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Abstract

We pursue the program of the study of the non-forward amplitude in
HQET. We obtain new sum rules involving the elastic subleading form fac-
tors x;(w) (i = 1,2,3) at order 1/mg that originate from the Lg;, and
Linag perturbations of the Lagrangian. To obtain these sum rules we use
two methods. On the one hand we start simply from the definition of these
subleading form factors and, on the other hand, we use the Operator Product
Expansion. To the sum rules contribute only the same intermediate states
(jP, JP) = (%_, 1_) , (%_, 1_) that enter in the 1/m2Q corrections of the ax-
ial form factor ha, (w) at zero recoil. This allows to obtain a lower bound on

(A1)
_51 /;12

We find also lower bounds on the 1/ sz correction to the form factors h (w)

in terms of the x;(w) and the shape of the elastic IW function &(w).

and hj(w) at zero recoil. An important theoretical implication is that x} (1),

x2(1) and x5(1) (x1(1) = x3(1) = 0 from Luke theorem) must vanish when

3

the slope and the curvature attain their lowest values p? — I o - }—2. We

discuss possible implications on the precise determination of |Vg|.
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1 Introduction.

The study of the non-forward amplitude, proposed first by Uraltsev [I]

Tyi(q) =i / d'z e < B(vy)|T[J;(0)Ji(2)]| B(v:) > (1)

where v; is in general different from v; and

J(0) = b(0)Tye(0)  Ji(x) = e(x)Tib(x) (2)

(I';, I'y are arbitrary Dirac matrices) has been very fruitful in Heavy Quark Effective
Theory (HQET).

In the heavy quark limit, sum rules (SR) that generalize Bjorken [2] and Uraltsev
[T] SR have been obtained within the Operator Product Expansion (OPE) that yield
to bounds for all derivatives of the elastic Isgur-Wise (IW) function &(w) [B] H], in
particular for the curvature [5]. The radiative corrections to these SR and bounds
in the framework of HQET have been computed by Dorsten [6].

In a recent paper we have extended our formalism to the subleading order in

1/mg [[. We did obtain the interesting relations, valid for all w :
Rg(w) = 2(w +1) 3 ABmfy (s (w) + 2 AER (s (w) - (3)

&s(w) = (w+1) ZAE?(,?%T?E/%( 3/2 -2 ZAE1/2 1/2 1/2) (w) - (4)

These remarkably simple relations were the basic results of ref. [7]. Both sublead-
ing quantities A¢(w) and &(w) can be expressed in terms of the leading quantities,
namely IW functions 7'}") (w) and level spacings AEJ(-") (j = ;, %) These equations
give information on the 1/m¢ Current perturbations to the matrix elements. In the
present paper we will deal with the Lagrangian perturbations.

The paper is organized as follows. Section 2 gives a simple derivation of the rel-
evant SR, starting from the definition of the different subleading Lagrangian form
factors. In Section 3 we summarize the basic results and comment on general theo-
retical features of the SR. In Section 4 we recall the contribution of 17 intermediate
states to the OPE sum rule at zero recoil at order 1/mg, for the form factor B — D*.

In Section 5, using Schwarz inequality, we obtain a bound on the correction d; /2 to

Fp_,p+(1) in terms of the Lagrangian elastic subleading form factors and the elastic
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Isgur-Wise function. In Section 6 we also obtain lower bounds on the 1/ mé correc-
tions to the form factors hy(w) and hy(w) at w = 1. In Section 7 we summarize
some theoretical features of the obtained bounds. In Section 8 we demonstrate that
X1(1), x2(1) and x4(1) must vanish in the limit in which the slope p? and curvature
o? of the elastic IW function &(w) attain their lowest values. In Section 9 we discuss
phenomenological implications of our results for the exclusive determination of |V|
and in Section 10 we conclude. In Appendix A we derive the same SR as in Sec-
tion 2 using the Operator Product Expansion (OPE), following the same method
developed for the derivation of the Current SR in [7]. In Appendix B we make a nu-
merical analysis of the obtained bounds and in Appendix C we discuss the radiative

corrections.

2 New sum rules on Lagrangian perturbations.

In this section, we will formulate new SR for the Lagrangian perturbations,
parallel to the ones on the Current perturbations (B)- ().
Instead of using the OPE, we will here simply use the definition of the subleading

clastic 3~ — £~ functions x;(w) (i =1,2,3) [§]

< D()i / dzT[J0), £O ()] B(v) > =

%mb {=20)Tr [T BE)] + 5Tr [Aus(o, ) D)o Bw)]} )

< DW)|i / dzT[T(0), £9(2)]|B(v) > =

2;6 {—2)(1 (w)Tr [ﬁ(v’)FB(U)} — %TT {zaﬁ(v”U)E(U’)Z’UQBP_/’_FB(U)}} (6)

with

Aap(0,0') = =2x2(w) (Vi — V) + 4xs(w)ioas

pS

(0, 0) = —2xa(w) (v — V57a) — Axs(w)ivas (7)
where A = v AT1° denotes the Dirac conjugate matrix, the current J(0) denotes

J =B TR®) (8)



where I' is any Dirac matrix, and E(Q)(x) is given by

(@ — (@)
EU 2m [Okm v + Omag v} (9)
with
0, = B2 GDPRD 09, = Th P 0usGoh? (10)

In relations (B)-(@), the x;(w) (i = 1,2,3) have dimensions of mass, and corre-
spond to the definition given by Luke [9].

We will now insert intermediate states in the T-products (B). We can separately
consider Eg?n or £5nag The possible Z-diagrams involving heavy quarks contribut-
ing to the T-products are suppressed by the heavy quark mass since they are bcc
intermediate states.

Conveniently choosing the initial and final states, we find the following results
(we use the normalization of the states as made explicit for example in formula (5.6)
of ref. [10]) :

(1) With Ekmv, pseudoscalar initial state B(v) = Py(—75) and pseudoscalar

final state D(v') = 5P}, one finds, for any current (§)

—2x1(w)T'r {ﬁ(v')l"B(v)}

= [DOOTB()] 5 ey Ok OIB) >

n20 AEl/z \/4mB(n)mB
where
D (") [Ty (0)TRE(0)[B™ (v) > = —£ (w)Tr [D(v/)TB(v)] (12)

that yields

) ) = B (0)[04,.,(0)| B(v) >
n£0 AE1/2 \/4mB(n)mB
Likewise, we obtain, in the case of a vector initial state B*(v,e) = P, ¢ and a vector

final state D" (v',&') = ¢ P/,

2x1(w) = (13)

2X1(w) Z 1 g(n)(w)< B (U E)|Okm v( )|B*(U>5) >

since Ly, is spin-independent. In the preceding expressions the energy denominators

(14)

are

AE(y =Bl — B (n#£0). (15)
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(2) Consider Eﬁffmg ,» pseudoscalar initial state B(v) = P, (—7;) and pseudoscalar
final state D(v') = 75 P/.. Because of parity conservation by the strong interactions,
the intermediate states B™ must have the same parity than the initial state B.
Moreover, Eﬁf;agv being a scalar and producing transitions at zero recoil, the spin

of B and B™ must be the same. Therefore, only pseudoscalar intermediate states

B™(07) can contribute, only states with 5 = 1~. One finds, for any current (&)

4(w — 1)xa(w)Tr |[D(W)TB(v)| = 12xs(w)Tr [D(W)I'B(v)]
< B™(v)|0F),.,(0)| B(v) >

= —Tr |D( v (n

= T[D<”B<ﬂ§;AEQ5< w)= T (16)
that gives
4w () +125(0) = Y () SO Oan OB >

n#0 AEY/} VAmpmmp

It is remarkable that this linear combination depends only on %_ intermediate states.

