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Abstract

In this paper, we study the nucleon energy spectrum in the ground-
state (with orbital momentum L = 0) and the first excited state (L = 1).
The aim of this study is to find the mass and mixing angles of excited
nucleons using a potential model describing QCD. This potential is of the
“Coulombian+ linear” type and we take into account some relativistic
effects, namely we use essentially a relativistic kinematic necessary for
studying light flavors. By this model, we found the proton and A(1232)
masses respectively equal to (968 MeV, 1168MeV ), and the masses of the
excited states are between 1564MeV and 1607MeV .

1 Introduction

In the quark model, the baryons are represented as bound states of three quarks,
confined by strong forces. Quantum Chromodynamics (QCD) aknowledged as
the theory of strong interactions, is however not able to describe unambigously
the strong-coupling regime, which requests alternative theories, like Flux-Tube
model, Bag model, QCD string model, Lattice QCD, or phenomenological po-
tential models. We will use in this work a phenomenological potential model
describing explicitely the QCD characteristics, and taking into account some
relativistic effects.

The potential model is essentially motivated by the experiment, and its wave
functions are used to represent the states of strong interaction and to describe
the hadrons. The most used is the harmonic oscillator potential which requires
very simple calculations and qualitatively in agreement with the experimental
data; on the other hand, the most usual potential models are using non relativis-
tic kinematics, which is convenient for the heavy flavors systems, but cannot be
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suitable for the hadrons containing light flavors.

In this paper, we study the non-strange baryons spectrum in two different
orbital momentum states within a quark model framework. We calculate the
mass of baryons in the ground-state (L = 0) with positive parity, and in the
first excited state (L = 1) with negative parity. The method used is variational
calculation using Schrodinger equation. The baryon being a three-quarks sys-
tem, we expose a three-body problem, and the method used to resolve it.

In section 2, we first introduce the Hamiltonian of our system. We use a
potential of the “Coulombian+linear” form, which reproduces well the confine-
ment and asymptotic freedom in QCD. For the kinetic part of our Hamiltonian,
we have added a semi-relativistic correction.

In section 3, we develop the wave function of our system corresponding to
ground-state using Jacobi variables. Then we diagonalize the Hamiltonian ma-
trix and minimise it to extract the baryon mass value. To improve this value,
we add the hyperfine correction which contains two terms. The first one (called
the contact term) takes into account the spin-spin interaction, and it correlates
the splitting of A — N, ¥ — A in the ground state. The second one, called the
tensor term, averages to zero for orbital momentum L = 0.

In section 4, we study the case of P-wave baryons with negative parity. We
use the same development as for the S-wave baryons to extract masses for the
first excited state L = 1. In this case, the tensor term is operative, and allows
us to obtain mixing angles. Our results are then compared with the work of
Isgur and Karl [I].

2 Potential model of QCD

Several potential models were carried out until now for the determination of
the baryon mass spectrum in non-perturbative QCD. In general, one uses the
harmonic oscillator ([1], [2]) approach in the quark model . The result obtained
is in agreement with the experimental data. This approach provides a good
determination of ground state and excited states of the baryon energy spectrum.
The Hamiltonian used is in the form:

3
Huo = Y (Ei+ Vuo(rij) + Huyp) (1)

i<j=1

Where FE; is the kinetic part, and the harmonic oscillator potential is in the



following form :

Vio(rij) = Kv|_> T—; (2)

Hy,,,, represents the hyperfine correction.

A more appropriate potential is to be the so-called ” Coulombic+ linear”
one: complicated non-perturbative effects are assumed to be largely absorbed
into the constituent quark masses and into a Lorentz scalar linear confinement
potential, the known short range behaviour of QCD is included in the one gluon
exchange ”Coulombic” potential. In this approach the potential is defined as
follows [3]:

as 3

V(i) = —(=—+

3
) FzF 3
- 4O'T’J + 40) ’ (3)

The F;.F} factor represents the color term, with a;; = (F;.Fj) = —2.

The constants (as, o, c¢) are the phenomenological parameters determined
from an experimental fit.

In the present work, the calculation of the non-strange baryons spectrum is
carried out, by using the parameters of reference []. The results obtained will
be discussed in sections 3 and 4.

2.1 Variational Calculation

The kinetic energy of the relativistic Schrodinger equation describing a system
with three quarks is in the form :

E; = /P2 +m} (4)

But another term, essentially relativistic and more convenient for many-body
problems than the kinetic part of the Hamiltonian given by equation (@), can
be used:

p? M; m?

(2M 2 2M;

)

with the conditions:
oF
OM;

as in reference [Al, [7]. M; represents the quark dynamical masses. They are
heavier than the quark constituent masses m;.

