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We derive the Callan-Symanzik equation of the electroweak Standard Model
in the QED-like on-shell parameterization. The various coefficient functions,
the S-functions and anomalous dimensions, are determined in one-loop order
in the most general linear gauge compatible with rigid symmetry. In this
way the basic elements for a systematic investigation of higher-order leading
logarithmic contributions in the Standard Model are provided. The one-loop
[S-function of the electromagnetic coupling turns out to be independent of
mass ratios and it is QED-like in this sense. Besides the QED-contributions
of fermions it contains non-abelian contributions from vectors and ghosts with
negative sign, which overcompensate the contributions of the fermions if one
restricts the latter to one fermion generation. We also compare our results
with the symmetric theory and give relations between the g-functions of the

spontaneously broken and the symmetric theory valid in one-loop order.
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1. Introduction

The precision tests of the electroweak theory have reached such a high level of experimental
accuracy [ that in the perturbative evaluation of the theoretical predictions the incor-
poration of higher-order radiative corrections is indispensable (for a recent review see e.g.
Ref. [B]). The theoretical predictions obtained in a fixed order of perturbation theory can
be improved if it is known how the leading contributions can consistently be resummed to
all orders. In this context one is often also interested in the large-momentum behavior of
the contributing Green functions. In order to make the analysis of the large-momentum
behavior meaningful, also contributions which depend on large ratios of different mass

scales have to be considered.

Information of this kind can be obtained by studying the Callan-Symanzik (CS) equa-
tion [ and the renormalization group (RG) [ equation of the model under consideration.
The CS equation describes the breaking of dilatations and contains information about the
momentum structure of the theory. The RG equation on the other hand describes the
invariance of the model under variations of the normalization point. Both equations can
be systematically constructed in renormalized perturbation theory. Their importance is
founded in the fact that RG invariance as well as the hard breaking of dilatations can be
formulated as a partial differential equation. They both contain derivatives with respect to
the independent parameters of the theory, which give rise to the CS and RG S-functions,
and field differential operators, which are connected with the anomalous dimensions.

While these equations coincide in theories with unbroken symmetry and massless parti-
cles, in massive theories this is no longer the case. In theories with unbroken symmetry
the large-momentum behavior can be related to the large-momentum behavior of the
massless theory. In particular it can be shown that for asymptotic normalization condi-
tions the f-functions and anomalous dimensions of the massive theory coincide with those
of the massless theory [[]. This situation is changed drastically in theories with broken
symmetries: In the physical on-shell schemes the CS equation has a different form than
the RG equation, in particular it contains derivatives with respect to the physical masses
of the theory. Moreover, solving both equations consistently it has been shown that the
massless symmetric theory is not the asymptotic version of the spontaneously broken one,
but contains large logarithms of the mass parameters of the broken theory [f]. Conse-
quently it is not obvious how to interpret the solutions of the CS equation in terms of
“running” couplings and masses. It is therefore not guaranteed that the results obtained
from a RG-study using the symmetric parameterization of the theory (cf. Ref. []] and
Refs. therein and also [§]) are directly applicable to the Standard Model (SM) of elec-

troweak interactions. Instead, modifications are to be expected beyond one-loop order.



As a first step towards a systematic analysis of large-momentum and mass-dependent
higher-order contributions, we derive in the present paper the CS equation of the elec-
troweak SM in the on-shell parameterization (see e.g. Refs. [fl, [{, [[1]) and determine its
1-loop coefficient functions. The benefits of working within an on-shell parameterization
are founded not only in its transparency due to the formulation in terms of physical pa-
rameters, appropriate on-shell conditions for the mixing propagators involving massless
particles are also important for ensuring decent infrared properties of higher-order Green
functions. We evaluate the coefficient functions of the CS equation in the most general lin-
ear gauge compatible with rigid symmetry, providing them in this way in the form needed
for higher-order investigations. As an explicit example, the quadratic logarithms in the
asymptotic region are determined for the photon self-energy at two-loop order. We also
compare our results to the symmetric theory and to QED of charged fermions. Concern-
ing QED we find that the fermion contributions to the S-function of the electromagnetic
coupling are the same as in the electroweak SM. However, the non-abelian contributions
of ghosts and vectors enter with a negative sign. In particular it turns out that if one
restricts the fermions of the SM to one generation, the one-loop [-function of the elec-
tromagnetic coupling has a different sign compared to the familiar QED S-function. In
this context it should be noted that in QED there exist also partial differential equations
with respect to variations of single fermion masses. Such equations cannot be derived
in the electroweak SM. This gives rise to the fact that higher-order g-functions are not

restricted from abstract analysis in their mass-parameter dependence.

Apart from the above-mentioned applications the CS equation is also an important ob-
ject in the procedure of abstract renormalization. It allows to determine in a scheme-
independent way the independent parameters of the theory[] The most important out-
come of the present analysis in this context is the observation that the ghost mass ratio
is an independent parameter of the model, i.e. it is renormalized independently from the
vector mass ratio. In order to introduce it as an independent parameter we have to
modify the BRS transformations in lowest order. Otherwise it is not possible to assign
well-defined infrared power counting degrees to the neutral Faddeev-Popov fields and the

off-shell infrared existence of higher-order Green functions is endangered (see Ref. [IJ]).