We will comment on this feature below.

(3) Consider Eﬁf;agv and a vector initial state B*(v,e) = P, ¢ and pseudoscalar
final state D(v') = 75 P,. Now we will have vector 1~ intermediate states, either
B+ (%_, 1_) or B*™ (%_, 1_). For the latter, we have to compute the current

matrix element
< D)[JH0)[ B (37,17) (v,8) > = ry)™ (w)Tr [D()TE v, | (18)
where the (%_, 1_) operator is given by
g =20 (1 v")} (19)

- 3
Fv = \/;P+€V 3

obtained from the (%Jr, 1+) operator defined by Leibovich et al. (formula (2.5) of

[T0]), multiplying by (—75) on the right [I1]. The Isgur-Wise functions T?f?%(") (w)
correspond to %_ — %_ transitions, the superindex (B) meaning the orbital angular
momentum [3] ] [I1]. As noticed by Leibovich et al., on general grounds the IW
functions Té?%(") (w) do not vanish at zero recoil.

One finds, for any curent (g,

mwu%»BmG‘lMu@>=¢§ﬁ¥mMaawquWm}

_%(w — )73 (w)Tr [D()T P (20)



and finally
—Axa(w)(e - v)Tr [D()I' Py | + dxs(w)Tr [D(w')TB* (v, 5)]

_ | < B*(0,6)|08), (0)|B*(1,¢) >
— T [DW\TB* (v,6)] 3 ——£™ (w mag.v !
DB ﬂ;gAﬂ%f (w) Vg i

+ {\/g(e - Tr [ﬁ(v')PPJr] - %(w - 1)Tr [E(UI)FB*(% 5)} }

Z 1 (2)( )(UJ)< B;}Z (U €>|Omagv( )|B*(U7€) > (21>
- AE0) —— '
By s
The energy denominators AEf% and AE&%
n 0
AE1/2 Ei/% Ei/)z (n #0)
n 0
AE?,/2 E?S/% Ei/)z (n>0). (22)

To obtain other linearly independent relations, let us specify the final state and
the current. We make explicit the pseudoscalar D(v') = 5P and take I' = ~,75.

This gives, from the preceding expression,

—dxa(w)(e - V) (v, — ) + dxs(w) [(w = e, + (e v)vy]

- e ol 3 ey <5 N Oy DI (0:2) >
+{ (e )l =) - %(w— Dlw - 1>au+<a~v'>vu]}
< B33 (02|08 (0)| B (v.2) > 3)

> L @ 3/2
T w
m AE§72 oz () VAmp.mmp-

Since the two four vectors (v, —v,) and [(w — 1), + (¢ - v")v,] can be chosen to be

independent, one obtains independent sum rules for y»(w) and y3(w), namely

< BX™(v,e)|0®)  (0)|B*(v,¢) >
-9 \/> 3/2 mag,v ) 94
X2 Z AE3/2 3/2 ) \/m ( )
By,
1 < B (v,)|Of)y.0(0)| B* (v, €) >

s(w) = - £ (w) T

< Byjy (v,€)|0%, . (0)|B* (v,2) >

(n) ’UJ) 3/2
E : ) 73 2
V6 AE?E/2 / /4m33§g> mp«

(25)




As a final remark on this Section on the derivation of the sum rules, let us point
out that if, instead of () that involves £®) we start from (B with £(9), we obtain the
same SR as above, with the replacement b — ¢ in the operators and in the states.
The reason is that the IW functions and energy denominators are flavor-independent

in the heavy quark limit.

3 Summary and comments on the Lagrangian sum

rules.

To summarize, making explicit the ¢ flavor, we have obtained the sum rules

1 ) ()| Ojon.o(0)[ D (v) >
xi(w) = ()~
n;,go AE1/2 vV dmpmymp
1 Ly S D(0,6)|0F),,(0)| D (v,e) >
—-y — £ (w ) k (26)

#(n) *
n)(w)< D3/2 (,U E)|Omag v( )|D (,U7E) >

Xao(w) = ——— (27)
3/2

1 Ly < D (0,6)|050,,.(0)| D*(v,€) >
xs(w) = 1 > Wf( (w) T r—— <
n#0 AE1/2 M p=(n) M D*

*(n)

w—1 1 (2)(n)<w>< D3/2 (U 6)‘Omag v( )‘D*(ng) >

Z ) 13/2
4\/6 n AE?(,/% / 1/4m ;;Z)mD*

There are a number of striking features in relations (20)-(25).

(28)

(i) One should notice that elastic subleading form factors of the Lagrangian type
are given in terms of leading IW functions, namely €™ (w) and 7‘3 /o 2)lm) (w), and sub-
leading form factors at zero recoil.

(ii) x1(w) is given in terms of matrix elements of L, as expected from the
definitions (B)-(@) and involve transitions £~ — 1.

(iii) The elastic subleading magnetic form factors x2(w) and x3(w) involve D*(17) —

1

D*™(17) transitions 1~ — 17 and 37 — 37

(iv) x1(w) and y3(w) satisfy, as they should, Luke theorem [9],
x1(1) = xs(1) =0 (29)
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because the 3~ — £~ IW functions at zero recoil satisfy

1
2
¢M(1) = 6,0 (30)

(v) There is a linear combination of ys(w) and y3(w) that gets only contributions

from 3~ — 17 transitions, namely

(1) = < D*(w, )0, (0)|D* (v, €) >

—4(w—1 +12 -3
(=Dl +12xs(w) = =33 AEl/z VI

(31)
where the factor —3 is in consistency with (), shifting from vector to pseudoscalar
mesons.

This latter relation and (28) imply that the combination

Li(w) = 2x1(w) —4(w — 1) xo(w) + 12x3(w) (32)

R %_ transitions. We will give an alternative

N[

gets only contributions from

demonstration of this feature using the OPE in Appendix A.

