additional relations beyond those derived
from projected RPI on the surface. First, under the SCET RPI-II transformation €, ~ \° is
allowed, while in the RPI-x and RPI-$ transformations we only have smaller transformations
of n of O(A') and O(N\?). Thus we could miss relations from the more restrictive e, ~
A0 allowed by SCET RPI-II. Note that an SCET RPI-II transformation takes us off the
projected surface. Second if we project onto v; = 0 then constraints are derived only
by enforcing cancellations within the set {O;}. It is possible that an operator Oy exists
that is obtained from the transformation of two operators O; and O, that are not related
by transformations on the surface. Enforcing the cancellation of O, then relates O; and
O,. This is pictured by the star in Fig. Bl A related alternative is an operator like Oj
pictured with the box which is obtained from transformations of Oy, and Os. If Oy is
otherwise constrained then this would also constrain O; 5. In cases with multiple operators
appearing and multiple transformations we must of course consider the linear independence
of combinations of operators. If an O, contributes and it is not otherwise constrained then
this is not of concern, since in the end we discard O; by projecting onto the v, = 0 surface
anyway. We will call an operator that vanishes for v, = 0 but that generates a relation

13



between operators on the surface a “supplementary projected operator” (SPO).? To check
for the existence of an SPO we might in general need the full set of v; # 0 operators. At
O(\) the comparison of the results derived in Ref. [17] in the full space, to those derived in
Ref. [31] on the surface v; = 0 shows that there are no SPO’s at this order.

For the O(A\?) heavy-to-light operators considered here we show that there also no SPO’s
in section This is done by a careful choice of our Dirac basis which makes it simpler
to demonstrate that there are no further type-II RPI relations, and by explicit construction
for other possible SPO’s. Thus, the analysis on the v; = 0 surface is complete for our
computation.

III. HEAVY-TO-LIGHT CURRENTS TO O(\?)

To order A2, the operators and Wilson coefficients for the heavy-to-light currents can be
written as

J = J(O) + J(l) + J(2) (38)
J z,j

+ Z /[dwz] ij (Wiu m, :U’)']]@m) (wi? ,u),

:Bij

where J*?)(w;) represents the O(A\F) terms with dependence on convolution parameters
w;. Here the subscript x distinguishes distinct field structures at a given order, and j
sums over distinct Dirac structures. At O(\) we know that there are at most two relevant
convolution parameters i = 1,2, while we will see below that at O(\?) there are at most
three. We will consider both scalar, vector, and tensor currents (and the simple extension
to the pseudoscalar and axial vector cases). When necessary we add an (s), (v), or ()
superscript to the Wilson coefficients in order to distinguish these cases, e.g. BS{).

We begin in section [[IT'Al by constructing all consistent field structures for the NNLO
currents. In section we use reparameterization invariance to derive the constraint
equations for these currents under different types of RPI invariance on the v; = 0 surface.
In section [MI(J we solve the constraint equations to find the allowed Dirac structures and
obtain relations among the Wilson coefficients. Finally, in section we show that the
results from the v, = 0 surface are equivalent to those obtained if all relations in the full
space were projected onto this plane.

A. Current field structures at O(\?)

We first construct a basis of currents that is consistent with gauge invariance and power
counting and eliminate structures that are redundant by the equations of motion and Bianchi

3 In the case of type-II transformations, operators like O4 and Os need not be in the {Gj} class.
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identity. At LO and NLO the currents are

JOw) = Yl My, (39)
1
JI(W) = = XnwPalO% Ha
w
1
J(lb)(wl,2) = Xnm(ZgB ) (b)%

At NNLO we find that a convenient basis for the set of field structures for the bilinear quark
operators is

JC (W) = L Xnw TayiDy o Ho (40)

2 us o

J(2b) (OJ) = _7 anzn %usT

J@) () = Xn wz%usa ©
JCD () = % TnwPLPA Tg‘f)%v,
Je) (W) = m Xnon (ngl)mPﬁﬂT H,,
i Lt
TCD (w, 5) = m nwr (Z—Z + %) (1983 ) Y Mo
JC9 (1, 5) = mqll {(ign B)uy +2(igB1)., - Pl 7; }T( Mo,
J@h) (Wig3) = m Xn,wi (iggé)w (igBi)“3T((l’gH”’
T 12) = e (i85 ) 1952 o] T T -

For a basis of four quark operators we take

JO) (wy, wa, wy) = Z [Xi,sz(jx)Xﬁ,ws} [Xnn Ty M)
f=u,d,s

'](2k) ((Ul, w2, (A)g) = Z |:>_<7f]/7w2 TAT(RX) erL,UJ3:| [Xn,wl TAT(/C’H)HU] (41>
f=u,d,s

where the matrices T4 are generators of SU(3) with an implied sum on A and y/ has a
collinear quark with flavor f, whereas Yy, carries the flavor of quark from the full theory
current. We impose the RPI type-I1I invariance in Eq. ([B1) on all operators by multiplying
by an appropriate power of n-v. The basis in Eqs. (BIEIHET) is valid whether or not we take
v, = 0. The v; = 0 choice only effects the basis of Dirac structures.

The 11 operators in Eqs. (@OHI) can be compared with the 15 field structures in the
basis of Ref. [12]. We have no analog of their Jl(?2)73,7 currents which have an explicit x*
because with momentum labels the multipole expansion is performed directly in momentum
space [45]. Correspondingly, our J®» and J? currents have no analogs in their basis.
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There is a correspondence J(2a,2d) Jfg, J(@2e2129) ¢y Jé?g)vlo, J(20:23.2k) ¢y J1(§7)14715, and
our J®" encodes their J12 and J13 currents.