The plan of the paper is as follows: In section 2 we give the classical action of the elec-
troweak SM including the gauge-fixing and ghost sector in the on-shell parameterization.
The gauge fixing is constructed in such a way that it is compatible with the Ward iden-
tities of rigid symmetry and the local abelian U(1) Ward identity. The latter identity is

crucial for continuing the Gell-Mann Nishijima relation to higher orders. In section 3 we

For an introduction to algebraic renormalization see Ref. [[[7).



give the Slavnov-Taylor identity in the tree approximation and show how the independent
ghost mass ratio can be consistently included. In section 4 we derive the CS equation
by constructing the invariant differential operators. In section 5 we apply the CS equa-
tion to different 1-loop vertices, calculating in this way the g-functions and anomalous
dimensions in one-loop order in a general gauge. As an application at two-loop order, the
leading logarithms of the photon self-energy are investigated. In section 6 we compare
the results with the symmetric theory and with QED of charged fermions. In section 7
we give our conclusions. The appendix contains a list of free field propagators determined

in the general linear R¢ gauge.

2. The classical action of the electroweak Standard Model

In order to set the general framework and to fix the notation we first give the classical
action of the SM in the on-shell parameterization. In our conventions we follow closely
the ones used in Ref. [].

The Standard Model of electroweak interactions is a non-abelian gauge theory with the
non-semisimple gauge group SU(2) x U(1). It comprises four vector fields V, q,a =
+,—, Z, A: the charged bosons V), + = W, + with mass My, and electric charge £1, the
neutral boson V, z = Z,, with mass M, and the massless photon field V,, » = A,. The
masses of the vector bosons are generated by spontaneous symmetry breaking via the

Higgs mechanism. The SM contains a complex scalar doublet

q)E(%(Hé)(ﬂx(x))) &)5”2@*:(W(H_(g;)_zxg’((x))), 2.1)

where H is the physical Higgs field with mass my, and ¢+, ¢~ and y are the unphysical

would-be Goldstone bosons.

In the fermion sector there are the left-handed fermion doublets, the lepton and quark

doublet
L L L Vz‘L L U{J

and the right-handed singlets
fl=elt ult df. (2.3)

10"

Here 7 denotes the family index; v; stands for neutrinos, e; for charged leptons with mass

m,, and electric charge ). = —1, u; and d; for up and down- type quarks with mass m,,



and my, and electric charge @, = % and Qg = —%. Since we are mainly interested in the
CS functions of the vector sector we do not consider mixing between different families,

especially we assume CP-invariance throughout the paper.

For convenience we give the classical action of the SM as it arises after spontaneous break-
ing of the symmetry in terms of the physical fields, i.e. in mass and charge eigenstates.
The free parameters are the masses of the fields given above and one coupling, which is

chosen according to a QED-like parameterization:

My, Mz, my,my,, e. (2.4)

We introduce the notation M
O = — 2.5
cos Oy M, (2.5)

which relates the weak mixing angle to the mass ratio of the W- and Z-bosons. In higher
orders the masses and also the field renormalizations have to be fixed by appropriate
normalization conditions for the two-point functions. In a QED-like parameterization the
coupling can be fixed as the interaction strength of the photon to the electromagnetic

current in the Thompson limit, where it is determined by the fine structure constant.

w(p)leca, (P, 0)u(p)|yompz = tet(p)yuu(p). (2.6)

The classical action can be decomposed into a gauge-invariant part I'csw and the gauge-
fixing and ghost part, which are constructed to be BRS-invariant. The gauge-invariant

part of the action is given by:

FGSW =I'vm + Uscatar + Ffe?“m ’ (27)
1 4 I
Iyy = _Z /d x GZL [aa’G,uua’ (28)
2 2
r = [ (DM@ + ) Dy (B +v) — 2 (gl 4 vl 4 Blv)2)2.9
scalar z ((DH(®+v)) u( +v) S M2, sin? 9W( +v'® + dTv)7)(2.9)
W
Ng - o _
Djom = 3 [d'e (FLiDFS+ FLDEL, + fFipf (2.10)
i=1
e _ _
- m(meiﬂﬁ(‘b +v)eft + M, (P + v)ult
w w

where N is the number of fermion generations, and v denotes the shift of the scalar field

doublet, which generates the masses of the particles:

1 e

0 2
v = ( ) with v = =My cos Oy sin Oy . (2.11)
vzY



It has a component into the direction of the physical Higgs field. Assigning to the fields
a definite transformation behavior under C,P and T the action can be shown to be CP-

invariant. (A table of quantum numbers for all fields of the Standard Model can be found
in Ref. [13].)

