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Phenomenological test of the large Nc ChPT predictions
for the pseudoscalar mixing parameters∗

R. Escribano†
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E-08193 Bellaterra (Barcelona), Spain

A phenomenological analysis of various decay processes is performed
in order to test the large Nc Chiral Perturbation Theory predictions for
the octet and singlet pseudoscalar decay constants and mixing angles. The
results obtained hint at a disagreement with the expectations of this theo-
retical framework although the statistical significance is still limited.

PACS numbers: 12.39.Fe, 11.15.Pg, 13.40.Hq, 12.40.Vv

1. Introduction

The mixing pattern of the pseudoscalar decay constants associated to
the η-η′ system is usually described in terms of a single mixing angle [1].
However, this is not the most general mixing scheme since two axial currents,
the eight component of the octet and the singlet, can couple to the two
physical states, the η and η′. Therefore, a mixing scheme consisting of
two mixing angles should be used instead of the simplest one mixing angle
description. The reason for not using the two mixing angle scheme from
the beginning has been the absence of a well established framework able to
give some insight on the values of the two different angles and their related
decay constants. Now with the advent of large Nc Chiral Perturbation
Theory (ChPT) [2], where the effects of the pseudoscalar singlet are treated
in a perturbative way, the new two mixing angle scheme receives theoretical
support. The aim of this work is to perform an updated phenomenological
analysis of various decay processes using the two mixing angle description
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of the η-η′ system. The analysis will serve us to check the predictions of the
large Nc ChPT for the pseudoscalar mixing parameters (decay constants
and mixing angles).

2. Large Nc ChPT predictions for the mixing parameters

The decay constants of the η-η′ system in the octet-singlet basis fa
P (a =

8, 0;P = η, η′) are defined as

〈0|Aa
µ|P (p)〉 = ifa

Ppµ , (1)

where A8,0
µ are the octet and singlet axial-vector currents whose divergences

are

∂µA8
µ = 2√

6
(muūiγ5u+mdd̄iγ5d− 2mss̄iγ5s) ,

∂µA0
µ = 2√

3
(muūiγ5u+mdd̄iγ5d+mss̄iγ5s) +

1√
3
3αs

4π Ga
µνG̃

a,µν ,

where Ga
µν is the gluonic field-strength tensor and G̃a,µν ≡ 1

2ǫ
µναβGa

αβ its

dual. The divergence of the matrix elements (1) are then written as

〈0|∂µAa
µ|P 〉 = fa

Pm
2
P , (2)

where mP is the mass of the pseudoscalar meson.
Each of the two mesons P = η, η′ has both octet and singlet components,

a = 8, 0. Consequently, Eq. (1) defines four independent decay constants.
Following the convention of Refs. [3, 4] the decay constants are parameter-
ized in terms of two basic decay constants f8, f0 and two angles θ8, θ0

(

f8
η f0

η

f8
η′ f0

η′

)

=

(

f8 cos θ8 −f0 sin θ0

f8 sin θ8 f0 cos θ0

)

. (3)

Large Nc ChPT is the low energy effective theory of Quantum Chromo-
dynamics (QCD) based on an extended chiral symmetry group including
the effects of the U(1)A anomaly perturbatively and consisting of a simul-
taneous expansion in powers of momenta, quark masses and 1/Nc of the
most general Lagrangian involving the nonet of pseudoscalar bosons (the
pseudoscalar singlet is considered as the ninth Goldstone boson).