4 The OPE sum rule for ha, (1).

It is well-known that the determination of |V,| from the B — D*(v differential
rate at zero recoil depends on the value of hy, (1).

The interesting point is that precisely the subleading matrix elements of Oy,
and Oy,qg at zero recoil, that enter in the SR (24)-(28), are related to the quantity
|ha, (1)], as we will see now.

The following SR follows from the OPE [12] [10],
<D™ (57,37) (v,0)|A|B(v) >
N Ll ol B,

2’2

4mD*(n)mB
2 2 _ 2
o Mo Mx—po (11 2
— 2 — _ —+ =+ 33
I 3m? 4 (mg m?  3memy, (33)

where D*(™ are 1~ excited states, and

1 _
p2 = — < B[R (iD)*hP|B(v) >
2mB
1
2 _ IS af
72 s < B(v )|h 2aa 5G°hY)|B(v) >
3 B, )Y LGP B (0, 2) > (34)
2mB 7 Y2 v ’
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In relation (B3]) one assumes the states at rest v = (1,0) and the axial current is
space-like, orthogonal to v. The relation of (84]) with the other common notation
[8] [T0] is 2 = —A; and p2 = 3.

In the Lh.s. of relation (B3,

h'Al( ) =1na, + 61/m2 (35)

(na, = 14 radiative corrections) because there are no first order 1/mg corrections
due to Luke theorem [9]. The sum over the squared matrix elements of B —
D*(™(17) transitions contains two types of possible contributions, corresponding to
D*(m) (%_, 1_) (n # 0), and D*™ (%_, 1_) (n > 0). The r.h.s. of (B3) exhibits the
OPE at the desired order. From the decomposition between radiative corrections

and 1/mg, corrections (BH) one gets, from (B3), neglecting higher order terms,

2 2 2
(A4) Mg | Mr—pg (1 1 2
51/m2_6m2+ 3 <@+—2+
3

‘ my  3memy
| < D™ (17,27) (v,9)|A|B(v) > |2

1
1 2 179
= . 36
+2 Z 4mD*(n)mB ( )

n

The correction 55 m2 18 therefore negative, both terms being of the same sign.

1= 37
2 )2

of the matrix elements < D*"™ (% ) (v, 5)|Okmv( )|D*(v,¢) > and < D*(™ (2_, ;’_)
(v,8)|O

convention used in the preceding sections,

The matrix elements < D*(™ ( ) (v,€)|A|B > have been expressed in terms

() 90(0)|D*(v, ) > by Leibovich et al. [I0], within the same normalization

< D™ (17) (v,¢)|A|B(v) >
\/4mD*(n)mB

¢ ( 1,3 )<D*<"> (37) (0,6)]0%,,.(0)[D*(v,¢) >
AESL% 2m,  2my, N
+( 1 )<D*<n> (37) @, 9|05, ()| D*(v,¢) > @)
2m.  2my VAM pemymp+
<D™ (37) (v,2)|A|B(v) >
\/4mD*(n)mB
&1 <D () @e)l0f,. (0D (v.e) > .

AE3/2 2me.. /4mD353)mD*



Therefore —5§?1)2 [B8) can be written as

w2 11 1 9
—g{nh = =& 4 < ( + 5+ (ui—ué)

6m2 8 \m2 m2  3m.ny

—Z ( 3 ) 1| <D (37) (v,0)|08),,(0)|D*(v,e) >
2mc 2my, AEY/L% VAM pemymp=
2
+( L1y < D (17) (v,2)[0f), ()| D*(v,2) >
2m.  2my/) AEY, N

2

1 <D0 (37) (0,6)0, (O D" (v,€) >

2mc AEg}Q /4mD3572L) mp=

The important point to emphasize here is that the matrix elements
<D™ (57) (:9)|05,(0)|D*(v,€) > and < D (57.57) (1,2)[0},,,(0)| D" (v.€) >
are precisely the same ones that enter in the SR (26])-(28). This allows to obtain an

interesting lower bound on —5§7;L)2.

(39)

5 A lower bound on the inelastic contribution to

the —(5§‘?I11)2 correction of the B — D* axial form

factor at zero recoil.

We take now the relevant linear combinations of the matrix elements suggested

by the r.h.s. of [B9), and use [6), 1) and B1),

o) ( 1 ><D*<"> (37) 0,905, ,(0)[D*(v,¢) >
n#0 AEl/Z 2mc 2mb V 4mD*(n)mD*
+( 1,3 ><D*<"> (37) (©,8)0%),,.(0)| D*(v,¢) >
2m.  2my VAN Dy Mmpe
1 1 1/ 1 3
= —5—)2 - - ) [~4(w — 1 12
<2mc 2mb> xa(w) =3 <2mc+2mb)[ (w = Dxa(w) + 12x3(w)]
(40)
1 (2)( ) < D*(n) (%_) (U 6)‘Omag U( )|D*(U7€) >
T3/2 (w)
n AE§/2 /4mD3§g)mD*
1 46
—— Xa(w) . (41)

_2mC 3
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Using now Schwarz inequality

| < J (Ziar) (Simk) (12)

one finds
Z {é‘(”)(w>}2 Z 1 ( 1 . 1 > < D*(”) (%_) (,U E)|Okzn v( )|D*('Ua€) >
n70 o |AED) [\2me 2my VA e -

2

E ><D*<"> (1) (0.0)10L, . (0D (v,2) >

> 4{ (5 = 5o ) 0@ = 5 (o + 5 ) (2200 = Dxal) + 6xa(w)]
(43)

+
ch me
2

1| 1 <D (37)(0,6)[0%),,.(0)|D*(v,e) >

2)(n) 2
;[73/2 (w)] zn: AE?E;L; 2m, \/W
3/2

XQ(w)r . (44)

pE e —pg (11 2
51/m2 = 6m2 + S (Eg + E 3mcmb>
o1~ a) ) — § (3 + a) 2200 = Dxa(w) + x(w)]}
> (60 (w))”
n#0
1 2
+16 [2ch2(w)} 3 - (45)

35 (1)) w)

This inequality on —5&;32 involves on the r.h.s. elastic subleading functions

xi(w) (i = 1,2,3) in the numerator and sums over inelastic leading IW functions

> [€™)(w)]? and Z[Té?;(n) (w)]? in the denominator. We must emphasize that this
0 n

inequality is valid for all values of w and constitutes a rigorous constraint between

these functions and the correction —5%?;32. Let us point out that, near w = 1, since

€M (w) ~ (w—1) (n #0) (46)
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and, due to Luke theorem

xi(w), xs(w) ~ (w—1) (47)

the second term on the r.h.s. of ([#H) is a constant in the limit w — 1.