In arriving at Eq. (@) we have used Eq. ({) to switch to a basis with P, ’s, in-0, and
field strengths rather than collinear covariant derivatives in order to give simpler constraints
from RPI. The basis with covariant derivatives is more natural from the point of view of tree
level matching and the relation between the two is discussed in section [Vl The prefactors
in J(¢=2) have been chosen with these relationships in mind, in order to make the matching
coefficients for the operators simple. The combinations in J?/29) were chosen because they
have simpler transformations under RPI.

Structures were also removed from Eq. (@) using equations of motion and the Bianchi
identity. In the effective field theory this gives a valid basis at any loop order. After
decoupling the usoft gluons the LO Lagrangian for collinear quarks is [4]

= &L (Dot Wi e =% E (Dt PSP v, @2

so the equation of motion for yx, can be written

in-0xn = —(ign-B)yn — iP =i x| (43)

where using Eq. (§) the last term can be written as a sum of terms Wlth either two P, s,
two (igB31)’s, or one of each. Eq. ([3)) shows that a a current y,in- OHT is redundant by
the collinear quark equation of motion and need not be included in the list, explaining why
we only have J2Y and J?9. (Note that in-Dysx, = in-0xn.) As noted in [12], this makes
their J5(2) current redundant. In J2% we have restricted the ultrasoft derivative acting on
h, to be purely transverse since the heavy quark equation of motion is v - D4 h,=0.
One can also consider using the collinear gluon equation of motion. After the field
redefinition in Eq. (), the lowest order collinear gluon Lagrangian is the same as in QCD 4],
O = 1/(2¢2) tr{[iD*,iD¥]}2. Varying £ + £} with respect to the collinear gluon field
Afu and contracting with 1,74 gives
sLO 1 —f
_ A — T . Y% A A
0=n,T FAT = g [iDg,, [iD¥,iDY]] + gT zf:gnT pel. (44)
Next we multiply by WT on the left and W on the right, use the identity (WTTAW) @ T4 =
TA ® (WTAWT), and label by w, to give

2T"‘Z I 14d),,, = ([iDay, [i7-De, D)), (45)

2

Wy .
= %(zgnﬁ)w2 — wyPF(igBY ) ng (198" ey —wgs (1985 )] -

w3
Multiplying by Xn., on the left and I'H, on the right where I' is some Dirac structure gives
W2

5 Xn,wi (Zgn B)wer _92 Z [)Zi,wQ_ngA%Xﬁm] [Xn,mTAFHv} (46)

f7w3

+ We XTL wlp (ZgBJ_)MQIvH + Z w3 XTL W1 [(ZQBJ_>LU2 —w3» (ZgBl)ws} H

w3
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This result can be used to eliminate the current J?9(w;5) in terms of J?¢ and J&F if
desired. We have chosen not to remove this operator since doing so would induce a tree
level matching contribution for J@*) . For listing results it was more convenient to leave all
four quark operators with coefficients that start at one-loop order, O(a?). Since Eq. (@f)
eliminates a current that will not show up in the constraint equations it does not effect the
discussion of RPI relations.

The Bianchi identity in QCD is D, Gy, + D, Gy, + DG, = 0. It can be used to eliminate
terms proportional to igB""| = [iD',iD"] or

1
igB, = [EWTingiW] , (47)
in terms of factors of igB3} or igB?} = [in-D,iD?}]. The Bianchi identity gives [i-D, B}"|| =

(D}, BY] — [DY, B] so using Eq. [8) we have

(g8t = Do) ~ PhigBt) + 25 (0B, (PigBL)] — 5 [(i9BY), (Pighh)] . (15)

Thus a heavy-to-light current with (igB")) can be matched onto a linear combination of
J/2¢) and JM with antisymmetric indices in Tf‘hﬁ)

B. Constraint equations from reparameterization invariance

We derive constraint equations for the allowed subleading currents considering the differ-
ent types of RPI in turn.

1. RPI* at O(\)

To set the stage we review the constraints at O(\) from SCET RPI. To ensure that the
next-to-leading order current is RPI-x invariant, we must have

5£,\1)J(0) + 5£>\0)J(1) =0. (49)

Computing the various terms in this equation gives?

1 1
SO () = X (FRAL + ST) M,
1
0 a — 1 a
5£ ) g )(w) = axn’w(_iA{;P ) (a)Hv,
SO JB) (4, ) = 0. (50)

—_

The terms that must cancel all have a common dependence on Y,.,, AL, and H, which

can be factored out. The remaining coefficients and Dirac structures give the constraint

4 Note the remark on our use of notation at the end of section [ that explains why we do not include the

transformation of Y.
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equation:

(0% 1 % (0% (6%
E Baj(W)G(aj) = § :Cj(w)<§—ﬁ‘vhr(j) + 20, F(J’)) (51)
J J

where the index o is L, j sums over Dirac structures, and 631'(;) is defined through

STy = ﬂ ALSOT ) - (52)

2. RPI$ at O(\?)

The only terms in the current whose transformation under RPI-$ leaves uncanceled terms
are J© and J?%. We must have

5;)\2)J(0) n 5éAO)J(2a) -0 (53)
Now,
5 10(w) = [ 5P = e PO, + 30 5070 + T [
0" ) (w) = ﬁfénﬂ‘(a)(—mﬁf JHo. o

Suppressing the common fields ¥, ., H,, and vector 37 leads to the constraint equation

D Au W)Xy = 3 {C (@) (23T ) +Ti17) + 2w%0j(w) et Fm} (55)

J

where ,
)\ (o (o g (o2
0 Ty = BIo¢Ty  and A =47 — . (56)