In the octet-singlet basis this theory predicts [3, 4]:

f2
8 =

4f2

K
−f2

π

3 , f2
0 =

2f2

K
+f2

π

3 + f2
πΛ1 ,

f8f0 sin(θ8 − θ0) = −2
√
2

3 (f2
K − f2

π) .
(4)

These expressions are valid at next-to-leading order in the large Nc ChPT
expansion where the octet-singlet pseudoscalar decay constants can be writ-
ten in terms of the known fπ and fK decay constants and the unknown
OZI-rule violating parameter Λ1.
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3. Experimental input

3.1. η, η′ → γγ

We will use as constraints the experimental decay widths of (η, η′) → γγ
[5]

Γ(η → γγ) = (0.510 ± 0.026) keV ,

Γ(η′ → γγ) = (4.29 ± 0.15) keV .
(5)

Analogously to the π0 → γγ case, one assumes that the interpolating fields
η and η′ can be related with the axial-vector currents in the following way:

η(x) = 1
m2

η

f0

η′
∂µA8

µ(x)−f8

η′
∂µA0

µ(x)

f0

η′
f8
η−f8

η′
f0
η

, η′(x) = 1
m2

η′

f0
η∂

µA8
µ(x)−f8

η∂
µA0

µ(x)

f0
ηf

8

η′
−f8

ηf
0

η′
. (6)

This leads to

Γ(η → γγ) =
α2m3

η

96π3

(

f0

η′
−2

√
2f8

η′

f0

η′
f8
η−f8

η′
f0
η

)2

=
α2m3

η

96π3

(

cθ0/f8−2
√
2sθ8/f0

cθ0cθ8+sθ8sθ0

)2
,

Γ(η′ → γγ) =
α2m3

η′

96π3

(

f0
η−2

√
2f8

η

f0
ηf

8

η′
−f8

ηf
0

η′

)2

=
α2m3

η′

96π3

(

sθ0/f8+2
√
2cθ8/f0

cθ0cθ8+sθ8sθ0

)2
.

(7)

3.2. V Pγ form factors

We will also use as constraints the radiative decays of lowest-lying vector
mesons, V → (η, η′)γ, and of the radiative decays η′ → V γ, with V = ρ, ω, φ.
In order to predict their couplings we follow closely the method presented
in Ref. [1] where the description of the light vector meson decays is based
on their relation with the AV V triangle anomaly, A and V being an axial-
vector and a vector current respectively. The approach both includes SUf (3)
breaking effects and fixes the vertex couplings gV Pγ as explained below.

In that framework, one starts considering the correlation function

i

∫

d4xeiq1x〈P (q1 + q2)|TJ
EM
µ (x)JV

ν (0)|0〉 = ǫµναβq
α
1 q

β
2FV Pγ(q

2
1 , q

2
2) , (8)

where the currents are defined as

JEM
µ = 2

3 ūγµu− 1
3 d̄γµd−

1
3 s̄γµs ,

Jρ,ω
µ = 1√

2
(ūγµu∓ d̄γµd) , Jφ

µ = −s̄γµs .
(9)

The form factors values FV Pγ(0, 0) are fixed by the AV V triangle anomaly
(one V being an electromagnetic current), and are written in terms of the
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pseudoscalar decay constants and the φ-ω mixing angle θV as

Fρηγ(0, 0) =
√
3

4π2

f0

η′
−
√
2f8

η′

f0

η′
f8
η−f8

η′
f0
η
, Fρη′γ(0, 0) =

√
3

4π2

f0
η−

√
2f8

η

f0
ηf

8

η′
−f8

ηf
0

η′
,

Fωηγ(0, 0) =
1

2
√
2π2

(cθV −sθV /
√
2)f0

η′
−sθV f8

η′

f0

η′
f8
η−f8

η′
f0
η

,

Fωη′γ(0, 0) =
1

2
√
2π2

(cθV −sθV /
√
2)f0

η−sθV f8
η

f0
ηf

8

η′
−f8

ηf
0

η′
,

Fφηγ(0, 0) = − 1
2
√
2π2

(sθV +cθV /
√
2)f0

η′
+cθV f8

η′

f0

η′
f8
η−f8

η′
f0
η

,

Fφη′γ(0, 0) = − 1
2
√
2π2

(sθV +cθV /
√
2)f0

η+cθV f8
η

f0
ηf

8

η′
−f8

ηf
0

η′
.