The field strength tensor and the covariant derivative have the form

Gl = oMV —o'VHE + Lw Jarve V'V, (2.12)
sin 9W
e Tu(Gy)
Do = o — d 2.1
a O Zsm@W 2 Vida (2.13)
e T.(Gs)
D,Ff; = 0.Ff - i 0W 5 FfVia 6=l (2.14)
D.flt = o0.fF +Z€Qf f Z,+ieQrflA, (2.15)

We use the summation convention for the roman indices a, b, ¢ with values 4+, —, Z, A and

have introduced convenient notations. The tensor

fabcz{ Je-z = —icosby (2.16)

fi—a = isinfy

is completely antisymmetric and the matrices 7, (a = +, —, Z, A) form a representation
of SU(2) x U(1) according to

Ta
abc cc . 217
[ 2 2] e 2 (2.17)
They are explicitly given by (7;, i = 1,2, 3, are the Pauli matrices)
Ty = 7(7-1 +im)  72(G) = 13c080y + G1lsin Oy
o= %(7-1 —im)  TA(G) = —73sin by + G1 cos Oy . (2.18)

These combinations depend on the abelian coupling G, which is not determined by the
algebra. It is related to the weak hypercharge Yy, and accordingly to the electric charge
Q of the particles:

" 1 for the scalar (k = s)
in
Gy = —YV([f) 2os QW YV({f) = -1 for the lepton doublets (k =) (2.19)
v 5 for the quark doublets (k = q) .

The matrix I,y guarantees the charge neutrality of the classical action

I = I ,=Izz=Ix=1 (2.20)

fab = 0 else.



The action I'ggw is manifestly invariant under SU(2) x U(1) gauge transformations, if one
includes the shift of the Higgs field into the transformation. The transformation behavior

of the physical fields can be read off from the covariant derivatives.

In order to quantize the SM the gauge is fixed in such a way that renormalizability is
guaranteed by power counting. Taking the usual linear R, gauges we choose the following
gauge-fixing functions, which are the most general ones having definite transformation
with respect to CP:

Fy = 0,W FiMw(wo™®
FZ = 8uZ‘u — MZCZX (221)
FA = 8;#4” - MngX.
The mass terms of the would-be Goldstone fields are introduced in order to remove non-
integrable infrared divergencies from the propagators. Coupling the gauge-fixing functions

to a Lagrange multiplier field B,,a = +, —, Z, A, with dimension 2 and odd under CP-

transformations, the gauge fixing reads

1 -
Lo = / d'z <§§abBaBb + Balabe) : (2.22)
It can be transformed into its usual form by eliminating the B,-fields via their equations
of motion:
o =& By + Ly Fy =0 (2.23)
5Ba — SabPb ablt’d — Y- .

The gauge fixing breaks gauge invariance and also its integrated version, the rigid SU(2) x
U(1) symmetry, which is obtained by taking the infinitesimal transformation parameters
of gauge transformations as constants. Therefore the unphysical fields, the longitudinal
parts of the vectors and the would-be Goldstones, interact with the physical fields violating
thereby unitarity. For this reason one has to introduce the Faddeev-Popov fields ¢,,a =
+,—, 7, A, with ghost charge 1 and the respective antighosts ¢,,a = +,—, 2, A, with
ghost charge —1 and has to add the ghost part in such a way that the classical action is

invariant under BRS transformations:

e ~
SVM = auca+mlaa’fa’bcvubcc
6 ~
a _7laa’ a’be c
> 5 5im By 2aaarveCoC
e T.(Gy)
(I) - (I) a
> Zsin@W 2 (®+v)e
. e Ta(GJ) L
FL = Fle, 6=1 2.24
) Zsin@W 2 5 4 ( )
) sin 0 )
sz = —ieQ)y WchZ — zlechA
cos Oy



s¢, = B,
sB, = 0.
Having formulated the gauge fixing with the auxiliary fields B,, the BRS transformations

are nilpotent on all fields
s =0. (2.25)

Requiring the classical action to be BRS-invariant
sl'y =0 with 'y =Tasw + Uy r. + Lgnost, (2.26)
the ghost action is determined
Tyost = / d'z (~Clush). (2.27)
The bilinear terms are given explicitly by
T = / d'x (~e.Olwey — Gw My (Erc- +c_cy) (2.28)
— (s M3escs — CaMjeacy).

With the help of BRS invariance one is able to prove unitarity of the physical S-matrix
in the tree approximation. It is therefore the relevant symmetry for quantization and
renormalization because it fixes the interactions amongst the unphysical fields in such

a way that the complete action is renormalizable and eventually the physical S-matrix
unitary [I4, [J].

The gauge-fixing parameters are not specified by BRS invariance. In general &, is an
arbitrary symmetric matrix and (, are arbitrary parameters. They have to be restricted
by normalization conditions on the ghost propagators or additional symmetries. A natural

choice in the tree approximation is

Eap = Dy Cw = Cz Ca =0, (2.29)

which makes the propagators of the longitudinal vectors and of the Faddeev-Popov ghosts
diagonal. If we constrain the gauge fixing according to (B:29), rigid invariance is still
broken by the mass terms and, moreover, the breaking transforms covariantly in such a

way that it can be controlled by introducing an external scalar doublet

= (i)
o = A (2.30)
75 (H +iY)
with the same quantum numbers as the scalar doublet ®, but which is BRS-transformed
into an external doublet q with ghost charge 1 (cf. Refs. [[3, [@])

~

s =q sq = 0. (2.31)