3. SCET RPI-a at O(\2)

The terms in the current that transform under SCET RPI-a are J(©, j(4) J@b and Jo),
We must have
SO JO 4 g1 Ja) g0 7@ 4 500 ) — (57)

Now,

a

5O JO (W) = ¥ [—nwn- 08 (w— n-va)}Fva ,
1 1
0TI (W) = — X o Oy Mo,

5[(1A0)J(2b)(w) — _M )anT(b n-lH,,
1
IO ) = = KT o Ho- 8
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This leads to the a constraint equation between O(A\?) and O(\Y)

ZAbJ W)Yy = Y wCj(w)T') (59)
j

and a constraint equation between O(A?) and O(\)

Z Aj(w) T = Z Bj(w)O,, - (60)
J J

4. SCET RPI-»* at O(\?)

Under RPI-x we must have
5O JO 4 g0 O 4 500 5@ — ¢, (61)

Many of the currents transform under this form of RPI:

fion. Al(P) ] +7PML%}5(W—M@)

50910 (4 = —xn{zgmﬁ

- Pl Femn P T,
1 1 !
gD JO (W) = — xn,w{Pﬂ(%@?@ + 60 Eia) + <ﬁ~v>2Al-7’Inf@?a>}Hv=

1 _ . A o 1 a s ) g
ST (wy ) = xn,wl{zgl?i (%9@ + 3065, ) + (n'v)zﬁr(w&)”f@(b)} o

w2

5 A0 J(2a 2b,2¢c) _ 0’
i 1 1
500 72 () — (V) Tns (—5 A5P4T = SPEAS) M
w 2 2
1 : INE L
B = — & (a1 (<P T,
N (sz) m(wl +w2> Xn, 1(Zg a) 2 2 ﬁp (9) Ho,s
§O0) J(21.2020,2i2i28) _ () (62)

The terms in Eq. can be grouped into two unique field structures, [y, SJAL pi.. -H,| and
) a’
Xn “,ALBT -+ - H,|, which must cancel independently. This gives two constraint equations.
Xn, a™~p g

The terms proportional to AJO;PB“ give

D2 Au) (T +X05) = 3 { = Cwn Ty - 20C)w)g T |
(63)
+ Z Baj(w (——m@ﬁ +20200 ) + 2957 (a]))

From Eq. (BI) we know that the index o on ©f, ;) must be L so the last term vanishes.
Inserting Eq. (BI) also simplifies the nonvanishing terms. Finally we know that T?ljﬁ is
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symmetric in « and . With these simplifications we have the constraint equation

7
ERAN Y N }
e L)

a 1 TR 1
> Au) T —Z{—20< Wi — wCi(@)ei T + 5Cs(w)

DILNELLH

(64)
Since the LHS is symmetric in «f, all terms on the RHS that are not symmetric should
cancel. The terms from Eq. (B2) that are proportional to Ay Bz give another constraint

o . 2m
ZAej(wl,w2 (ej = ZC wi + ws ( ——y 7f7l+—glﬁ)F(j)
’ 1t , sl (65)
+ Z Bb_] Wi, u)g) (2 ®(bj + 2(5 ("‘) (b5) + 2g v (b]))

In Egs. (64) and (€3), the indices a and § are purely perpendicular. The equation that
defines 69©7 is the same as Eq. (E2), just with the ©F Dirac structures.

C. Solutions to the constraint equations

We now find solutions for the O(A\?) constraints in Eqs. (EIEAGOGAGH). Note that
by careful construction of our operator basis we have ensured that each equation gives a
constraint on a different NNLO operator.

Egs. (BIRABAELH) have implicit spinor indices, one or two vector indices, and a sum in j
over independent structures. Since all of the equations appear between [&, - --H,] they are
only valid when the spinor indices are projected onto a 4-dimensional subspace, rather than
the full 16-dimensional space of Dirac structures.

It is useful to exploit the following method to determine how many independent Dirac
structures we should have for each operator. Start by consider the three minimal structures
that appear in the trace reduction formula, Eq. ([3)), namely {1,75,7}}. Next for each
case write down all possible scalar objects (v¥, n*, g, ...) to saturate the Lorentz vector
indices coming from derivatives in the operator and current indices, taking into account any
symmetries. To satisfy parity and time reversal with 5, we will need to have an e-tensor,
such as i€”~v5. As long as the scalar objects are linearly independent these steps give a
complete basis.

At O(X\Y), a complete basis of Dirac structures for scalar, vector, and tensor heavy-to-light
currents is [2]

Loy =1, F(l _3) = {7 (i :—2}> F’(blu = {ZUW 7[”21”],%7[“71”],%71[%”]}. (66)
At O()), there is no constraint on J and Eq. (EIl) constrains the J(% currents in terms
of J©. To impose this constraint we need

0Ty =0, 0oTl ) =0, 0oTly = gt (67)
5%{‘1”2 =0, 3oty = wgf“, ooty = g ¥
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The constraint equation causes some Dirac structures to always appear in the same combi-
nation. We find

[e] —_—

1
(al) = o
®(a1 3)
Oy = vj‘_{v”,v“,n—u},gjﬁ“ :
(b1—4) v

Oar—g) =

@oﬁy_ﬁ) = {Vir( 4) QL[H”YV} ) gl[ }}7 (68)
where I’ ’{1 _ 4 are given in Eq. (Bd), which is in agreement with Ref. [17]. This basis is
equivalent to the one in Ref. [17].> We take Oy, terms with no 7 so that this choice does not

need to be modified if we enlarge the basis for v; # 0 (see section [IIT). With Eq. (63),
the constraint Eq. (B]) gives relations for the Wilson coefficients in the J1% current