(10)

Using their analytic properties, we can express these form factors by dis-
persion relations in the momentum of the vector current, which are then
saturated with the lowest-lying resonances:

FV Pγ(0, 0) =
fV
mV

gV Pγ + · · · , (11)

where the dots stand for higher resonances and multiparticle contributions
to the correlation function. In the following we assume vector meson domi-
nance (VMD) and thus neglect these contributions. The fV are the leptonic
decay constants of the vector mesons and can be determined from the ex-
perimental decay rates of V → e+e− [5]. Finally, we introduce the vertex
couplings gV Pγ , which are just the on-shell V -P electromagnetic form fac-
tors:

〈P (pP )|J
EM
µ |V (pV , λ)〉|(pV −pP )2=0 = −gV Pγǫµναβp

ν
P p

α
V ε

β
V (λ) , (12)

which are measured from the decay widths of P → V γ and V → Pγ [5].
Eq. (11) allows us to identify the gV Pγ couplings defined in (12) with the
form factors FV Pγ(0, 0) listed in (10). The couplings are expressed in terms
of the octet and singlet mixing angles θ8 and θ0, the pseudoscalar decay
constants f8 and f0, the φ-ω mixing angle θV , and the corresponding vector
decay constants fV .

4. Results

In order to test the large Nc ChPT predictions for the pseudoscalar
mixing parameters we must first know the values of the decay constants
and mixing angles preferred by the experimental data. We have performed
various fits to this set of experimental data assuming the two mixing angle
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Assumptions Results χ2/d.o.f.

θ8 and θ0 free θ8 = (−22.2± 1.4)◦ 40.5/5

f8 = 1.28fπ θ0 = (−5.5± 2.3)◦

θV = (38.7± 0.2)◦ f0 = (1.25± 0.04)fπ

θ8 and θ0 free θ8 = (−22.8± 1.4)◦ 30.0/5

f8 = 1.34fπ θ0 = (−4.7± 2.2)◦

θV = (38.7± 0.2)◦ f0 = (1.26± 0.04)fπ

θ8 and θ0 free θ8 = (−23.8± 1.4)◦ 17.9/4

f8 free θ0 = (−1.1± 2.3)◦

θV = (38.7± 0.2)◦ f8 = (1.51± 0.05)fπ

f0 = (1.32± 0.05)fπ

θ8 and θ0 free θ8 = (−23.7± 1.6)◦ 17.9/3

f8 free θ0 = (−1.0± 2.5)◦

θV free f8 = (1.51± 0.05)fπ

f0 = (1.32± 0.05)fπ

θV = (38.5± 2.4)◦

Table 1. Results for the η-η′ mixing angles and decay constants in the octet-singlet

basis of the two mixing angle scheme. The fitted experimental data includes the

decay widths of (η, η′) → γγ, V → Pγ and P → V γ.

scheme of the η-η′ system. The theoretical constraint f8 = 1.28fπ or 1.34fπ
1

is relaxed in order to test the dependence of the result on the value of this
parameter. The experimental constrain θV = (38.7 ± 0.2)◦ is also relaxed
to test the stability of the fit. The results are presented in Table 1.

As seen from Table 1, the θ8 and θ0 mixing angle values are differ-
ent at the 3σ level. The fit with 1.34fπ is slightly better than that with
f8 = 1.28fπ . When f8 is left free the experimental data seem to prefer
a value higher than the one predicted by ChPT (f8 = 1.28fπ), while for
the parameters θ8, θ0 and f0 our values are in agreement with those of
Refs. [3, 6]. This increase is translated into a considerably better fit. How-
ever, the analysis of the parameter correlation coefficients reveals a strong
positive correlation between f8 and θ0 (+0.547) —the latter quantity being

1 A value of f8 = 1.34fπ is obtained if chiral logs and higher order contributions are
also taken into account [4].
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taken as a negative number in the present convention; in other terms, the
correlation to the absolute value of θ0 is negative. The correlations between
f8 and θ8 or θ8 and θ0 are negative and much weaker (−0.159 and −0.100,
respectively). It is also observed that when f8 is fixed, the remaining cor-
relation coefficients are smaller. Finally, it is seen in Table 1 that relaxing
the experimental constrain θV = (38.7 ± 0.2)◦ does not produce any effect
on the fit. A numerical prediction for all the observables used in the fits can
be found in Ref. [7]. These predictions show a remarkable agreement with
the experimental values.