In the most general linear gauge fixing invariant with respect to rigid symmetry transfor-

mations the gauge parameters are restricted as follows

0 0 0 0

~ ~ 0 0O 0 0
= ELy+ 2.32
Sab SERN 00 sin? Oy sin Oy cos Oy ( )

0 0 sinBy cosOy cos? Oy
w = ¢ (2.33)
Cz = Ccosby(cosby — G sinby) (2.34)
Ca = —Ccosby(sinby — G cosby). (2.35)
Then the gauge fixing (2:29) reads explicitly (including also the external scalars)
1 ~ 1. -
Oyp= [dt (§§BalabBb + SE(sin b By + cos Oy Ba)? + BaluoV
) PN a é a G z

P @™ @ - @40 Dp,6 4 v). (230)

sin By 2 2

with v given in (213)) and 7,(G) in (B18). Concerning the external scalar doublet ® and
the quantum scalar doublet ® this gauge-fixing term is equivalent to the one used in the
background-field method [[[7, [[§.

It is seen that the would-be Goldstone fields ¢* and y as well as the massive Faddeev-
Popov ghosts get their masses via the shift of the external scalar fields (v. The gauge
parameter f as well as the abelian coupling (@ are not determined by rigid symmetry,

gauge invariance or BRS symmetry. The parameterization chosen in (B.29) reads now:

~

¢E=0 and G=—

sin QW

) 2.
cos Oy (2.37)

It turns out, however, that the minimal choice (R.37) is not stable under renormalization
as will be seen from the Callan-Symanzik equation. In particular, the ghost mass ratio
is independently renormalized from the vector mass ratio. In view of the investigation of

higher-order contributions it is therefore important to work in the general gauge specified

in (239).

3. Quantization

For a systematic treatment of quantization and renormalization one expresses invariance
under BRS transformations (R.24) and rigid symmetry in the form of functional operators,
the Slavnov-Taylor identity and the Ward identities of rigid symmetry.



Since the BRS transformations include non-linear field transformations in propagating
fields, they have to be coupled to external fields. In order to avoid double definitions of
the insertions c,c_ and Vic_ — V_c, one has to split off the linear U(1)-transformations
explicitly [[19, [[3]. We introduce the external field action in the following form:

| /d4 _ 4 p"sW, 4 + p5(cosbwsZ, — sinbysA,) (3.1)
+ oysc_ 4+ o_scy + o3(cosOyscy — sinbyscy)

+YTs® + (s®)'Y

+Z 3 UE sF5Z+waZsz+hc))

1=1 §=l,q

The external fields p# and o,,a = +, —, 3, are SU(2)-triplets with ghost charge —1 and
—2, respectively. The external field Y is a complex scalar doublet with ghost charge —1,
1%@- denotes external left-handed spinor singlets with ghost charge —1,

¢]%z = IDEL” wsz ¢c€,ia (3.2)

whereas \Iffi denotes external right-handed spinor doublets

\115;3 = \Ifﬁ, \DR \Ifﬁ. = ( n ) \Iffjfi = ( wgl ) . (3.3)
e,i d,i

The transformation under discrete symmetries is assigned in such a way that the external

field part is neutral and CP-invariant.

The classical action corresponds to the lowest order of the perturbative expansion of 1PI
Green functions and one can read off the respective functional operators of the defining
symmetries in the tree approximation. Including the external field part (B.I]) into the
classical action (2.24) one is able to encode the BRS transformations (B.24)) in the Slavnov-
Taylor (ST) operator:

. or or
/d4:£ <(sm Ow Oy cz + cosbwO,ca) (sm HWﬁ + cos Oy —— 5A, ) (3.4)
5F or or or or or
5 7 (cos O — 57, — sin Oy —— SA, ) + —503 (COS Oy — 5o — sin Oy 5CA)

+5F 5F+5F 5F+5F5_F+5F5F+5_F5_F+5_F5_F

5p SW,_ 85" oW, | b0, 0c_ | d0_dcs | 0YTo® | odf gy
6T 6T 6T 6T

+;(5¢—h5fﬁ+5‘lf—ﬁ5%+hc)

0T  or o T)

B p g O
“5e, 5o T spt



The ST identity of the tree approximation
S(Ty) =0 (3.5)
is fulfilled by construction.

Rigid symmetry can be formulated in terms of linear, integrated Ward operators which
satisfy the SU(2) x U(1) algebra

Wa, Ws] = Eaﬁvjw’wv’ (3.6)
Wa, Wy] = 0.
The Greek indices are SU(2)-group indices and run over +, —, 3, the Ward operator W,

corresponds to the transformation under the U(1)-group and commutes therefore with all
Ward operators. The tensor e,4, denotes the structure constants of charged SU(2) and
is completely antisymmetric:

E4_3 = —i. (3.7)
Vector fields, Faddeev-Popov ghosts and the auxiliary fields B, transform according to
the adjoint representation, whereas all the scalars transform according to the fundamental

representation. The external fields p# and o,,a = +, —, 3, are only transformed under
SU(2). We thus arrive at