Blw)=01"w),  Bilyw)=C%w),  BiLw=0"%w.  (69)
These results agree with Refs. |6, [15, [17].
At O(N?) we must solve Eqs. (BIEIGIEAGH). From these equations we see that the
currents J2H g9 gCh = J2) and J*) are not constrained. The currents J®, J@b)
J) and J®9 are all related to the leading order current J®. Finally the currents .J(¢

are related to the currents J© and J1?).
To solve the equations we will need

gy 7727 @it _ ggolinsl zvin[”v”}+2gj‘_[”v”}},

|
—
|
2
e
—~
~.
Q
=
T

630y =0, &Il =0, 63Tl = gt 63Tl = A (70)
v]o v _ v v — o v 1 v|o
Iy =0, &) = Arghe - sg iy = = agyln oI = ngnltor) 4 mn[“gip} :
where ng. = —(n-v)?n%. We will also need
o it
5@%1 —g7° vy (71)
5ol Bpn, o 4 olger seof = g7 L
(b1,2,3) gi nvy 5 (123) V1%L (1,2,3) w1 — 91 o’
apnBuv 77i v aHY a By 1 1%
0y @(bq,2,34) QL vy F?1234) +7L5 Fu1234) 0, @(b% = —QL HMV ]

1
aBuv v
59 @(bfé) = n—gi n[“v N
where a3 were projected onto L directions. Note that 070, are easily obtained from
these. The constraints in Eqs.([B960) have a particularly simple solution:
Apj(w) = wCi(w), Acj(w) = Baj(w), Ty = L), Tiej) = Otaj) - (72)

Solutions to the other equations are slightly more involved. We present solutions to the
constraint equations for the scalar, vector, and tensor currents in turn.

alp

® Note that a structure g n*! is redundant in 4-dimensions [29, 131].
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1. Solutions for scalar and pseudoscalar currents at O(\?)

The RPI constraints do not effect the allowed Dirac structures for scalar currents, so we
have the complete sets

o nU « 1 % (6%
T(a1,2) = {%pa nz;}} Ty = T =1, T(c1) = i—ﬁmh’
af  _ _aB af  _ ~yaB _ ~aB _ ~apB
T(dl) =91 > T (e1,2) T(f1 2) =T (h1,2) T(zl 2) {QQJ_ WLVL} : (73)

For the four quark operators, there are three possible Dirac structures in the Y, xn
bilinear, {7, ivs, 7] }. In performing the matching onto SCET at a scale ~ my, the light
quark masses are perturbations, and for matching onto the O(A\?) four quark operator we
can set m, = 0. In this case, chirality rules out the 717 structure which connects right and
left handed quarks. A complete set of structures is therefore

(o1 I

(T®T) =(Y®T) 1, ﬂv‘r’@f}. (74)

(j1.52) (k1,k2) —

To solve the RPI-$ constraint, we insert the Dirac structures Eqs. (GGZOI7]) into Eq. (B3).
Satisfying this constraint requires a relation on the Wilson coefficients

A @) = (W) A (@) = 200 (). (75)
The solution for the SCET RPI-a constraint equation in (Z2) gives
A (@) = wC' (@) A7 W) = 1 (w). (76)

To solve the SCET RPI-x constraints in Eqs. ([BJ6H), we need the additional Dirac structures
in Egs. (B][). On the RHS of Eq. (64) we observe that all structures that were not
symmetric in o3 cancel, in agreement with the symmetry of the LHS. Solving the equations,
the relations on the Wilson coefficients are

AR (W) = —wC (W), (77)
S m S
A (wi2) = —— CP (wi+wy)
w2
S m S
A (wi2) = - CF (wri+wz) — B (wi9) .

((A)l —HUQ)

The following Wilson coefficients of scalar currents are not determined by the RPI constraints

AP i), AN (wie), AR (wi2s),  ADa(wizs), AN a(wizs).  (78)

Since the light quark in the full theory current retains its chirality in the effective theory
current, the results for the expansion of the pseudoscalar current, gvs;b, are simple to extract
from those for the scalar case, gb. The Dirac structures for pseudoscalar currents may
be obtained by multiplying Eqs. ([3UTd) on the left by 5 and 1 ® 7, respectively. The
constraints on the Wilson coefficients of these currents are then identical.
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2. Solutions for vector and azial-vector currents at O(\?)

The analysis for the scalar current can be extended to the vector currents, where the
extra Lorentz index makes ensuring that the Dirac basis is complete slightly more difficult.
We use the method discussed in section [IICl to count the number of terms in the Dirac
basis prior to imposing the RPI constraints. For the case of T9* the index o is transverse
to v and we have

L {g7" npn ngot}, s {iel}, a0 {nf 0"}, AL {nZ), (79)

which has seven elements. The counting for the T, ., cases are straightforward. For Tgﬁ ’
the indices a8 are L and symmetric. We have

L g g%y, v ), A {9 “{g"y, (80)

so there are four elements in the basis. Finally, for TZ‘?“ ,.: we have

L Lg%y, s s {ietPnt ieory, A gty AT gy Al ) (81)

so the basis has seven elements.

For computations, a different basis choice is slightly more convenient. The independent
Dirac structures appearing on the RHS of the constraint equations reduce the basis for
Tc{ral 7 by one further element. For the vector currents we find

T K 2 —_— 82
(41-6) {77T7U7T+ g 7T7{7 v nv}nv} (82)
nt
T?M 3) _Tﬁﬂ 3) {7 vt ﬂ}v T?cl 3) {_—WJ_{V v } fYJ_nu—i_zg }7
atn  _ [ ap 1 gy
T(d1“4) {QL v ,—} 57‘1—7 QL” )
I 1 %
0 e 2P u_ poap Moy 2 M B an
(o1-7) { gt vt b AT b S

b B o " 8 ap
T (f,hyil=T7) — {QQJ_ {7“7 Uu? ﬂ} 9 fVJ_fVJ_{fyuv Uluv H} ) fYJ_gJ_ } .
The index symmetrization means fyi gﬁ o= ”yj)‘_gi“ + ”yigjl_“ . In Eq. (B2) we have used
Eq. (@) to remove redundant structures.