=0

The Hamiltonian of the system is thus written ([9], [I0]) :

M 2
n-y [ )4 V() )

1<j=1



The calculation of the total energy of the system is carried out by the varia-

tional method. This energy will be minimized w.r.t the variational parameters
of the test wave function and (M;).
The potential V(r;;) is treated overall here like a non-perturbative term. In ref-
erence [8], V (ri;) is written in the form of harmonic oscillator potential (Kr7;/2)
plus an unknown U-term (treated like a perturbation) added to shift the energies
of some states (using the oscillator harmonic wave function).

In our work, we concentrate on the determination of the ground-state nu-
cleon mass, by minimizing the total energy. This method allows us to fix the
auxiliary dynamical masses (M;) and the wave function parameters. We use the
same method to determine the excited-state nucleon mass. The wave function
parameter and M; found for L = 0 are different from the ones found for L = 1.

2.2 The three-body problem

The baryon being a three-body system, so the problem is in the calculation of the
energy eigenvalue, which contains an integral of nine variables. Before choosing
the form of the test wave function, one defines the coordinates of Jacobi (7, A),
which make it possible to pass from a three-body system to an equivalent two-
body system. These two relative coordinates represent respectively the distance
between the first two quarks (g1,¢2), and the distance between the third quark
q3 and the center of mass of the system ¢;¢2. The Jacobi coordinates are defined
as [2] :

2 =
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Using these coordinates, we obtain the relative Hamiltonian Hg written in
the following form:

p? P? m2 My m> —
Hr= L2 4+ 2 4 M, + 2+ "+ L 4+ V(F, X 7
= g g Mt g g (7, X) (7)
With :
tp = M, (u and d represent the quark flavors)
3My Mg

HX = 271, + M,

ﬁ
The potential V(7, X) is written in the form
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3 Application of the model to the S-wave baryon

In this part, one concentrates on the determination of the ground-states masses
of non-strange baryons with orbital momentum L=0. The parameter of the wave
function and masses (M,,, Mg) are determined using the variational treatment.

3.1 Determination of the proton wave function

The total wave function |gqq) of the system is in general constructed from the
sum of Cy > xU®, where (Cy, x, ¥, P) represent respectively the color, spin,
spatial and flavor wave functions, with C4 totally antisymmetric.

lgqq) = |Color) . x |Spatial, Spin, Flavor)g

The indices A and S mean the antisymmetry and symmetry under the ex-
change of any pair of quarks of equal masses.

1+ 1
NS5 ) = CaVies(@iad + o)) )
A%S, 3T\ CAd3 U V3

52 = A®A ong

One restricts oneself here to the spatial wave function for the calculation
carried out with the Hamiltonian Hgr. To calculate the hyperfine correction,
one will take the total wave function defined in section 4. These corrections
will give us the mass splitting between nucleon and A(1232). The spatial
wave function Wgo selected to describe our system in the fundamental state
(¥ — L =0, M =0), is a Gaussian that one develops on the possible states
of the angular momenta of the systems g1¢g2 and g3. These states are indexed
by | 1,, Ix) with Z) = I, +{x . The spatial wave function used in our calculation
is in the following form:

_>
Uin(7, X) = D Y Ciuy-Ni, (pmplama | LM) x ple A (10)

lp;l/\mpvmk
1 m m
< Bapl— 5 (030° + 3N ()Y (©3)

where C),;, are coefficients determined by diagonalisation of the Hr ma-
trix. The minimization of the system energy allows the determination of the
variational parameters of the spatial wave function (a,, @) and the dynamical
masses (M, M;). The average value of the energy over the function Wy is
given by the following relation:

Woo| Hr |Woo)

_
E(ay,, ax, M;) = Woo | Yoo} (11)



The only Clebsch-Gordan coefficients different from zero are those which

ﬁ
couple the orbital momentum associated to the Jacobian coordinates (?, A)
with the total orbital momentum L = 0, and we have:

L, — I\ < L=0<1,+Ix (12)

The expression () yields the constraint (I, = [). So the states of this

subsystem (7, Y) which contribute to the spatial wave function have all the
same orbital momentum, starting with I, = [, = 0. From parity we have
P = ()t = (=)t = 41, 50 (I, + 1)) is even. We do our treatment up
to order 2, i.e. I, = I\ = 2, since for higher orders the analytical calculation
becomes very complicated, moreover the contribution of the orbital momentum
terms [ > 2 is less important [I1]. The total wave function must obey the
Pauli Exclusion Principle. In the baryon we have two identical quarks, so the
spatial wave function must be symmetrical in the exchange of these two quarks
r1 <— 19, this implies that in the relative system, the function should be even
inp (7= %(r_f —73)). So in expression (), 1, must be even.

Finally, by eliminating the contribution of the odd states in [,, only two
terms contribute to the construction of the spatial wave function, which is a
superposition of [, = 0,1 = 0) and |, = 2,15 = 2). So the calculation of energy
reduces to the calculation of the matrix elements of Hg on the states |I,,1x) =
|00) and |22).