On the other hand, since x»(w) is not protected by Luke theorem,

xz(1) # 0 (48)

and in general, as pointed out by Leibovich et al. [T0]

7ys(1) #0 (49)

the last term in the r.h.s. of ([@H) is also a constant for w = 1.
The inequality (HH) is valid for all values of w, and in particular it holds in the

w — 1 limit. Let us consider this limit, that gives

2 2,2 1 1 2
_§A) S MG+MW8MG<_+_2+ )

1/m2 = 6

2

mg

1 1
2mC T 2m

B (1) — 4 (g + 55) [2xa(D) + 6x5(D]}

7 - (50)

On the other hand, using the OPE in the heavy quark limit, we have demonstrated

the following sum rules [5]

> [EAm] = %02 —p’ (51)
> [ =207 - 2 - () (52)

n#0

where p? and o? are the slope and the curvature of the elastic Isgur-Wise function

§(w),

f(w)zl—pz(w—l)—l—%(w—l)z—l—--- (53)

The positivity of the Lh.s. of (&I, (E2) yield respectively the lower bounds on the
curvature obtained in [] [B],

7> (54)



022%[M9+3@%ﬂ- (55)

On the other hand, Uraltsev [I] plus Bjorken [2] SR imply

3
2> = 56
= (56)
giving, from both (B4)), (BA), the absolute bound for the curvature
15
o2 > (57)

Relations (B0)-(B2) give finally the bound

2 2 _ 2
(A Mo [ Hr—pg (L 1 2
~Otme = 6m? T3 (mg * m3 * 3memy,

3B = 4p22 37 {<2; N 2;%) all) - (2; * 2imb> —2e)+ 6X£”(1)]}2

80 [ 1 2
(40% — 5p?)

3

x2(1) (58)

2me
We briefly discuss in Appendix B the radiative corrections to relations (&1l) and
(B2), computed in [6], and their impact on the bound (ES)).

6 Lower bound on the 1/m corrections to h,(1)

and h;(1).

Of theoretical interest are also the quantities at zero recoil ¢;(1), f2(1), that
would correspond to the wave function overlaps in the non-relativistic quark model
[8]. Using the notation of Falk and Neubert [§], these quantities are related to the

matrix elements of the vector current at zero recoil,

< D(v)|V,|B(v) >

=, hi(1
/74mBmD Up +( )
< D*(v,e)|V,|B*(v, ) >

=, hi(l 59
\/m Up 1( ) ( )
where
ha(1) =140 )0+
(1) =140 0+ (60)
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with

1 12
5ne = (5~ 5-) 4

ch me

1 1 \?
5t :< ——)El. 61
1/m?2 ch me 2( ) ( )

On the other hand, using also the notations of [§], 55?;1)2 is given by the expression

(A1) _ 1 B 1 )[ 1 _L } 1
61/m2 (ch 2my, chgz(l) megl(l) * dm.my A (62)
where

We observe that

1
(A1)
0y /m2 = 4—m§€1(1) for m.,— oo
A 1
5§/m)2 — 4—mz€2(1) for my, — o0 (64)

Therefore, since the lower bound (B8) is valid for any value of m, and my;, we can
obtain lower bounds on —¢;(1) and —/¢5(1) by taking the limits (E4]). We find, in
this way,

2 _ 2
Hr — Hg 6
—01(1) >
1) 2 2 * 502 — 4p* — 3(p?)

= [=x1(1) + 2x(1) — 6x5(1))* (65)

32 + 2 , ) a2
—ly(1) > —L 1 2xa(1) — 1
62( ) - 6 3[50_2 - 4p2 . 3(p2)2] [3X1( ) + X2( ) 6X3( )]
80

+ 310" — 5p7) D2(1)]? (66)

and from (1) we obtain lower bounds on —5&72,12 and —5&)7”2.

7 General considerations on the bounds.

We have obtained lower bounds on the —d,,,2 corrections to some form factors,
namely hy, (w), hy(w) and hy(w), that are protected by Luke theorem. It is worth

to summarize their expressions at zero recoil :
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2 2 _ 2
) o Mo pa—pg (112
O 2 6m? * 8 <m§ * m3 * 3m.my

+3[502 — 4p22 —3()?] {<271% - 2;%) 3x1(1)

(o ) 2 + 640+ s [ )] 67
2m.  2my X2 i 402 — 5p2 | 2m, X2
2 2 2
_ (+) >( 1 _ 1 ) Hr — Hg
61/m2 - ch me 2
6 / / 2
+502—4p2—3(p2)2 [=x1(1) + 2x2(1) — 6x5(1)] } (68)
2 2 2
s ><1 B 1> 3pz + 1g
51/m2 — \2m,. 2my 6
" : B (1) + 2x(1) — 6P + =P (D)
3502 — 4p% — 3(p2)] NI TR TR 3(10% —5p2) VN [
(69)

A number of remarks are worth to be made here :

(i) The bounds contain an OPE piece, dependent on p2 and pZ, and a piece that
bounds the inelastic contributions, given in terms of the 1/mg elastic quantities
X1(1), x2(1), x5(1) and on the slope p* and curvature o2 of the elastic IW function
§(w).

(ii) Taking roughly constant values for x(1), x2(1), x5(1), as suggesed by the
QCD Sum Rules calculations (QCDSR) [13] [14] [I5], the bounds for the inelastic
contributions diverge in the limit p> — 2, 62 — 12, according to (B7). This feature
does not seem to us physical.

(iii) Therefore, one should expect that x1(1), x2(1) and x5(1) vanish also in this
limit. We give a demonstration of this interesting feature in the next section.

(iv) Thus, the limit p> — 3, 62 — 2 seems related to the behaviour of y;(w)
(i = 1,2, 3) near zero recoil.

(v) The feature (iii) does not appear explicitly in the QDCSR approach, where
one gets roughly p?. = 0.7, and where there is no dependence on p? of the functions
\ilw) (i=1,2,3).