The operators J(%22¢) bear some similarity to the complete basis of six 1/m suppressed
heavy-to-light currents in HQET [46, 47]. The differences are due to the fact that for a
collinear light quark we have the vector n* available to build additional structures and from
the fact that working in the v+ = 0 frame, we do not need operators like Y,iv-D+TH,.

For the four quark operators, a basis of Dirac structures is

i

iz _ ﬁ n 5 5 nt
(T&T) = (TOT) {ﬂ@@{v’ﬂv”,m}, o1 8 {v“,v“,m}}- (83)

Here the counting of the number of independent structures proceeds in the same way as
for the bilinear operators, except that we start by writing down minimal structures for the
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four quark operator where we impose the correct chirality on the purely collinear fermion
bilinear. For J%) we start with six structures, {7, 775} ® {1, 75,7}, and find that only the
six terms

77£ ® L: {qun“}v 77£ ® le_ : {1}7 %75 ® VJQ_ : {ieiu}v %75 ® Vs - {U,u’n,u} ) (84>

are allowed, which we swap for the basis in Eq. (83]). The analysis of discrete symmetries for
these currents is similar to that of the four quark operators in the HQET Lagrangian [4§].

Using Eqs. (GGQI), the relations for the vector current coefficients obtained by solving
the RPI-$ constraint in Eq. (BH) are

AW (W) = Oy (w), AW (w) = 20O (),
Aé?(w>=2 o<”>< ), AW (w) = =205 (w) +2wC (w) (85)

The RPI-a solution in Eq. (Z2) gives
Ay (w) = wCi(w). A y(w) = C1%(w) (86)

Using in addition Eq. (82), we find that solving Eq. (64]) gives

AV (W) = —wCM' (W), AV (W) = —wCP' (W) — 20 (),
AR (W) = —wCP () + 208 (W), A (W) = P (w). (87)

Finally, solving the second RPI-x constraint in Eq. (6H) gives

" m
Aél) (wi2) = —<w—>01(w1+w2) — By3(wi2) (88)
2
Ae2) (wi2) = <w_>02 wi+ws) — Bpa(wi2) ,
A(”) m
3 (w12) = (w_2 Cs(wi+w2) + Bpg(wi2) + Bpa(wi2),
A®) mn
4 (w12) = _<w1+w2)cl(w1 +ws) + Bpi(wi2) + 2Bps(wi2)
A )(wl 2) —( o )Cz(wﬁ-wz) — 2By (w1,2) — Bpa(w12)
5 b w1+w2 b b ’
m
A 6) (wi,2) _(w1+w2>c3(w1 +ws) — 3Bys(wi2),

AS;) (w12) = —2Bp3(w12) + Bpa(wi2) -

The following Wilson coefficients of the O(A\?) vector currents are not determined by the
RPI constraints,

AY) (wi2), AN J(wa) A (wi2a), A o e(wias) (89)

The Dirac structures for axial-vector currents which expand uvy5v#b may be obtained by
multiplying the Dirac structures in Eq. (82) by 75 on the left and in Eq. (83) by 1®~°. The
relations for their Wilson coefficients are then the same as the vector currents.
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3. Solutions for tensor currents at O(\?)

The counting of the number of independent terms proceeds just as in the vector case but
now with antisymmetric indices uv. For J% | the index o is transverse to v and there are
ten structures

L: {olning, gTFd, g7} s+ {ien?, ie7ln iehy
VE‘EL : {UV}ngjnV]nU gJ_} }’ ,yi : {U[Hn } (90)

The bases for J»29) are simple, while for J¢ we have six terms

L g, gt nty sl e oyl gy At oty (91)

We also have six terms for J2%

L g nloy s s {iegt"y . Al {ng 09t AL (g Ty (92)
where the identity gi[“ efﬁ = —g3%e" leaves only one term for 5. Finally for J2¢2/:20:20) e
count ten terms

1: {gnlmo), gt gty s {lq g2 iePnlly A gt gty
* (g g g gy (93)

Again only J% has its basis of Dirac structures further restricted by the RPI-$ constraint
in Eq. (B3), which reduces the basis by two terms (since only eight linearly independent
Wilson coefficients appear in Eq. (@8) below). For the complete set of Dirac structures for
tensor currents we find

Yo s = {W“”V% ,Uv“‘v”]v" 297y nl_vv“‘n”}v%, % kg — 29700
antd Ty ={T6a},
T'()‘C‘f'_él) = {%% “Ligh V1Y ﬂfyry[“n 2gL[“fy”} Zl”yin[“v”] + 2931_[”1)”}} ,
e = e, | i i ity i%ﬁagf}“‘v”]},
Tt = {200 iy g L e}
((lfﬁﬁzl 10) — {2‘%6171” 4) hhrﬁy 4) hgi[%w g Vigl[ UV}}> (94)

where g;ﬁ = g% — p*vP. Similarly, for the tensor four quark operator currents, a complete
basis is

uv
(T®T)(1 10) (T®T) (k1-10)
% hos s
(P g T N 1, io" } 05
{nv® (1—4) > ﬁ-vfy 7y (1—4) ic" @ 10" y5 ® V5 ( )
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where just as for the vector case we have made use of chirality.
The relations for tensor Wilson coefficients obtained by solving the RPI-$ constraint
equation are:

A (w) = C1(w), A (w) = Ca(w), (96)
A (w) = Cs(w), Al (w) = Cuy(w),

A (w) = 2wC(w) Al (w) = 2wCh(w) ,

AD (W) = —205(w) + 2wCh(w) A (W) = =204 (w) + 2w (w) .