5. Discussion about the mixing parameters

In this Section, we compare our best results for the pseudoscalar decay
constants and mixing angles in the octet-singlet basis (third fit of Table
1) with the theoretical expectations of large Nc ChPT. These values are
extracted from a comparison with experimental data only assuming that the
pseudoscalar decay constants involved in the corresponding processes follow
the parametrization given in Eq. (3). Using the experimental constrain
fK = 1.22fπ, one obtains [3]: f8 = 1.28fπ, θ8 = −20.5◦, f0 ≃ 1.25, and
θ0 ≃ −4◦. As stated, our best fitted results are quite in agreement with the
former values except for the case of f8. Note however that in Ref. [3] the
value of f8 is fixed from theory while in our analysis it is fitted from a direct
comparison with experimental data where a positive correlation between f8
and θ0 appears. For f8 = 1.34fπ the results of the fit are in clear agreement
with the predictions from large Nc ChPT even though the quality of the fit
is slightly reduced. As seen from Table 1, if the constrain f8 = 1.28fπ is
imposed one gets a worse fit.

Our best results for the mixing parameters can be used to check the
consistency of the set of equations (4), and therefore to test the reliability
on the large Nc ChPT framework. Accordingly, our fitted values for f8
and f0 together with the third equation in (4) can be used to get θ8 −
θ0 = (−13.4 ± 0.7)◦ as a prediction for the difference of the two mixing
angles in the octet-singlet basis. If one compares this prediction with our
result θ8 − θ0 = (−22.7 ± 2.6)◦ a disagreement is again obtained. Using
f8 = 1.34fπ and our fitted value for f0 (second fit of Table 1) one gets
θ8−θ0 = (−15.8±0.5)◦ to compare with our result θ8−θ0 = (−18.1±2.6)◦ .
The second equation in (4) may be used to get a prediction for the OZI-rule
violating parameter Λ1 once f0 is provided. Using our value for f0 one gets
Λ1 = 0.42 ± 0.13.

The numbers obtained in the former discussion hint at a disagreement
with large Nc ChPT. Some care should be taken however to qualify this
statement. On the one hand, the statistical significance is still limited, but
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will obviously improve as critical channels are measured more accurately.
On the other hand, it is plainly clear that the critical information comes
here from radiative decays of vector mesons, where we use vector meson
dominance. Questions have been raised as to the consistency of vector
resonances and VMD with ChPT and short distance QCD cf. e.g. [8]. This
latter remark should however be moderated by the fact that our approach
was carefully tested in the charged mesons sector (away from the η-η′ mixing
problems) [1].

6. Summary and conclusions

We have performed a phenomenological analysis on various decay pro-
cesses in order to test the large Nc Chiral Perturbation Theory predic-
tions for the octet and singlet pseudoscalar decay constants and mixing
angles. First we have derived theoretical expressions for the radiative de-
cays (η, η′) → γγ and for the V Pγ form factors using a two mixing angle
scheme for the η-η′ system. Second we have used experimental data on
these decays and couplings to fit the values of the mixing parameters in
the octet-singlet basis. Finally, we have compared our best fitted mixing
parameters with the expectations from large Nc ChPT showing a possible
discrepancy with this framework. Higher accuracy data and more refined
theoretical analyses would contribute to clarify the preceding issue.
Acknowledgements: I would like to express my gratitude to the PHOTON
2005 Organizing Committee for the opportunity of presenting this contri-
bution, and for the pleasant and interesting conference we have enjoyed.
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