If one notes the spatial wave function in the representation of Dirac, one will
have:

|\I’00> =1 |OO> + co |22> (13)

Equation (I3)) shows that the physical state is a mixing of the relative orbital
momentum states ({,,lx = 0,0) and (I,,lx = 2,2), with mixing coefficients (cl,
c2). To calculate the energy of the physical state |¥oo), one starts by evaluating
the matrix elements of Hg on the base {]|00), |22)}. The 2 X 2 matrix is not
diagonal. If one notes T the kinetic energy and V' the potential energy, the Hg
matrix is written:

Hy = ngzzi ngzzz; B ( (00| (T + V) |00) (00| V' [22) >
HEZRO) 2, (22V]00)  (22/(T+V)[22)

(14)

It should be noted that by analogy with the work of Capstick [§], one has «,

o~ ay, because in the case of the harmonic oscillator o, and a are proportional

to the masses m,, and mg in the case of baryons with the same quark masses.

So one replaces in the function |W¥og), a, = an = . The calculation of the

elements 7; AR is treated in detail in appendix (@2)). The non-zero elements

are the two diagonal elements Ty 0o and T2 22. These elements are thus given
according to (o, My, My).

The calculation of the matrix elements of the potential energy requires to

evaluate an integral of dimension six on the potential V (7, X ) which contains



%
terms coupled in (p,\) and the angle 6 between the two vectors (7, X), see

fig().
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Figure 1: Relative coordinates p and X

With :
r2 = V2p (15)
1 —
rs = —=\/p2+ V3P X +3)2
13 \/5\/0 7
1 —
T23 = %\/p2 - \/gﬁ A+ 3\

and using the form of “Coulombian+ Linear” potential in equation (&)
one calculates now the matrix elements:

-~ *
(LM|\V(Z, X)[M")y = > > (lymplamaLM)™ (I,m/l\m4|L'M') (16)
Lplx 1,04

MM oy
P> Amp,mA

« / A7 AN o NS Bap [~ (6 + )] V(T X)

XY () VI () Yy () Y ()

%
To evaluate this integral in the coordinate system (77, X) , one



uses the hyperspherical coordinates (£, ) defined as follows :

p = &sin(f) (17)
A = &cos(h)

This implies that : ¢ = p* + A% and 0 = arctg(§), 0< 0 < %
The integral (@) can be simplified in the following form:

Vi, = /d§§5 (EUAlplx,l;l; + 3—§Oésszzk,z'pl; —2¢ | Ry,1, (&) Ry (§) (18)
0

With :

1
R, (6) = Ki,1, €T Exp {—50352}

K;,1,is a normalization factor. The problem now amounts to the determina-
tion of elements Alplx,l;,l; and Blplx,l;l;' These elements represent the angular
part in the integral ([[0). The method carried out by calculation of Alpl%l;l&
and Blpl%l;l; is developed in detail in appendix [E3).

3.2 Mass of the proton and mixing coefficients

The analytic form of the Hamiltonian matrix elements of equation () is:

1 m2 2m2
g0 Zr 1743204+ —4 + M, =+ 2M,
R 2{ + My e M, "
0.737249 1 2
e 9744490 + o®(— + — 19
+ 5 o+« (Md + Mu )} ( )
1
H* = (0.04396 — 0.08154)— (20)
22,00 00,22
Hz(:g ) Hz(:z ) (21)
A~ _osr160+ 22 L0504+ T 40 (22)
R ’ Md ' d Mu “
0.114109 1.16667  2.333330%.
o 08I TTa (S + S a

After diagonalisation and minimization of the Hamiltonian matrix, we find the
following result (using an algorithm of Mathematica 5.0 program) :

EL. =1068MeV «— (a=200MeV, M, = My = 480MeV)
E2,. =1412MeV +— (a = 33TMeV, M, = My = 580MeV)



The physical state energy is the lowest value of these two eigenvalues (E} . E2 . ).
Table () gives the parameters of the potential model considered in this work,
which were used in H]. The results of the computation of the nucleon and
A(1232) mass are summarized in table @) as well as the values of the varia-
tional parameters («, M,,, My). These parameters will be used in the calculation

of the corrections of the spin-spin type in the semi-relativistic model (cf. section

3.

It should be noted here that the mass of both nucleon and A(1232) appearing
in table (@) is the energy of the physical state, which is a mixing of the states
|00) and |22), where the coefficients of the mixing obtained after diagonalisation,
are given by:

IN,A) = 0.9761 |00) — 0.2673 |22) — Ex.a = 1068MeV (23)

3.3 Hyperfine interaction and calculation of the baryons
masses

The potential of the hyperfine interaction is composed of two terms ([I2],[13]) :

Where the first term (called contact term of Fermi), represents the spin-
spin interaction between the quarks in the baryon. It is operative only in the
fundamental state, where the orbital momentum is equal to zero.