WaFd =0 and W4Fcl = 0, (38)
where the Ward operators of the tree approximation are given by
Wa = ioao/ /d4ll§' ((V;)uébc,o/icc’

)
+ (ngﬁva’]w’d—u + {U})
p'\/’

TTa/ ? ,?Ta/

2§<I>T Zgb 2
— Ta/ 6 T

Fh—— — i — F + {U§, )
+%;(Z "2 SFL ZéF{@ 5 Foi 1 571})

Fields in curly brackets in (B.9) denote that these fields are transformed in the same way as

J i
sy T e B, c}) (3.9)

+ (i(®@+v) (@+v) +{Y, &+ (v, q})

the one explicitly given in the respective line of the formula. The matrices 7, = 7,7, 73
are the Pauli matrices of the charged representation of SU(2) (B-7). The tensor &, o, which
governs the transformation of the vector fields, is antisymmetric in the first two indices.
These indices are field indices and are generated by rotating the neutral SU(2)-fields and
the abelian fields by the weak mixing angle #y into on-shell fields:

€74 = —icosby
ébc,a = éA_;ﬁ_ = 7 8in HW . (310)
é+_73 - —Z

10



In the electroweak Standard Model there are several rigid abelian operators YW, which
commute with the SU(2) operators (B.9). The respective symmetries of the classical action
correspond to the conservation of electromagnetic charge (W,,, — Wj5) and conservation

of lepton and quark family number (W, and W,,),

N
Wilq =0 where Wiy = Wen — Ws) + > g, Wi + 9o Wa,- (3.11)

Here W,,, is the usual electromagnetic charge operator; explicit expressions are given in
Ref. [[J]. From the corresponding classically conserved currents only the electromagnetic
current is gauged. When the gauge-fixing sector and ghost sector is constructed in accor-
dance with rigid symmetry (B:30]), then it is possible to establish the local abelian Ward

identity corresponding to electromagnetic current conservation

1 ol 0T, 1 .
W4Qrcl — —cos Oy (sin 9W0—l + cos Oy 0 l) = —cos Oy (siny OBy + cos Oy OB,4) ,
e 0z 0A e
(3.12)
with
W = W — Wy (3.13)

The local operators w3 and w,,, are defined by taking away the integration from the rigid

operators:
Wy = /d4:£ ws and W, = /d4:£ Wep, - (3.14)

The local Ward identity together with (B.13) is the functional generalization of the Gell-
Mann Nishijima relation and allows to determine the weak hypercharges of fermion dou-
blets and the electromagnetic charges of fermion singlets. In higher orders this local Ward

identity plays an important role for a scheme-independent definition of the abelian charges
(for details see Ref. [I3]).g

In the procedure of renormalization and quantization one has to construct the Green
functions in such a way that they satisfy simultaneously the Slavnov-Taylor identity, the
Ward identities of rigid symmetry specified by the commutation relation (B.§), and the
abelian local Ward identity (B.12)). This problem has to be taken seriously due to the fact
that the photon and the respective Faddeev-Popov ghosts are massless and these massless
particles have non-abelian interactions. In order to ensure that all integrals are infrared
convergent for non-exceptional momenta in higher orders of perturbation theory one has
to supplement the usual normalization conditions, which fix the free parameters (B-4)

and the wave function normalization, by the requirements that also the mixed 2-point

In [E] the abelian charges are fixed by postulating an antighost equation. From there the local Ward
identity is defined by using the consistency with the ST identity.

11



functions of massive and massless particles vanish at p? = 0:

Tza(p*=0)=T44(p*=0) = 0 (3.15)
FEACZ (p2 = O) = FEZCA (p2 = 0) = FEACA (p2 = 0) = 0.

A careful analysis of higher orders shows that on-shell conditions which include (B.15) as
well as corresponding conditions at the mass of the massive fields can be only fulfilled
in agreement with the Slavnov-Taylor identity and the Ward identities if one takes into
account higher-order corrections of the ST operator and the Ward operators [IJ]. The
[S-functions and anomalous dimensions of the 1-loop CS equation are independent of these
higher-order corrections. But one cannot completely stick to the tree approximation as
defined by the parameterization (R.37) and the BRS transformations (B.24)) since the ghost
mass ratio turns out to be an independent parameter of the Standard Model. This means
that we have to keep the parameters of the gauge-fixing functions (E:36) & ,é,( and G
as independent parameters. Keeping G arbitrarily and using at the same time the BRS
transformation (R.24)) brings about that the non-diagonal mass term c4cz arises in the
action (see (BI7)). Such a non-diagonal mass term leads in higher orders to off-shell
infrared divergent contributions and prevents the introduction of definite infrared degrees
of power counting for the ghosts. In order to remedy the situation one has to introduce a
ghost angle into the BRS transformations already in the tree approximation, which allows
consistently to remove the infrared divergent contributions ¢4cy from the classical action

for arbitrary ghost mass ratio and to derive the CS equation.