(vi) In the nonrelativistic quark model the parameters ¢; (1) and ¢5(1) correspond
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to the overlap of the wave functions at zero recoil [§]. The formulas (B3

give a model-independent, rigorous bound for these quantities.

and (B0)

8 Behaviour of the subleading functions y;(w)

(i = 1,2,3) in the limit p* — 3, 0> — 15

In this Section we demonstrate that indeed x(1), x2(1) and x45(1) vanish in the

limit p> — 3, 0% — 2. Let us rewrite the relations @8), @7) and &I in

pseudosealar matrix elements

terms of

1 1 < D" ()|0}9,(0)|D(v) >
o (n) kin

IR RN Eprar 70

D (v g)|ol) (0)|D*(v,e) >

Ay, < 32 mag ’
w) w 71
xal 4\/_ZAE§72 2 () \/m i
3/2
" (0)|Ofy (0)|D(v) >
— 4w — 1)xa(w) + 12x3(w) = " = 2
(w = D)xa(w) +12x3(w) ;}AE&& ()~ VAmpewmp )
At zero recoil w — 1 we have
1 < D (v)|00,(0)[D(v) >
1) — in 73
Gl =32 AEW O )
a s Lo S P @000 0 >
4f E§72 / oo

1 /< D(0)]05)(0)|D(v) >
— dx(1) + 12)401 ™'(1 = 7
)+ 126(0) = 5 e () = "

Using again Schwarz inequality as in Section 5, we obtain
2
1 1 < D)0 (0)|D(v) >
/ 1 2 - (TL kin 76
()P < 4112#[5 Ol % AE() VAmpwmo (7o)
*(n) * 2

) ) 1 < DI, e)0% (0)|D*(v,e) >
1 2 < _ 7_(2)(”’) 1 3/2 mag 77
b < g X[m0 AET] VI 7
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mag

AEY) VAMpmmp

2 (n) v (¢) v 2
[—4xa(1) +12x5(D]7 < Y [g(ny(l)} 3 1 <D™ (v)|0k) (0)|D( )>]

n#0 n#0

(78)
and from relations (&Il) and (B2) we obtain
(©) ?
1 < DM ()]0, (0)|D(v) >

kin
79
AESL% \/4mD(n)mD ] ( )

X (1) < =[50 — 49" — 3(6)) >

2
1 < D3y (v,€)]0%),(0)|D*(v,e) >

mag

(n) /

(1)) < ﬁ (40% = 50%)) Zn: (80)

1 1 < D™ ()0 (0)|D(v) >
—aa(1) + 1204V < < [50° — 4p? — 3(p%)? ==
() H126) < 3 [50° — 40" = 3(°)] 3 | S e

(81)

15

1¢» one obtains

Therefore, in the limit p* — %, o —

X1 (1) = xa(1) = x5(1) =0 (82)

as it has been expected from the inspection of relations (G)-(E9).
This is a very strong correlation relating the behaviour of the elastic IW function

¢(w) to the elastic subleading IW functions y;(w) (i = 1,2, 3) near zero recoil.

9 Discussion and phenomenological implications

on the determination of |V,

The bounds that relate second order subleading corrections 0, /2, the first order
1/mg form factors y;(w) (i = 1,2, 3) and the curvature and slope of the elastic Isgur-
Wise function &(w) should be taken into account in the exclusive determination of
12

On the one hand, the usual present point of view is that the exclusive determi-
nation of |V,;| is not competitive with the inclusive determination, that looks much

more precise. However, one must keep in mind that the hadronic uncertainties in

17
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both methods are of different nature and that only a convergence of both can be
satisfactory for a precise measurement of |V|.
As an illustration of the most advanced measurements, let us quote the results

of Babar [20]. To have a qualitative feeling, let us add the errors in quadrature,

|‘/;b|inclusive = 0.0414 4 0.0008 (83)
Vool cactusive = 0-0370  0.0020 (84)

where the exclusive determination comes form B — D*fv and uses the value
— 0 = 0.09 £ 0.05 (85)

discussed in Appendix B.

The slight disagreement between both determinations (83)), (84]) seems to suggest
that —55‘;32 could be larger than (8H).

On the other hand, although this is not the main object of our discussion, in
obtaining |Vip|inciusive 0n€ fits p% = (0.27+0.07) GeV?. This is roughly within 1o in
agreement with the experimental value obtained from the spectrum, namely p% =
0.36 GeV2. However, it seems to us that this parameter is a very well determined
quantity that, in the fit, should be fixed at this latter value. This is just to emphasize
that, even in the very efficient inclusive determination, there are presumably still
hadronic uncertainties.

Coming back to the exclusive determination, it is well known that there is a
great dispersion of the data in the different experiments using B — D(D*){v, as
discussed in detail by Grinstein and Ligeti [16] (see also [20]).

(A1

Since in this determination, for example in B — D*(v, enters —4, / ), and also

the subleading form factors y;(w) (i = 1,2, 3), as well as the shape of the Isgur-Wise
function £(w), our bound (B8) has to be taken into account, as well as the vanishing
of X1(1), x2(1), x5(1) in the limit p* — 3, 0% — 12.

The functions x;(w) (i = 1,2,3) have been computed in the framework of the

QCD Sum Rules approach [13] [T4] [T5], obtaining

Xi(1) = (0.15+0.10) A

xa2(1) = —(0.054+0.01) A
x5(1) = (0.009 + 0.004) A . (36)
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We have extracted these rough numbers from figures 5.5 of ref. [I5], where the x;(w)
(i = 1,2,3) are dimensionless, given in units of A and we have translated them in
the definition of ref. [d], adopted in the present paper. On the other hand, one
obtains, in the QCDSR approach

PR, = 0.7 (87)

Therefore, the QCDSR approach does not make explicit the constraint that we
have obtained, and our discussion cannot proceed further within this scheme.

In the case of B — D{v the correction —58)”12 is one of the pieces that constitute
the 1/ mé correction : besides ¢; there is another correction ¢4 [8] not concerned by
our bounds, and therefore the situation is less clear. Nevertheless, what we have
said about —5%’2}1)2 applies to —5%)7,12.

By considering his BPS limit, Uraltsev [I7] has obtained complementary results.

We will discuss separately the relation of his approach with our above sum rules.

10 Conclusion.

To conclude, we have obtained bounds that relate 1 /mé corrections of form
factors protected by Luke theorem, namely hy, (w), hy(w) and hy(w) to the 1/mg
subleading form factors of the Lagrangian type x;(w) (i = 1,2, 3) and to the shape of
the elastic Isgur-Wise {(w). These bounds should in principle be taken into account
in the analysis of the exclusive determination of V| in the channels B — D(D*){v.
On the other hand, we have demonstrated an important constraint on the behavior
of the subleading form factors x;(w) in the limit p> — 2, 0 — 2, since x(1), x2(1)
and x4(1) must vanish in this limit.

It would be very interesting to have a theoretical estimation of the functions
xi(w) (i =1,2,3) satisfying this constraint. Otherwise it seems questionable to try
an exclusive determination of |V,,| by fitting the slope p? and considering uncorre-

lated subleading corrections, for example roughly constant values for x}(1), x2(1)

and x5(1).
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Appendix A. Derivation of the Lagrangian Sum
Rules using the OPE.

In this Appendix we give an alternative derivation of the SR, (20)-(25), following
the same method used in ref. [7], based on the OPE, to obtain similar SR concerning
the 1/mg perturbations of the heavy quark current.