N

8mray, 0’2 9 9
‘/C = —i<JZ:1 al]Wﬁ exp(_Uh'f'ij)Si.Sj (25)

(ap, o) are parameters fitted in reference [, (see table(1)). The second
term (called tensor term) represents the static interaction of two intrinsic mag-

netic dipoles. It is operative only if the orbital momentum is larger than zero.
It is written in the form:

as 1

This term enables us to have the mixing coefficients of non-strange baryons
(S =0) in the P wave (L = 1). The first term V, enables us to separate between
baryons of the same JP but of different spin. From equations {(@), €5}, we
obtain the mass of the nucleon and A(1232) (mass splitting A — N). Table @)
shows the results obtained for the baryons masses, with and without hyperfine
correction.



ap o, Qs o Sc(MeV) my(MeV) mg(MeV)
0.840 0.700 0.857 0.154 -436 375 375

Table 1: Parameters of the quark potential model [A]

Q Mu Md MO Mcor E.I'p
N(17) [ 200 | 480 | 480 | 1068 | 968 | 938
A(ZT) | 200 | 480 | 480 | 1068 | 1168 | 1232

Table 2: The ground-state energy of baryons (in MeV). M, is the baryon mass
without hyperfine correction and M,,, represents the baryon mass with spin-
spin (V.) correction.

4 Application of the model to the P-wave baryon

One carries out now the calculation of the first excited state energy of the baryon
with L = 1 and negative parity, using the same method as for the S-wave. In
this case one will build the total wave function, which has to be antisymmetric.

4.1 Determination of the wave function for L =1

In the construction of the spatial wave function, the only possible states for
(15,1x) which allow to have an orbital momentum L=1 and negative parity are
(I, = 1,1y = 0) and (I, = 0,1, = 1) which are noted respectively (¥%,,, ¥},
Note from equation (@) that W7, is even under the exchange of the first two
quarks, while the analogous wave function ¥/, is odd, since p and A respectively
indicate mixed antisymmetry and mixed symmetry under this transposition.
These states form a representation of dimension two of the permutation group
Ss, which allows to exchange each pair of quarks in the baryon.
These two functions have the following form:

%
U (7, X) = Cu Z Nio (Im,0my | 1M)

mp,mx

xpEapl-50*(p? + MY (@)Y (@) (2)

_>
U (7, X) = Can Z No1 (0mplmy | 1M)

Mp,M N
1 m
XAEzp[=3a®(p® + A)]Y5™ (@) Y™ ()
One will have also to consider the coupling of the spins S with the orbital

momentum L to build the total angular momentum J = L + S. In short, here
is the construction of J:

10



The spin of the quark system : .S = %, % , is constructed as the triple product
(e3@3).

One has L = 1, one thus distinguishes two constructions of J for the doublet
and the quadruplet of spin :

1) S = 1,L:1—>2P%,2P%, JP =1,

w

—2
2)S*3,L:1—>4P%,4P%,4P%, JP =

ol NI
w

-
-2 ) 2
The nucleon states of total angular momentum J

doublet and quadruplet of spin, for example:

|| ™l

)
1 3 o .
5,5 are a mixing of the

a }4P1 > + 6 ’2P%> (28)

2

<
b
!
l\D,T\’—‘
I
\/
I

<
b
|
M/TCO
I
\/
I

a2‘4P%>+ﬁ2 ‘QP%>

Thus, the wave function will be built as :

‘2P%> ~ S W @ (29)
‘4P%> ~ S W@

The construction of the spin-flavor wave function is carried out in analogy with
the notation of Karl and Isgur and collaborators ([I], [8]). The flavor-mixed
antisymmetry and symmetry combinations of “uud” are:

o = (udu — duw) (30)

1
V2
1
) = ——(duu+ udu — 2uud
» \/6( )

In the same way, the spin states are:

po— L _

= N -l (31)
1

= e ) - 2 )

One must add the spin wave function for the quadruplet which is completely
symmetric:

X3 =111 (32)

Thus, the total wave function will be built according to the following com-
binations:

11



1= 37 1
NQPM(§ ) )> = CA§[‘I’§)V(\I’TMX% + ‘I’i\MX%) + ‘I’E\V(WTMXE - ‘I’TMX%)]
4 1= 3~ s 1 2n b PN
N PM(§ '3 )) = CAX%_2((I)N\I]1M+(I)N\I]1M) (33)
2 1= 3~ s 1 v A A
A PM(g ' )) = CA@AE(‘IHMX% +\111MX%)

From equation (B3]), one sees that we have two groups of states: N* and A*.
Each group has its own flavor wave function.