The relations for Wilson coefficients from the RPI-a constraint equations are
Ay (w) = w0 (w), ALy (w) = 2, w). (97)
Finally, solving the RPI-x constraint in Eq. (64]) for the tensor case gives

W), AY(w) = —wC (w) — 20" (),

AY(w) = —wCP (W) + 205 (W) , AY(w) = —wCP (W) + 200 (W),
AD(w) = =20 (), AD(w) =209 (). (98)

while the constraint in Eq. (63) has the solution

m
AR (wi2) = - (w—2> C1 (wn+ws) — 2By (wn0),
m
A (wr0) = - (W—> O3 (wi+ws) — B (wi2) + Bus(wia)
2
m
A (wip) = — (w—2> O3 (wi+ws2) — By (wi2) — By (wi2)
m
AW (wp) = — (w—2> O (wi+ws) — 2B (wi2) + BYY (wia) + Bl (wi2) 4
m
AD(wrp) = —< )Cft) (witws) — B (wi2) + 4B (wi2),
w1 +wo
m
AW (wr2) = —< )Cét) (wit+wz) — 2B (wi2) + Bl (wi2) + 2B (wi2),
w1 +wo
t m t t
A (wip) = — <w1+wQ>O§ J(witws) + 3B (wia)
m
A (wrp) = —< )CP (wiws) + 6B (wi2) — 3B (wi2),
w1 —|—(A)2
Al (wr2) = —2B(wi2) + B (wi2)
A (wi2) = 4B (w12) — 2B (wi2) + Big (wi2) - (99)

The following Wilson coefficients of the O(A?) tensor currents are not determined by the
RPI constraints

Agfz—m(wla) ) A§t1)—4(wl,273) ) Ag,)ﬂ—m(wlz) ) A§f111—10(wl72,3) . (100)
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D. Absence of supplementary projected operators at O()\?)

Here we show that the analysis above on the surface v, = 0 is complete by showing that
there are no supplementary projected operators as defined in section [T} The analysis of the
proceeding section makes this simpler, since a complete set of relations have been derived for
all currents Jj@b_ze). Thus, we only need to worry about supplementary projected operators
generated by transforming the currents Jj@a’zf %)
factors of n-v for 1/(n-v).

First consider the SCET RPI-II transformation at O(\°) for these J® currents. At this

order we have

. To simplify our proof we first swap all

n# e n* el
=k 4] ﬁ*ﬂ‘jﬁ—?%a Ui*—jﬂ‘“i_?”'“’
" "
PL—Ph— Dl Py, B = Bl = eiBu. (101)

We use the convention where all indices o3 are L for the field structures and Dirac structures
in JJ@f ~2%)  Now due to the contractions of the a and £ indices only the transformations
on 7* and 7* can contribute for these operators (there are no a’s or L’s in the J?% case).
The transformation related to their labels w; is O(A) and need not be considered and the
field transformations cancel. Thus, the only terms that appear in an RPI-II relation are
those whose Dirac structure transforms, 51)‘1’1”(&7 gk 7 0. However, with our choice of the
complete basis of Dirac structures on the v; = 0 surface, the structures for these currents
all have zero transformations. In this regard it was important to take a basis with no factors
of 7#. Away from this surface we must add to our basis of Dirac structure by including
additional v, dependent terms and it is only these terms that can have additional relations.
For example, factors of v, are induced when we reduce a basis that includes factors of 7
using the trace formula in Eq. ([3)). The same is true with our choice of the basis of J;lb)
currents.

Finally consider whether the transformations RPI-x and RPI-$ induce SPO’s or equiva-
lently SCET RPI-I and HQET RPI. Since the n transformation in RPI-$ did not enter at the
order we are working it is apparent that there are no SPO’s from the HQET RPI. Examining
the results of the RPI-I transformations we find that none of the J;2a’2f —2k)
O(\%) transformations (since the Dirac structures transform at O(\) and the field structures
that do transform all cancel out).

Thus the results derived in the previous section give the complete set of RPI relations
for the O()\?) currents when v, = 0.

currents have

IV. CHANGE OF BASIS AND COMPARISON WITH TREE LEVEL RESULTS

In expanding the heavy-to-light currents, two different bases of operators are useful. At
tree level it is convenient to write the result for the currents in terms of collinear covariant
derivatives, giving one basis. For the derivation of RPI relations and factorization theorems,
a basis such as the one in Eq. [#0) is more useful.

The tree level matching of the full theory current gI'b onto SCET currents was done to
subsubleading order in Ref. [15]. In deriving Feynman rules we find the momentum space
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version more convenient so we use the equivalent result from [1(]

Sy Ly By B e Ty T Ly Ty (102)
where
7(0)( ) = )Zn JH, (103)
709w = L (4, 1D2) B e T ) = 2 S 19522 )es By o
7% (w) = % oo Ty o DL He 77w = 5 oo Ty iDL o

—1

—(2e) . ~
J (w172) = mw (an ) 1(ZgBCBJ_)w2T(e) af Hv s

—(2f) 17 Lo o
J (Wl,z) = EXn,wl (mﬂ)u ZchBJ_)w2T(f) o My -

The T in 7 is simply the Dirac structure of the full theory current. The Dirac structures
that appear in the subleading currents are

Owa =" 27_7_ -, Owa= anﬂ- ~Va (104)
and
_ _ _ i o
Two=I7,, T(b)a:'yi_2ﬁ UF, Te=TI,
N - bhy g, T
T =T, T)ap = Yagl 57 Tiryas = [as - (105)

Each of the operators .J has unit Wilson coefficient at tree level. By re-expressing these
operators in the basis of operators presented in this paper, we determine the tree-level
Wilson coefficients of our currents. This provides a check of the RPI relations.