For the purpose of this paper we want to outline the definition of the ghost angle in the
tree approximation, whereas a detailed analysis especially of higher orders is given in
Ref. [[3]. The linear R, gauge-fixing functions (P.21) are restricted by rigid symmetry as
given in (R.33)-(2.39). They include only four free parameters:

& ¢.¢ G (3.16)
The parameters ¢ and G are connected with the ghost masses:

—CMW/d4:£(MW(E+c_+E_c+)+MZEZcZ(COS Oy —Gsin Ow)—Mzcacz(sin Oy +Geos OW)).

(3.17)
Introducing in analogy to (B.19) the notation
A sin O
G=-— 3.18
cosO¢’ (3.18)
the ratio of the ghost masses is determined by
CwMy,  cos Oy cosbc (3.19)

CzME cos(Ow — 0c)’

12



where (i M2, is the mass of the charged ghosts and (7 M% the mass of the massive neutral
ghosts. The ghost angle 6 is uniquely determined for arbitrary ghost masses. In order to
be able to remove the non-diagonal ghost mass term for arbitrary ghost mass ratio from
the action one has to redefine the neutral ghosts c; and c4 as well as the antighosts ¢z

and ¢4 by a non-diagonal matrix gup:
Cq — gabcb, Cqo — Ebg[;ll . (320)

This procedure is analogous to the one which has to be carried out if one constructs mass
eigenstates in the vector sector by introducing the weak mixing angle. The matrix g, is
determined from the normalization conditions (B-I7) up to two constants which we have

fixed for convenience:

G- =1 g—+ =1
.@ZZ = COS(HW — 9@) gAZ = — sin(GW - 9@) (321)
gza=10 Jaa =
In matrix notation it reads:
10 0 0
R 01 0 0
Gab = (3.22)
0 0 cos(w —06g) O
00 — sin(HW — 9@) 1

With these redefinitions the bilinear part of the Faddeev-Popov ghost action is diagonal
also in the general gauge (B.30):

gl;;l)st /d4 Iycy — CwMi,(Coc. +c_cy) — CZMgéch). (3.23)

Consequently the ghost propagators are diagonal and allow to assign a well-defined in-
frared degree of power counting to Z and A-ghosts. For arbitrary masses, however, the
ghost angle enters the BRS transformations and the ST identity and eventually also the

ghost—vector interactions. Explicitly the ST operator reads

: or or

/d4:c ((sm 00, cz + cosOw0,ca) (sm Gwﬁ + cos Oy —— SA, ) (3.24)

6F or or or or or 1

5 5 (cos 9W5ZH sm9W5A ) + E(COSQWE — SmeGécA)—cos(GW i)
—l—(cos(@ 0c)Bz — sin(6 0c)B )5F B o

w = 06) Bz —smbw = Ug)ba )< 2y A5a.

+5F or +5F or +5F5F+5F5F+ 6F+B or

oply SW,_  6pt W, S0y dc_  do_dcy ey de

ol 5F 6T 6T or 6T 6T 6T
+;(g TR gq e he) + (55 + 555 .c.))
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and the ST identity is fulfilled in the tree approximation for arbitrary ghost angle 6:
STy) =0 (3.25)

Establishing the ST identity in higher orders, 8y and 64 get independent higher-order
corrections in the on-shell scheme. Their correct treatment is a necessary prerequisite for

obtaining infrared convergent higher-order corrections for off-shell Green functions [[J].

The ghost angle enters also the Ward identities of rigid SU(2)-transformations (B.§),(B.9)
via the redefinitions (B.20). It is worth to note that the algebra (B.f) remains unchanged
by such field redefinitions.

The usual formulation of the gauge-fixing sector without the B, fields is achieved if one
eliminates the B, fields via their equations of motion from the gauge-fixing action (2.30)
and inserts the result into the gauge fixing as well as in the ST identity (B.24)). The above
discussion concerning the ghost angle is independent from the formulation of the gauge
fixing with or without B, fields.

4. The Callan-Symanzik equation

The Callan-Symanzik equation describes the response of the Green functions to the scaling
of all momenta by an infinitesimal factor. The dilatational operator, which is just the
scaling operator, acts on the 1PI Green functions in the same way as the differentiation

with respect to all the mass parameters of the theory:
WPT = —md,,I'  with (4.1)

Np
MmOy, = My, + Mz0ym, + mpOn,, + Z meﬁmfi + KO, .
i=1 f
Here k is a normalization point which is introduced in order to fix the on-shell infrared

divergent residua of charged particles off-shell without introducing a photon mass term.

In the SM dilatations are already broken in the tree approximation by the mass terms of
the fields and the 3-dimensional interactions. Due to the spontaneous symmetry breaking
all the masses of the physical fields are generated by the shift of the Higgs field. According
to the construction of the gauge-fixing sector using rigid symmetry (2.3q), the ghost masses
are generated by the shift of the external Higgs field. In the tree approximation one gets

therefore the expression

machlz/d‘*xv((;ild+<?;;l)+nfmmv5/d4f v(é%+g%+am§i%) Iy (4.2)
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Here A;,, is the 2-dimensional BRS- and rigid-invariant scalar polynomial
Ay = / d'z (207" + X2 + H? + 20H) = / diz (D10 +vIo + dlv),  (4.3)

which we couple to an external invariant scalar ¢,. For proceeding to higher orders it
is important to note that the differential operators mad,, as well as % and % are BRS-

symmetric operators and have a certain covariance with respect to rigid symmetry:
4 6
(Wa,my,) = a,/d po(c= 4] a=+-34 (4.4)
oH