4.2 Excited nucleon mass

For the P-wave excited-state nucleon, the Hamiltonian matrix is written as
follows:

_( (01| Hg|01) (01| Hp[10)
Hn= ( <10|H§ 01) (10|HZ|10) ) (34)

By the same method used in calculation of the baryons masses in the ground-
state L = 0, one finds the elements of the Hr matrix for L = 1:

0.7372 2
— 274450 + 2 4,
My

1
(01 Hp01) = 5(-1.7432+

2 Qmi)
Mg M, M,

(01| Hr [10) = (10| Hg|01)
1
= (0.0439 — 0.08150%)—
@]

0.1141 0.1812 1.1667a2 m2 My
10| Hg |10) = —0.8716 — d 4 ¢
{10] Hr [10) + o T on, T2

2.3333a2 m2
e 4 M M, 35

After diagonalisation of this matrix, one obtains two eigenvalues of the
Hamiltonian Hp :

12



Hp = %[—1.7432 + % + Mg+ 2]\7;5‘ + 2M, + 02027 _ 1 07450
+(1.]?§,j3 N 2.](\5556)a2 {02863+ 0.(;?;10 B (0.](34133 N 0.](\)4133)a
+0.7850a% — (0']1;5’3 O']Ef?’)a?’ + (0.;;;1 + 0';417;1 + ?'22]\22)044}%]
HE = %[—1.7432 + % + Mg+ 21\7;5‘ +2M, + 0'2227 - 1.07450 (36)
(%35,3 N 2.]?556)&2 +{-0.2863+ 0.(;?;10 B (0.](34133 N 0.](\)4133)a
+0.7850a% — (0.11\;15,3 + O';jf?’)a?’ + (O'E; + O'j}; + %ﬁj)a“}%]
The minimization of these two eigenvalues yields the following result :
Hj — 1590 MeV
H% — 1755 MeV (37)

The minimal value (1594 MeV') corresponds to the nucleon mass in the first
excited state L = 1 for the values (v = 192MeV, M,, = My = 1485MeV). In
order to separate between the nucleon states of different total angular momen-
tum, one will apply the hyperfine potential defined in equation 4 which is
composed of two parts, the contact term and the tensor term.

4.3 Hyperfine correction

The orbital excitation L = 1 of the baryon is carried by only one pair of quarks,
while the two other pairs have zero orbital momentum. This decomposition
of orbital momentum enables us to note that the tensor part of the hyperfine
interaction is operational only in the quark-pair with L=1. On the other hand,
the two other pairs with orbital momentum equal to zero are controlled by the
contact term of the hyperfine interaction. One will calculate first the contact
part, then the tensor part.

4.3.1 The elements of the contact matrix

The following calculation was carried out for only one pair of quarks, then the
result was multiplied by three. Furthermore the result does not depend on the
total angular momentum. Recall that the total spin for our system takes the
value (S = 3, S = 2) and thus we are left to calculate the elements of the

13



following matrix :

(N*Par()| Ve [N*Pu () (N*Par(J)| Ve [N?Par ()
(N2Py ()| Vi [IN* Py () (N2Py ()| Ve [N2Pys () (38)

Using equation (B3]) one obtains:

(N Py (J)| Ve [IN*Prr(J)) 3(N*Pur(J)| V.2 [N* P ()
3
= §{<ng‘1’i\M‘Vcl2 X%‘IJE\M>
+ (3 hae| V2 [y 900 )
_ 38map 2 0’2 R s
ETTER A DRV
X{<‘I’1\M‘ ECUP(_U%T%Q) “I’i\M>
+ <‘I”1)M| Exp(—a,%r%z) |\I},1)M>}

(N?Par ()| Ve [N?Par () 3(N?Par(J)| V,? [N?Par())

§87T04h 2 0;0’1
2 3M?2 3 \/73
(G025 + (] s1:5: 3
x (<\IJ%M‘ Eap(—ojris) ‘\I]{\M>
+ (U] Exp(—oi?‘ﬂ) [UTar)) (40)

After integration of the spatial part, and using the Jacobi variable change
(r12 = v/2p) one obtains the following result :

<‘I’1\M| E:cp(—o,zlrﬂ) |‘I’1\M> = <‘I’1\M| EiUP(_2Ui21P2) |‘I’1\M>
3
= (41)
(a? +207)2
<‘I’€M| EQUP(_U}%T%) |‘I’€M> = <\I”1)M| Exp(—20,%p2) |‘I’€M>
5
= . (42)

(a2 +202)3

Equations {(B9), @)} are written then in the following form:

14



(N*Pu(

(N?Py(J)

(N*Pu(

where D =

(NP (J)| Ve |A* Py (J))

20‘)1

3M?2"

D V2N Py ()

‘ ‘/012 ’N2PM(J)>

D V2 |N?*Py ()

30 a? a?
= 2 . 213 ( 2 7t 1) D—=
(a? +20}7)2 \a” + 20}, N
(43)
303 2 3
- _ Oh - 5 @ 5 + 1 Da_
(a2 -+ 20'}21) 2 o + 2Uh \/E
= (N?Py(J)| V2 IN*Py(J)) =0

The result of equation (E3)) does not depend on the total
angular momentum J. The non-diagonal elements of the V2 matrix are equal
to zero. For the case of the A*, the tensor part of the hyperfine potential does
not contribute to the correction of the mass, however the contact term gives:

(A*Po(J)| V2| A2 Pag ()