A. Conversion

In terms of our basis, the leading order tree level current 7(0) is given by

/ dw TV (w) = / dw JO () . (106)

This result holds for all five Lorentz types, I' = {1, ,4*,7°y*,ic*}. For the remainder of
this section, we will suppress the explicit w-dependence of our basis J(w)’s as well as the ap-
propriate integrals [[dw;] whenever results hold equally well as integrals or as densities. For
example, Eq. ([[00) would be written simply as 7 = Jl(o). If the Lorentz type (s, p,v,a,t)
of the current is not specified, the same result holds for all five types as above.
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For the O(\) currents, the relations differ for the scalar, vector, and tensor cases,

a m
/dwl ngp)(wl) /dwl Jl(l )(wl) — /deg Jl(lb) (wl, CUQ) s (107)
w1 +ws
m
/dw1 v = /dwl (w1) /dwm P [Jl(lb) (Wi, ws) — 2J2(1b) (w1,w2)] :

/dwl J(la) (w1) = [duwr Jl(la) (w) + /dwl’2 [_Jl(lb) (w1, wa) — 2J2(1b) (w17w2)} ;

w1 tws
—(1b) —(1b) 1b —(1b) 1b 1b 1b 1b
T =0, T =g T — g0 gD o g0 g 00

The last line of relations are true as integrals or as densities. For example ng,lf) (wi2) =

—J?Elb) (w12). At O()N?) the relations between the two forms of subleading currents are the

7(2a,2b,2c)

same for all currents

Je = g0 e 0 /m;#c /mm—{ A%+A%y (108)

w2

where in the last relation the arguments of 7% (w1) and J1(26,2g) (w12) are implicit. The
remaining currents come in different combinations depending on the Dirac structure. For

7(2d) we have

—(2d)

—(2d
I p

~ 0 TED — g2 _ j2a) oy L0} (109)

For the scalar 7(26) currents,

—(2e) (2e) _ 7(2e) Wa+ws
/dWLQ J&p —/deg [Jl J2 :| +/dw172 |:6 — f] +/dw1,273 w1 +n [6 — h] s (110)

with similar relations for the vector and tensor cases (suppressing the integrals for conve-

nience),
7532) _ —J1(2e) . J J(2e J(2e J(2e :| + [J(2f J(2f —J 2f)—|—,]é2f)—2j7(2f)]
Lwrtws [J — JE g By g@m g (2h) ] :
w1 +wsq
B e R e T (S ] [e = f} 4 L2t [e - h} - (111)
I W1 +Wwa
Finally for 7(2f),
—(2f) [ e e w1
T~ [t 1 g) - w_2[6_> 1] = le—n]. (112)
ToD = [0 709 4 2]~ e f] — [e =],
bl L W2
T = [ g2 4 g 2] e ] = [e ],
L )

where the suppressed integrals are the same as for 7(26)
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B. Wilson coefficients at tree level

Inserting Eqs. ([0GHITY) into Eq. ([[0Z), we can read off the tree level Wilson coefficients
of our basis. For example, since 79 is the only term at leading order we have C’}d) (w)=1
and CJ(CQI(w) =0 for d = s,p,v,a,t.

For scalar currents, the non-vanishing tree-level Wilson coefficients are

CO(w) =1, BYW) =1, Bwa) = (1)
and at O(\?)

Apw) =1, AP W) =1,

A (wi2) = —(% ; Aﬁff (wip) =1+ Z_:’

AR (wr2) = -1 - Z_:’ A (wip) = (%a

A (wr2) = % , Al (wr23) = —%- (114)

The same results hold for the pseudoscalar currents. To O()\?), the values of the Wilson
coefficients for vector currents that do not vanish at tree-level are

O (w) =1, BY(w) =1,
m —2m
BY — BY - BY =1 115
b (W1,2) P b2 (W12) T b3 (W1,2) : (115)
and
AW () =1 A (w) =1
al ) cl )
v m v
AV (wr2) =1~ — A (wr2) = -1,
2
A (w10) = -2, A (wi2) =3,
AR (wr2) =2, A () =1,
(v) _ w1 (v) _ !
Apy(wi2) = -1+ e Apy(wi2) = -1+ o
2Wl v
Afﬁ) (Wl 2) — ]_ — w—2 y A§C7) (Wl 2) = —2,
v m v
Al wi2) = - A (@12) = =1,
v +ws (v) W1 —ws
A _ W A -
h (W123) ot h3 (Wi23) ot
v W1 —Wws3 (v) —2w1 — Wy tws
A = A =
ha (W12,3) witwy he (W12.3) w1+ wo
v +w3
AW _ g8 116
h7 (W1,273) w1 +n ( )
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The same results hold for the axial vector currents. Finally, for the O(\?) tensor currents
we have nonvanishing coefficients

2m
C(t) -1 B(t) =1, B(t) — 9 _ m B t) —
1 (w) ) al (w) b1 (W1,2) o1 twy b2 (W1,2) w1 +ws’
BY(wig) =1, Bi(wis)=2, B (wis) =2, (117)
and
Aw) =1, AD) =1,
m
A (wip) = —2 - o A (wi2) = -3,
2

A (wr2) =2, A (w12) =3,

(t) _ Wi t) o w1
Afl (wl’g) =—1+ w—z 5 Afg(wm) =—-1+4+ w—2 ,

(t) _ w1 20}1
A (i) = T Af7(W12)—1—w—2=

m
A (wrp) = —, Aps(wig) =1,
%]

A® _ WiTws A® _ WiTws

h1(w1,2,3) w1 +n hs(wl,zs) witwy

_ +w3 (t) —2&)1—(/02“_0)3

A t) — wl A prg . 118

hs(W12.3) o hr(wi2.3) o (118)

It is straightforward to check that these results all satisfy the RPI relations from section [Tl
providing a cross-check on those results.