To make easier the study of the subleading corrections we did consider the fol-
lowing limit

me > my > AQCD . (Al)

Then, as explained in [7], the difference between the two energy denominators in

the T-product () is large
¢ — E; + Bx,, — (0" + Ei — Ex.) ~ 2m, (A.2)

where X, and Xz, denote the intermediate states of the direct and Z orderings.
Therefore, we can in this limit neglect the Z diagram, and consider the imaginary

part of the direct diagram, the piece proportional to
0 (¢ + Ei — Bx,) . (A.3)

Notice that one can choose ¢° such that there is a left-hand cut, even in the conditions
(A.1). This means that ¢° is of the order of m, and m. — ¢° is fixed, of the order

my. Our conditions are, in short, as follows :
Agep < my ~me —¢° < ¢° ~m, — 0o . (A.4)

To summarize, we did consider the heavy quark limit for the ¢ quark, but allowing
for a large finite mass for the b quark.
The final result is the sum rule [7]

> < Brwn)lJp(0)[Dn(v') > < Du(v)[Ji(0)] By (vi) >

Dn

1+9¢

= < Bo)BOT - Tb(0)| B(w) > + O(1/m.) (A.5)

that is valid for all powers of an expansion in 1/m;, but only to leading order in

1/me.
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At leading order my, m. — 0o one gets the SR formulated in [3]-[5]. In ref. [7]
we considered the first order in 1/m; to both the left and right hand sides of (A.5),

using the formalisms of Falk and Neubert [§] for the 3~ — 17 transitions and of

2
Leibovich et al. [T0] for the 3~ — %Jr, o %Jr transitions. The formalism was
extended to all possible transitions 3~ — ;5= [I1.

We did consider only the 1/mg perturbations that are perturbations of the cur-
rent, namely Ly(w), Ls(w) and Lg(w), in the notation of [§]. To obtain the maximum
information we did consider in [7] initial and final pseudoscalar B(v;) — B(vy) or
vector states B*(v;,g;) — B*(vyr,ey). This yielded to two interesting very simple

sum rules. The reason is that we considered the SR at the frontier
(wi, wy, wir) = (w, 1,w) (A.6)
of the domain of the variables (w;, ws, w;r) = (v; - V', v - V', v; - vy) [3],

w; > 1 wy > 1

wiwys — \/(wZ2 — 1)(w; — 1) <wiyy <wawy + \/(wZ2 —1)(wi—1). (A.7)

In this Appendix we formulate new SR for the Lagrangian perturbations, parallel
to the ones on the Current perturbations (B)-(#), using the OPE formalism of ref.
[7]. We find the same results than with the simple method exposed in detail in
Section 2.

In obtaining (B))-(#l) we did use axial currents aligned along the initial and final
velocities, I'; = 9,75, I'y = ﬁfvg,. Let us use now the wvector heavy quark currents,

aligned along the initial and final four-velocities,

L=, L= (A8)

and proceed as in [f]. Using expression (A.5) we obtain two sum rules at order
1/my, for initial and final pseudoscalar B(v;) — B(vy) or vector states B*(v;,e;) —
B*(vg,ef).
To compute the SR we need the following matrix elements, including the 1/m,,
order [
< D(v)[QTQ|B(v) > = —¢(w)Tr[D(v')T B(v)]

—QLmbTr (D)L IP L (0,0 + PL_(0,0)]} +O(1/my) . (A9)
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The 4 x 4 matrices write, for a pseudoscalar meson M (initial B or intermediate
D)
M(v) = Py (v)(—7s)
P (v)Li(v,0") + P_(v)L_(v,v") = [Li(w)Py(v) + Ly(w)P_(v)] (—v5)  (A.10)

where w = v - v/, while for a vector meson M one has
M(v) = Py(v)f
Pi(v) Ly (v, ") + P_(v)L_(v,0") =
Po(v) [fLa(w) + (g0 - V') Ls(w)] + P-(v) [fLs(w) + (¢ - v') Lg(w)] . (A.11)
The matrix elements to excited states write [10]

<D (37) W)t B(v) > = V3 732(w) Tr [v,D” ()T B(v)]

g (T[S @OT B )] + 07 D (P

+ Tr [RS), D7 (v )T P (v)io™ B(v)| } + O(1/m.)

+ Tr [RY)D ()T Py (0)io* Bv)|} + O(1/m,) (A.12)
where
D3, (v') = Pr(v)ey v
£ 07) = — 3P i - St )
Dy+ (V) = Pr(v)ervsm
Do+ (v') = Py (V) . (A.13)

The notation S((,l;), S/(\b) denote the perturbations to the current, and 77,(;;), X,(Cbe) and
R((,lgﬁ, R((fﬁ) denote respectively the kinetic and the magnetic Lagrangian perturba-

tions.
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Expanded in terms of Lorentz covariant factors and subleading IW functions,

these tensor quantities read [10]
S8 = o [ (w)or + 7 (w)el + 7 ()] + 1 (w)gon

S\ = (¥ w)or + G2 (w)eh + ¢ (w)n (Q=b,c) (A.14)

for the Current perturbations, and

b b b b
RO, = 0" (w)v,7avs + 18 (W), ys + 05 (w0) gt
RY) =y Y (w)y! A5
o8 — X1 (W) vays + X2 (W)vy78 (A.15)

for the Lagrangian magnetic perturbations.

We have also to consider the intermediate states D( ,1‘), D (%_, 2‘). The

corresponding 4 X 4 matrices for the 5_ states will be given in terms of those of %Jr

states (A.13) by [11]

DI (v)) = D7+ (v')(=7s) ,  D3-(v') = D3 (v')(—7s) (A.16)

and the current matrix elements, including 1/my corrections are

< D (37) (W)[eb|B(v) > = my)(w) Tr [0, D (o) B(v)]

* zimb [T+ [T9D" (/)T5*B(v)] + o2 Tr [0, D° (+')TB(v)]
+ 77 [V, D7 ()0 Po(w)io™ B(v)]} + O(1/m,) (A1)
where
T3 = vo 01 (whos + 03" (w)v + o5 (w)n] + o (w)gor (A1)

denotes the Current perturbations, and

b b b b
VO = p (w)veyays + 95 (w)vsvlys + S (0)goavs (A.19)

the corresponding Lagrangian perturbations. In defining (A.19) we perform a dif-

ferent Lorentz decomposition as done in [I0] for the 1+ %Jr states. The necessity of

this alternative parametrization is explained in ref. [ 1.
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Proceeding like in ref. [7], starting from the master formula (A.5), i.e. taking
the formal limit m. > m,, and using now the vector currents (A.8), we find the

following sum rules for
(wi, wr,wif) = (w, 1, w) or (vi,vp,0) = (v,0',0") (A.20)
respectively for the pseudoscalar B(v) — B(v') or B*(v,¢) — B*(v',¢’) transitions,