3

ST [V |2t
<‘I’1MX1 ’V12}\I/1MX)\%>}

3 2ap, 80y,

23M?23\/7

g%
+{d

38Da; 3 a? 1 ad

2 3w 4(a2+3gh)% 4 (a2 +302)3

38Dah o? a?
-3+ > 44
2 3ym 4(a2+30 )2 ( +(042+3U}21)) 44

S1.S2 ’X%> \I’TM |Exp 2Uhp )|‘I’€M>

Sz‘ Al><\I/1M|E:17p2ahp ‘\I/ >

2

4.3.2 The elements of the tensor matrix

The interaction between magnetic dipoles appears in the case L = 1. The
elements of the tensor matrix depend on the total angular momentum .J. Using
the formulas of reference [12], we find the following results :

N4Pg>
2

N2P§>
2

N2Pg>
2

3D
— (U, p~ (300529p - 1) w7
<N2Pg V12 ’N4P%>

3/(5 2D
~1 <2) 2( P~ (300529p—1)|\11’1’1>

0 (45)

15



15D

(NP VNP = 25 (W (Bcos0, — 1))
<N4P% 1412‘N2P%> - <N2P% 1412‘N4P%>
15D .
= Z§<‘I”f1|0 *(3cos’f, — 1) [W7))
<N2P1 V;H‘NQP;> ~ 0
2 2

with :
8 a3

(U1 p=3(3cos®0, — 1) |WF,) = N

(46)

4.3.3 Energy spectrum and mixing angles of the first excited states
of the baryons

After having calculated the matrix elements of the hyperfine correction, the to-
tal matrix is then written as follows:

For J = %:
3 2 (e +1) +1 1
. o (a2+202)% a?4207
Vhyp = Dﬁ " 1 303 o? 1
_(0‘2+20}21)% (0‘2+20721 + )
(47)
For J = %:
303 o? 4 1
_ 0% | (arreen)d (0‘2“‘73 + 1) *3 V10
Vhyp - D\/_E " 1 303 o2 1
V10 _(0‘2"'2‘7}21)% (0‘2"'20}21 + )
(48)

After diagonalisation of these two matrices, one finds the following result (in
MeV):

_ 1.
FOI' J =3
N3, 1590 — 26 0 N3,
(Hp + Hyyp) < Nt ) = ( 0 1590 + 10 ) Nt (49)
22 22

ForJ:%:
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N3 1590 — 17 0 N3
(Hr + Hnyp) < Nt ) = < 0 1590 + 30 ) Nt (50)
22 22
For the A* one obtains :
(Hg + Hpyp)|A >= (1590 4+ 17)|A > (51)

A physical state of total angular momentum J is defined as a mixing of states

of spin momenta (S = % and %) The mixing angles are defined in the following

equation, see [13] :

|N%(min) >= —sin@ |*P; > +cosf |*P; >
|N3(maz) >= cos@ |*P; > +sinf |*P; > (52)
This gives the following result :

ForJ:%:

[N} (min) >= 0.512 *Py > +0.859 [*Py >
[N; (max) >= 0859 [Py > —0.512 |°P; > (53)

From these equations we obtain the mixing angle noted 6, :

0.512
tanf, = ——— = 0, = —30.8° 4
an 0.859 30.8 (54)

_ 3.
For J =5 :
[N (min) >= —0.107 [*Py > +0.994 [*P5 >
2

|Ni(maz) >= 0.994 [*Ps > +0.107 |*P3 > (55)
2

From these equations we obtain the mixing angle noted 6 :

0.107
tan@d = m — ed =6.1° (56)

Without hyperfine correction we have found the mass of the excited nu-
cleon (L = 1) equal to (M} = 1590MeV) for the following values (o =
192MeV, M,, = My = 1485MeV).
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My, M, ax ax
“Coulombian + linear” I “Coulombian + linear” [
N7 (1535) 1564 1490 0.859 0.850
N§(1650) 1600 1655 -0.512 -0.530
Nz (1520) 1573 1535 0.994 0.990
NZ(I?OO) 1620 1745 0.107 0.110
A*i (1620) 1607 1685 1 1
A*; (1700) 1607 1685 1 1

Table 3: Masses M/ ,.(in MeV) and mixing angles a, of baryons for L=1 with
hyperfine correction calculated by “Coulombian + linear” potential model and

compared with Isgur and Karl result [I].

Table (3) contains the nucleon masses (M/,,.) and the mixing angles (ax)
with hyperfine correction for “Coulombian + linear” potential model, compared
with the work of Isgur and Karl [I] for L = 1.

The hyperfine correction to the energy spectrum of the excited nucleon is small
compared to that found in [TJ.

We remark that for the nucleon with total angular momentum J = %, one finds
from equation (B4l) a mixing angle 8, = —30.8°, which is very close to the result
of [1] 65 = —31.7°. For the nucleon with total angular momentum J = 2, one
finds from equation (BO) a mixing angle ; = 6.1°, which is very close to the
result of [1] 64 = 6.3°.