The soft breaking is completely characterized by these symmetries and takes therefore
the same form to all orders of perturbation theory, if one takes higher-order corrections
of the shift and the coefficient «;,, into account:
2 . my

v = ;MZ cos By sin Oy + O(h), Qi = =+ O(h). (4.5)
In higher orders the dilatations are not only broken by the soft mass terms but also by
hard terms, the dilatational anomalies. The importance of the Callan-Symanzik equation
is founded in the fact that these anomalies can be absorbed into differential operators
with respect to fields and with respect to the independent parameters of the model.
Their coefficients are the anomalous dimensions and the [-functions. In this way the CS
equation determines the parameters that are independently renormalized in a scheme-

independent way.

The dilatational anomalies at one-loop order are normalization-point-independent, but
the differential operators introduced depend on the parameterization and the specific
form of the breaking mechanism. They are essentially characterized by the symmetries
of the tree approximation, i.e. the ST identity (B.24) and the Ward identities of rigid
symmetry (B-§). To be more specific we want to outline the one-loop construction of the

CS equation of the SM according to these symmetries.

Applying the quantum action principle [21], B3] one derives from ([.9) that the dilatations

in 1-loop order are broken by
o 0 )
— o= + (— — i I =A, 2 4.
(mam /dxv(5H+C5H 5%)) Lo, (4.6)

where A,, is an integrated field polynomial in quantum and external fields compatible
with ultraviolet dimension 4 and infrared dimension 2, neutral with respect to electric
and ghost charge and CP-even. According to the fact that the Lh.s is BRS-symmetric
and symmetric with respect to rigid symmetry (f.4), one gets

st A =0, Wal, =0. (4.7)
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Thereby sr, is the linearized version of the ST operator and acts on the quantum fields
in the same way as the classical BRS transformations. We have therefore the task to find
all independent field polynomials satisfying the above constraints and to express them in

form of symmetric differential operators.

The 2- and 3-dimensional polynomials are already exhausted in the lLh.s, if one takes
higher-order corrections of the shift and the parameter «;,, into account. The 4-dimen-
sional polynomials are classified according to BRS variations, which are related to the
anomalous dimensions, and non-variations, which are related to the S-functions. First we
give a list of all symmetric field operators in the vector-ghost sector:

Ny = /d49” (va 5;5/ p‘“(si

«

)
—G—m(sm Occz + cosOyrca)(sin QWE + cos 9G5 o ))

) )
Ny = /d x 81n9WZ+COSHWA)(sm€W5Z +COSHW5A)

. , o
m(sm HGCZ -+ cos HWCA)(SIH HW 5CZ -+ cos 9@ (SCA ))

N = /d4a7 (B 52 +ca56) (4.8)

Ca

N = /d4x ((sin Ow Bz + cos Oy Ba)(sin Oy, 522 + cos edeA)
m(sm Owz + cosOgia)(sin g— 5% + cos Oy 5CA))
4] )
_ 4 -
Ne = /d (C+5c+ +C_5c
;(cosﬁ ¢z —sinfyca)(cosd i—sm@ i )
cos(Ow — bg) ¢tz wea Wécz GécA
. i)
oo, do_ 3503 '

Some remarks are in order concerning the special form of these operators: According to
rigid symmetry the counting operators of the charged fields are related to the ones of the
neutral sector restricting the number of independent operators to two for the vectors and
B, fields and one for the ghosts. Invariance under the ST identity relates the abelian
field differential operators of ghosts and vectors. Furthermore it is seen that the abelian
operator is not a BRS-variation and is related to the S-functions by the local abelian Ward
identity (B-I3), as it is usual in abelian gauge theories. The respective relation is given in
(F:20). For completeness we have given the field operators for arbitrary ghost mass ratio
(B-19); if one has introduced normalization conditions which set the ghost angle equal to

the weak mixing angle, #, can be immediately replaced by fy in the above expressions.
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The symmetric field operators of fermions can be split into the ones of the left-handed
and right-handed fields. Due to the fact that we do not consider fermion mixing, we do

not have to consider mixed operators between different fermion families:

— 0 — 0 ) 0
L _ 4 L_~ R L _
E = /dx(F ST \11571.—5 7T LFM—NIR\I/ B). §=1q (4.9)
NE = / _R— — = i = €, di, U
fi (‘f 5fR 77ny 5wf2 fRf 6¢L wfv) f

The field operators of scalars comprise also the ones of the external scalars. They are
symmetric with respect to the rigid operators, if one includes the shift of the Higgs field
and the external Higgs field:

J J J J 3
4 P — = 4 i o — L
Ns+v/d:)3 SH /d x ((CI)—I—V) 557 +5q)((1>+v) g 5T 5YY) (4.10)
4 . 4 J ) J
2 4 = 4 —_—
Ns+cv/dx5A /da:((fl)—i-CV) (i)T+5q)(<I>+cv)+q5 +5q)