=3 M (w)L (1) (A.21)

Ly(w) + (w — 1) Ls(w Zgw VLYY (1 ——w—l 273/2 P (1) (A.22)

n (A.21) and (A.22) one has a relation between the elastic subleading form
factors of Lagrangian type L;(w), Ls(w) and Lz(w) and excited leading IW functions
£ (w), T?E?%( )(w) and excited subleading form factors of Lagrangian type at zero
recoil, Lg")(l), Lé")(l) and pé")(l). Notice that in the sums (A.21) and (A.22) the
terms €O (w)L{” (1), €@ (w)L{ (1) do not contribute due to Luke theorem [J]

Li(1) =L1(1)=0. (A.23)
Therefore the SR (A.21), (A.22) actually reduce to

Li(w) =Y €™ (w)L{” (1) (A.24)

n#0

Lafw) + (0 = D Ls(w) = 3 €0 @) I8 (1) ~ - (0 — 1) S m™ ) (1) (A.25)
n#0 n

We see that L;(w) and Ls(w) satisfy Luke theorem at w =1, L (1) = Ls(1) =0,
due to £M(1) = 4,0

A number of comments are worth here to be added.

(i) All current perturbation form factors, the elastic Ly(w), Ls(w) and Lg(w)
and the inelastic ones cancel in the sum rules. Only perturbations of the Lagrangian
remain.

(i) Only the 3~ and 37 intermediate states contribute at the frontier (A.20).

(iii) The SR (A.24)-(A.25) are reminiscent of the SR (B)-(H), that relate elastic
subleading form factors of the current type to leading order excited IW functions

and subleading excited form factors at zero recoil. In this case, however, these latter
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form factors can be simply expressed, by the equations of motion, in terms of leading
IW functions and level spacings.

(iv) It can be easily shown, following the same type of arguments as in [7] that
higher excited states do not contribute to the SR (A.24)-(A.25) because we choose
the frontier (A.20).

(v) Notice that for the SR concerning 1/m¢ perturbations to the Current, only
1+

5 and %Jr intermediate states survive. Similarly, in a symmetric way, for the 1/my

perturbations of the Lagrangian, only %_ and %_ intermediate states survive.
Writing the combinations L;(w) and Lo(w) 4+ (w — 1) Ls(w) in terms of the L,
and L,,,, matrix elements y;(w) [8 9],

Li(w) = 2x1(w) = 4w — D)xa(w) + 12x3(w)

La(w) = 4dxa(w) (A.26)

We realize that, as obtained in Section 2, the combination L;(w) gets contributions

only from 1~ intermediate states, while the combination Ly(w) 4 (w — 1)Ls(w) =

2x1(w)+4(w—1)x2(w) —4x3(w) contains contributions from 1~ and 2~ intermediate

states, as we have found in Section 3. In terms of the x;(w) (i = 1,2,3), the SR

write
2x1(w) — 4w — 1)xa(w) + 12xs(w) = > ™ (1)
n#0
2x1 (w) +4(w —1)x2(w) —dxs(w) = 3 €M (w) L (1 Z $()
n#0 n

(A.27)
On the other hand, since only Ly;, contributes to x;(w) and to Xg")(l), decomposing
L' (1) and L§” (1) in terms of x™ (1) like in the first two relations (A.26), we can
solve for xo(w) and y3(w) and find finally

= > M) (1)

n#0
Z 73/2 (1)
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W) = S e - - A @A D (29

From the definition of x\™ (1), x{" (1) and p§”(1) from the T-products as in (&)
1

and (@) for 3~ — 3 transitions, but allowing for n # 0, and the corresponding

one for 1~ — 37 transitions, we see that these relations are identical with (28)-(23),

obtained in Section 2 just from the definition of the form factors x;(w). The inelastic
form factors at zero recoil Xg")(l) (n # 0) are given by the matrix elements -
(n=0)— %_ (n # 0) of Ly, ponderated by the corresponding energy denominators.
Similarly, x{”(1) and p§” (1) (n > 0) are given by the matrix elements 1 (n=0)

— 3 (n#0)and 3~ (n=0) = 3~ (n > 0) coming from L,,q,.

Appendix B.

Although the QCDSR results (B) do not explicitely satisfy the constraints (82),
it could be of some interest to use these results to estimate the r.h.s. of (&0)-([69)
varying the input for the slope p? and the curvature o2. The aim would be to see
how these bounds evolve as one approaches the limit p? — %, o — }—2.

We denote the bounds under the form of the contribution of the OPE term of
the matrix elements (B4), plus the %_ and %_ inelastic contributions,

(A1) 1- 3”

In view of the theoretical comments on the bounds made in the preceding Section, we
can only provide some qualitative numerical illustrations that will show the general
trend of the results. We give some numerical results in Tables 1, 2 and 3 using the

parameters

me. = 1.25 GeV my = 4.75 GeV A =0.50 GeV

p2 = 0.50 GeV? pZ = 0.36 GeV? (B.2)

and for the curvature o2 of the Isgur-Wise function we use its value in terms of the
slope p? given by the “dipole” Ansatz [T
2

fw) = ()" (B3

w+ 1
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namely

2P
U—2+

(n*)?

(B.4)

We use this relation between the curvature and the slope because, as shown in [B],

(B.3) satisfies all the bounds that we have obtained for the derivatives of the elastic

IW function [3] 4] [5].

Parameters 5%‘;‘;2 >OPE+3 +32°
(i) p* =1 o?=15
Ay)
Xy(1) =0.15 & — 3y
Ya(1) = —0.05 & > 0.052 + 0.000 + 0.003
(1) = 0.01 & — 0.055
(ii) p* =1 o?=1.5
Xy(1) =015 A — Oy
Ya(1) = —0.05 & > 0.052 + 0.113 + 0.003
(1) = 0.15 & — 0.168
(i) > =09 o2 =126
X,(1) =015 A — Oy
x2(1) = —=0.05 A > 0.052 4 0.000 + 0.005
¥4(1) = 0.01 & — 0.057
(iv) p* = 0.8 0% =1.04
X,(1) =0.15 & — 3y
x2(1) = —=0.05 A > 0.001 4+ 0.001 + 0.017
X4(1) = 0.01 & — 0.070
(v) p* = 0.76 o2 =0.96
Xy(1) =015 A —dy
Ya(1) = —0.05 & > 0.052 + 0.004 + 0.088
¥4(1) = 0.01 & —0.14

Table 1. The lower bound (B8) for —51 /me for different values of the parameters.

OPE denotes the contribution depending on p2, uZ and %

butions of the corresponding 1~

3~
2

my = 4.75 GeV, A = 0.5 GeV, p2 = 0.50 GeV?, pZ = 0.36 GeV2.