Equations (7 E8) allow us to have the mixing angles ax. They depend on the
spatial wave function parameter o and the potential parameter o, contrary to
the work of Isgur and Karl [I2], where the ax are independent of any choice of
parameters.

5 Conclusion

The choice of the potential used (Coulombian+linear) in our model and the ad-
dition of the semi-relativistic correction of the kinetic part of the Hamiltonian
allowed us to obtain a good result for the masses of the non-strange baryons
in S-wave. We separated the nucleon state from the A(1232) using the contact
potential (Ma — My = 200MeV). This difference in mass between the nu-
cleon and the A(1232) is small compared to that found by Isgur and Karl [T4]
(Ma — My = 260MeV).

For L = 1 we obtained the excited nucleon mass without hyperfine correc-
tion (My~ = 1590MeV). The result is very close to that of reference [II.
On the other hand the hyperfine correction enables us to separate between
the states of the excited nucleon. This correction is very small compared

18



to the result of [I]. The difference is due to the dynamical mass used in
the hyperfine correction which is heavier than the quark constituent masses
(M, = My = 480MeV > my, = myg = 375MeV for L = 0) and (M, = My =
1485MeV > m,, = mq = 375MeV for L = 1).

For the case of the mixing angles we obtained the same result as found by Isgur
and Karl [I], on the other hand our elements of the hyperfine potential matrix
depend on the parameter « of the spatial wave function and the parameter o of
the linear part of the potential.
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6 Appendix

6.1 Wave function form and development

One takes a function of the “Gaussian development” :

ﬁ
Uin(7, X) = D Y Ciuy-Nig, (pmplama | LM) x ple A (57)

Lo lamp,mx

1 mp mx
X Bapl—5 (027 + a3NY (9) Y, ()

(lymplamy | LM) are Clebsch-Gordan coefficients (one couples the orbital

momenta associated to the Jacobian variables (7, ?) with a total momentum
=1, +10)

In the case of baryons with at least two identical quarks, the above expression
of W) must satisfy the constraints imposed by the Pauli principle. If the
two identical quarks are numbered 1 and 2, their distance is expressed by the
Jacobi variable 7 , and the spatial wave function must be even in p. Moreover
the parity of the proton is positive, and according to the following relation
(P = (=1)%), one deduces that the total orbital momentum must be even.
Parameters of the spatial wave faunction (ap, an) are given by minimizing the

o)

total energy E of our system (% . For that, one will calculate the kinetic

energy and the average potential energy of the system.

6.2 Calculation of the average kinetic energy

The average value of our kinetic energy is written as follows:

(Ooa [T W) = > > Nigiu Ny (Iomplama| LM)* (58)

Lol 114

My, M\ ’ ’
P my,,miy

x (Ll l\m\|[L' M) x / dFdN ple A

1 ™m,* my ok
<Bap |~ e+ ad )| Y (@) ¥ (@)

P2 2 ! ’
% _p+i+M’ plp)\lk
2p  2px

1 m’ m
 Bap |- 5(a3 + 3| Y7 @) Y75 @)
With
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Lp+iy+3

«
N, =9 pXx
oty ERTRTNERN)

2
Pr=-a, = [hF (PF) - H], BV @)= L0+ DY (@)
2 2
M’:Mu+nﬁz+%+$fd7 pp =My “Azzﬁftﬁf@d
and

S
7~
=

[\

S5
7~
3

=

g
b
|
N
-

[\
—_
~—
~——

|

(Ll +1) — o®(2L + 3)r* + a4r4)
z [ 1 2]

xr'" Erp —504 r

We can now resolve equation ([B8) as follows :

<\I]LM |T| \I]L/M/> = Z ZNlp[/\Nl;[g\ <lpmpl>\m>\|LM>* (59)

Losla 10,15

’ ’
my,,ml

X (LymilAmi|L'M") x [R (P}) + R(PY) + M" — L?]

Mp,MX

With:
2 1 In+15+2 242
R(PZ) = 5 [ dpir (A2 Bp [a3 7)) (60)
Hp
(l/ (1, +1) - ozi(2l;) +3)p* + ozﬁp‘l)
P'Hp Exp [ pp2] 5lpl;5mpm;5l>\l'/\ 5m>\m;
R(P}) = — / dpd (p 12 Eap [~a2p?]) (61)
l’ (15 +1) — a3 (214 + 3)A% + a3 A?)
x/\l*HAEajp [—OAA/\ } 5lpl;)6mpm;)5l>\l//\5m>\m//\
2
"o my % mg 1,41 42 2.2
= (5t ) oo i)