C. One-Loop Results

The relations from section [ITLC] apply at any order in perturbation theory, so they can
also be used to determine one-loop values for certain coefficients. For the LO currents the
one-loop coefficients in MS at j = m are [2]

o@) = 1- 200 o) 1 ati-0) - 2 L 2.

(@) = 1- QS(Z?CF{ﬂnz(w) 4 9Liy(1-@) + m@)(?’l@_‘;) 4 ;T_; N 6}7

@) =1- O‘S(ZT)CF{zln?(@) + 2Ly (1-) + 111((11)(41@__@2) + g + 6},
(@, 1) = OKS(Z?CF {(1 3@) N ?finc(f))g } . oY) =0,

R e et

() = as(Z;)CF{—iw_lnd(J@)} (@) =0, (119)



where @ = w/m and Cr = 4/3 for color SU(3). The quark-gluon-antiquark operators
J1) have coefficients that are not fixed by RPI, and these were determined by a one-loop
matching in [29,30]. Thus all O(A*!) currents are known at one-loop order. The expressions
are fairly lengthy, and so we do not repeat them here. Using their results and our Eqs. ([
[[7), (B38Y), and [@ET), the coefficients of the currents J(22:2¢242¢) are also determined
at one-loop order.

We give the scalar current case as an example. For the scalar current, the coefficient at
w=mis [29, B(]

s = LS (2] - (G
B(bl)(ng,l) == + yp Ldz {ln &—In* & —In o + @+1_a} Inw
2 Inw lnng C:)glna)g 2(]_ wl ~ . ~
_“ _ — Lis —Liy(1—
<1—(;J 1—@2) (1—@2)2_'_ w1w2 { w> 12( wl)}
2 72 4 1
B I NIRRT I B
@1@2{ bl=) =5y =3 1—@2]
. 1 . Ing
_ %G {hl &—In? wl—ln(w)}jLA—ln (ﬁ) + naig
47r o ) W1 W 1—ws
O L (1-0) ~ Lis(1-0)} — ——{Lip(1-a) - T
i w ia(1— ip(1—9) — —
w1w2 2 2 (2)1(2)2 2 2 6
(8% CF 2 N 211’1((2}) 71-2
21n 2Ly (1— — 12
T w{ (@) +2Lu(1=0) = 5= + 15 - (120

where Cy = 3, W12 = w1 2/m, © = & + @, and we have transformed to our basis. We will
also need the derivative of the LO scalar currents coefficient

d ()

Now in section ITIC we derived the following results for the O(A\?) currents
AR (w) = P (w), AR (w) = 2wC (), (122)
AR () = wC (w), AR W) = P (W), AR (w) = —wC'(w),
AD(win) =~ CPwitwy),  AG(Wi) = — o O (witws) — BY (wr2).-

W9 ’ ((A)l _'_WQ)

Combined with Eqs.([[T9HIZTI), these relations determine the coefficients at one-loop order.
(2a—2e)

The results for the J

in the same manner.

) vector and tensor currents at one-loop order are easily obtained

V. CONCLUSION

In this paper we derived a complete basis of scalar, vector, and tensor heavy-to-light
currents at next-to-next-to-leading order in the power counting, O(\?). Building on the
approach in Ref. [31]] where one takes v; = 0 from the start, we constructed the full set
of RPI relations that leave us on this surface. The completeness of deriving RPI relations
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projected on a surface was analyzed. With a careful choice of Dirac structures in our analysis
of heavy-to-light currents at O()\?) it was demonstrated that the projected RPI gives the
full set of constraints. We also investigated the path dependence of Wilson lines in order to
clarify what conditions they must obey to give the correct cancellation of usoft gluon effects,
and to demonstrate the manner in which results are independent of the choice of boundary
condition.

A simple method for counting the number of Dirac structures in the basis for any operator
with d = 4 was given.® Several types of reparameterization invariance provide restrictions on
the structure of these currents, which we formulated as constraint equations on the allowed
Dirac structures and Wilson coefficients as given in Eqgs. (Bl), (£5), (B9), @), (©4), and
@H). We expect that a similar setup with constraint equations and projected surfaces will
be useful in deriving RPI relations at higher orders in A and in deriving results for non
heavy-to-light currents.

Our main results are contained in the solution of the constraint equations as given in

Eqgs. ([3HD), B2RY), and ([@40Y). These results determine the coefficients of five of the

eleven NNLO operators, J;za’zb’%’%’ze), for various Dirac structures indicated by j and at

any order in perturbation theory, in terms of the coefficients of NLO and LO operators. This
determines 7, 23, and 32 Wilson coefficients for the scalar, vector, and tensor heavy-to-light
currents respectively. Results at tree-level and one-loop order were discussed in sections
and VO Finally, the operators .J(2/:29:2:20.22k) defined in Eqs. (BOHET) together with the
Dirac structures in Eqs. (([BIARARIAOA[PH) were shown to not be constrained by reparam-
eterization invariance.
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