27

the inelastic contri-

excited states. We fix the values m,. = 1.25 GeV,



An order of magnitude estimation of the r.h.s. of relation (Bfl) assumes that the

inelastic term is roughly a factor x of the OPE result [T9], i.e.

2 2 2
(A1) N el R 1 2
—0y e = (14 X) l6m2 = <—m2 R (B.5)

Taking x = 0.5 £ 0.5 [19], one gets, for u2 = 0.50, uZ = 0.36,
Al ~Y
—3ypth = 0.09 % 0.05 . (B.6)

We observe from the results of Table 1 that the lower bound grows rapidly as
%, o = %. However, for the values chosen
for p?, o, the guess (B.6) can be accomodated with the QCDSR estimations for
xi(w) (1 =1,2,3).

Let us comment on the different entries of Table 1. Our results can only pretend

one approaches the lower bounds p? =

to give the qualitative trend of the bounds. In the choice of parameters (i) we have
used the central values (8H) and p?> = 1. The lower bound on —55?;1)2 is dominated
by the OPE contribution, and specially the %_ contributions are very small because
of a strong cancellation between two terms in (B8). In the second row (ii), just
as an illustration, we have taken the central values of (BH) except for x4(1), for
which we have taken the large value suggested by Grinstein and Ligeti [T6] to fit
the different experiments on B — D(D*){v, keeping however p> = 1. We observe
that now the 3~ contribution becomes very large. In choices (iii), (iv) and (v) we
take still the central values of (BH) and we decrease the value of p? = 0.9, 0.8, 0.76,

and consequently the curvature. For (v) the inelastic contributions become sizeable,

3
1>

o? =1

specially for the %_ contributions. Of course, the bounds diverge for p? = e

This value for p? is not far away from the QCDSR value p?,, = 0.7. However,
strictly speaking, we cannot make a comparison because we do not have computed
the radiative corrections to our bound. The same comment applies to the functions
Xi(w) computed in the QCDSR approach. Therefore, our numerical results can only
be indicative of what can be expected.

In Tables 2 and 3 we give the lower bounds on —/¢;(1) and —¢3(1) and the
)

.2, using the same sets of parameters

corresponding lower bounds on —5%7312, —5(;

as in Table 1.
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Parameters —¢;1(1) > OPE + %_ + %_ —557212 > OPE + %_ + %_
(i) p? = o2=1.5

X,(1)=0.15 A (1) > —8y 12

x2(1) = —0.05 A (0.075 4 0.288 4 0) GeV?2 | > 0.007 + 0.025 + 0
X4(1) =0.01 A — 0.363 GeV? = 0.032

(i) p2 =1 o?=15

X,(1) =015~ —01(1) > —0y 1

x2(1) = —0.05 A (0.075 4 3.967 4 0) GeV?2 | > 0.007 + 0.345 + 0
X,(1) =015 A = 4.042 GeV? = 0.351

(iii) 2 =09  02=126

X,(1) =015 A —01(1) > —8y /2

x2(1) = —0.05 A (0.075 4 0.534 4 0) GeV?2 | > 0.007 + 0.046 + 0
X4(1) =0.01 A — 0.609 GeV? = 0.053

(iv) p2 =0.8 02 =1.04

X,(1) =015 A —01(1) > —8y 1

x2(1) = —0.05 A (0.075 4 1.802 4 0) GeV?2 | > 0.007 + 0.156 + 0
X4(1) =0.01 A — 1.877 GeV? = 0.163

(v) =076  o>=0.96

X,(1) =015~ —01(1) > —3y 1

x2(1) = —0.05 A (0.075 4 9.484 4 0) GeV?2 | > 0.007 + 0.824 + 0
x5(1) =0.01 A = 9.559 GeV? =0.831

Table 2. The lower bounds for —¢;(1) (E3) and —5572,12 [ER) for the same set of

parameters and notations of Table 1.
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Parameters

—0{j2 > OPE+1" 427

—lo(1) >
(0.308 + 0.028 + 0.017) GeV?
= 0.353 GeV?

3
> 0.027 4+ 0.002 4 0.001

=0.030

—Llo(1) >
(0.308 + 0.101 + 0.017) GeV?
= 0.426 GeV?

i

> 0.027 + 0.009 + 0.001

= 0.037

—lo(1) >
(0.308 4+ 0.052 + 0.031) GeV?
= 0.391 GeV?

_5(1)

1/m?2

> 0.027 + 0.004 + 0.003

=0.034

—lo(1) >
(0.308 + 0.175 + 0.104) GeV?
= 0.587 GeV?

3

> 0.027 + 0.015 + 0.009

= 0.051

—0y(1) >
(0.308 + 0.922 + 0.548) GeV?
= 1.778 GeV?

~3) s

> 0.027 + 0.080 + 0.048
= 0.155

now dominated by the

contrarily to the bounds on —5§7;L)2, —0l5(1) and —5%)7)12. On the other hand, the

Concerning Table 2, we observe that the bounds on —¢;(1) and on

like in the set of parameters (iii) and (iv).
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Table 3. The lower bounds for —¢5(1) (B8) and for —5S)mz ([E9) for the same set of

parameters and notations of Table 1.

) S?zﬂ are

~ contribution, and that the OPE contribution is small,

sets of parameters (i), (iii) and (iv) are unphysical, since the lower bound on —¢;(1)
is very large. In Table 3 we observe that the bounds on —/¢5(1) and on —55})7,12 are

always dominated by the OPE contribution, except when p* and ¢ approach 2 and




Appendix C. Radiative corrections

The radiative corrections to the relations (EI), (B2) have been computed by
Dorsten within HQET [6]. In this approach there are two parameters, namely the
subtraction point p and the cut-off A on the sums. To avoid large logarithms, one
should take 2A = p.

Our relations (B1), (B2) are modified in the following way (formulas (34), (35)
and (18) of [@]), adopting 2A = u to simplify :

n(/2)
32as> 4 1930y 1)

(2)(n) 2 2 2 <
D == — 1 —
X [Ba" W] = 5% = 20 (1+ 57 ) + 5 s

n(p/2

) 2
> W) = 20t - 502 (14

n>0

200, L oy 5 148,
_ 2 2
277r) Pt 3 s (G2

Taking a; = 0.3 for = 2 GeV, we obtain, keeping the algebraic factors as in (B1l),

E2)

n(p/2) 9

> [HA7 )] = So20) — L117() +0.02 (C3)
n(p/2) , 12§ 4
> [ W) = 0% () — LT (w) — [P ()] +0.03 (C4)

We observe that the radiative corrections do not modify in a significant way our
results, since the corrections are small. However, we must emphasize that, using
(B.4) as a model of a relation between slope and curvature, the divergences of the

denominators of the bounds are shifted away from p? = % to slightly higher values.
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