X ()\“*l*”Exp [—aA)\z]) 01,17, Om pm, Ot 14 Oy,
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21AA?
X (/\l*JrllkJrzExp [—Ozi/\ﬂ) 5lpl;5mpm;5l>\l;\5mkm’k

vl 4+1) L +1 /
* = / dpd/\( ETvCR Gt ) ) (o2 Bap [~a2e?] ) (63)
P

6.3 Calculation of the average potential energy

As a first approximation, one takes (a, = ay = a) . The “Coulombian + linear”
potential is written according to the variables of Jacobi in equation ().
In order to calculate the average potential energy lel%l/pl&, we are going to

determine the following coefficients (Alplw;l;,BlplA7l;l;) which represent the

%
angular parts of this integral. Using the hyperspherical coordinates (5 ,9),

one finds the following result :

Ay, = %/dQ,;<\/§p+%‘\/§7+7‘+%‘\/§7—?‘)

1,
mpmk

XYl:;imM (25) Yzfpz/A (Q5) (64)
1 1 1
LN —f/dﬂs + — + —
pPEXS 2 N i -
V2p ﬂ\/§A+7‘ ﬂ‘\/m 7‘
XV () V™ (9) (65)
Where :
dQs = dQ,dQ sin® Ocos?0d0 ,  dQ; = sin0;df;dyp;
Yl:;imA (Q5) = Dy, sin'? @ cos!» 0 Yl:” () ;™ ()

For that we use the following definition :

)
1
Blpl,\,l;l; = — E /d6 Sin9C082 Hﬁpz*pz)\ (9) SDL;)Z/)\ (9) + 5 (I;_ + Ib_) (66)
0
%
Ay, = | V2 / d0sin 0 cos? 0o, (0) pu (0)+€ (I + 1) (67)
0
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With:

- /dQ5 7 R Y () Vi () (68)
= /d9 sin 0 cos® 071, (0) Pu iy (9)/deYlT”* (Q)) Yl::” (Q,)
0
/dmym**( () lzg Z;l QHIY’”* () Y™ ()
- /d95|r—{ir—5|YLM* (92) Y2 () (69)
= /d6‘ sin® 0 cos® 0p}1, (0) Pur g (9)/deYlT"* (Q,) Ylt:p (92,)
0
< [y @) v @) T3 #ag T (@) Y ()
Where :
@ity (0) = Diyiy sin'e fsin’> 6 (70)
D lL"l* : is the normalization factor.
! 1 P2 1 !

r r
b= —<, a= - < 71
e T Ty g (71)

(r<« =min(ry,re) , r> = max(ry,re) ) .
From our choice of potential ( Coulombian + Linear ) we have :

Lo VB 1
7‘1—\/5)\7 =—7 (72)

Expanding the two parts I;[ and IF, we obtain :

minlp+1,Ix+14 |

= > @O MM x b+ b)) (73)
=0

min[l,+1/,,Ix+14 ]
= Y @)™ MiMs x [ay + ay) (74)
=0
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With :

7 !
M, :izp+zfzp\/(2zp+1) (21, +1) ( _ZT’;L 15 ni ) ( ZS l(’)J (l)
14 P

Ve ol b Iyl
My = ils* lx\/(zlwl)(2l&+1)<_;LA 0 mk><3 0 0> (76)

arctan(2) 1
_ .9 2 Iplyx l;li\* 2 2 sinl6‘
by = / dfsin® 6 cos” OU L7 (0) W L™ (0) x (3l+1> <cosl+1 9 (77)
0

[SE]

U1 *

% 1 Lo
by = / dfsin® 0 cos? 0" (0) Wy (6) x (2 x 31)* <&> (78)

arctan(2)

arctan(2)
a = / df'sin? 0 cos? OT* () U’ (0) (79)
0

o 1 z sin'™2 ¢ B 1 z sin’ 0
2x 31 ) (20 + 3)cos!tl 2x3-1) (20—1)cos—16

l’l’/\*

az = f/

\mlﬂ

df sin” 6 cos? H\IIIL"Z” (0) ¥ (0) (80)

arctan(2)
32\ 2 cos't2 6 3\E  2-1coslg
X ( ) 71, (_> -1
2 (20 + 3)sin'T! 0 2) (2l—1)sin'"'0

Finally the total average potential energy is the sum of matrix elements
lel%l; I, multiplied by Clebsch-Gordan coefficients :

Vinear = Y {lomplama| LM) (UmfIAmA[L'M") x Vii, i (81)

Loy 10,1

Mo MAmy, mly
With :
(1-5:8 . poomom
L'=1,+1 , (M =m,+m))
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The matrix elements V, ; AR lead to enormous calculus, so we are in the

obligation to restrict ourselves to the lower orbital excitations (pratically we
limit ourselves to (l,,1x,1},15 < 2) ). Doing such restriction leads to a very
simple analytically expression wich can be solved.

6.4 Some relations

Y Q) = (=) ©) (82)

[ o (@)Y () = 1B (83)

[aovrs @y @y < ayritse (54)
><\/(211+1) (2144;1) (215 + 1)

« I L lh U e
—-m1 0 mg 0 0 O

i I L I P 1
Z (ml my —M ) ( mi mg —M' _T—l-léLL’éMM’ (85)

mima2
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