Among the symmetric insertions there is one which mixes the external scalar with the
quantum scalar. Defining the following mixed operator, which is symmetric with respect

to rigid transformations,

\ / 4 5 4 6
N5+Cv/d9:5—H /d ¢+Cv)ﬁ+5—®(¢+§v)), (4.11)

the corresponding BRS-symmetric insertion is given by:
(./\75 +qv /d4:c %) Ly + /d4:c (q"Y — YTq). (4.12)

The remaining symmetric insertions have to be generated by differentiating the classical
action with respect to the free parameters; these are the coupling e, which is the pertur-
bative expansion parameter, and furthermore the mass ratios, AA{[W, for the weak interac-
tions, 774 for the scalar interaction, and for the Yukawa interactions. At this stage it
is unavmdable to treat fg, i.e. the ghost mass ratio (B.19), as an independent parameter,
because its differentiation corresponds to an independent insertion in the gauge-fixing and
ghost sector. Similarly it turns out that also the differentiations with respect to the two

gauge parameters & and & have to be included (cf. (B39)).

Differentiations with respect to parameters which do not appear in the ST identity and
the rigid Ward operators of the tree approximation directly correspond to symmetric
insertions:
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The differentiation with respect to the coupling e is immediately symmetrized if one

includes the shift; the operator
0 ) 2 )
4 o “ . A
€0, — €0,V /d x (—5 + §—6 - ) =e0, + eMZ sin Oy cos Oy /d x 5 C ) (4.14)

is BRS- and rigid symmetric. However, the differentiations with respect to the weak

mixing angle and to the ghost angle
agw = _MZ sin 9W8MW, 89G (415)

have to be supplemented by field differentiations in order to be BRS-symmetric:

59W = O + /d4 Ai B Z(SiA + BAégZ B BzégA)
m /d4x cA 5i + sin(Oy — 90)%)
_m /d x (Cz + sin(fy — QG)CA) 55 (4.16)
O = s m /d45€ Cz % + sin(fw — 90)5;)
m /d495 (Sin(ew —0c)cz + cA)%. (4.17)

These two operators are immediately symmetric with respect to the rigid transformations
up to soft insertions corresponding to the shift. The shift depends in the tree approxi-
mation on the weak mixing angle and one has to enlarge (%W by the differentiation with
respect to the Higgs field and the external Higgs field. The operator

— Oy v /d4 — +§ ) = 59W — %MZ cos 20y /d4x 5% —l—C ) (4.18)

is then also rigid symmetric.

Acting with the symmetric operators (), (£9), (EI10), (E.13), (EI14), (E13) and (EI17)

on the classical action one produces together with the polynomial (f.I2) a complete basis

for the breaking of the symmetric dilatational operator ([L.)) in 1-loop order. Therefore it
is possible to give the breaking in the form of a CS equation, i.e. as a linear combination
of differential operators. Writing all the soft breakings produced by symmetrization with

respect to the shift on the r.h.s we get in 1-loop order the CS equation of the SM:

(MO + Beee — Bany Doy + Byt Oy + Z > Buny, 11,0y, — BocOne (4.19)
i=1 f

- ”YVNV —’YBNB —7585 _fVch_;VV-/\A/‘V _’AVB-/\A/‘B —”Yg ’YSNS—WSN ’VSNS
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N
- Z(’VFMN}%J + VFq,z-NJ%i + %z—/\/’elf + %i/\/’ﬁ + 'YdiNf) ) r
i=1

or or ol or or
s T Cem) o0 +8) s+ (oY o+ i)

= /d4:5 ((1+ Beed. = Bary Do )0 ( ST oH oH 0P

+ [d' 35ty - Yia).

Further information on the coefficient functions can be achieved by using the local Ward
identity (B-1J), which expresses gauge invariance of the classical action under the abelian
transformation (B.I3). Calculating the commutator of the CS operator and the local Ward

operator one gets:
sin By

Be_

— v . 4.20
cos by By + W +Av (4.20)

Since we have used a linear gauge fixing in the propagating fields all the Green functions
which include B-fields in the external legs do not get logarithmic higher-order corrections.
The action of mad,, on these Green functions is therefore trivial according to their canonical

dimensions. Therefrom we get:

~

YB = TV B = —Wv
Yo = 2w e = 20w +Ww)E+ 289w (4.21)
Bo; = sinbqcosOgyy Yo = Bet+ zVV“f Bty + W — s -

From the explicit 1-loop expressions it is seen that the choice 65 = 0y, and é =0 (.37) is
not stable under renormalization: Since the coefficients of the respective differential oper-
ators f,, and 7, are functions of the anomalous dimensions of vectors and for this reason
non-vanishing (see (B.4)), the differentiation with respect to the independent parameters

€ and ¢ has to be included in order to be able to formulate the CS equation.

According to the derivation, the CS equation ([LI9) and the relations (f:20) and (f21))
are valid in this form only in 1-loop order. Proceeding to higher orders of perturbation
theory goes along the same lines as in the 1-loop order, especially the number of inde-
pendent operators remains the same to all orders of perturbation theory. Their explicit
form is modified order by order in such a way that they become symmetric with respect
to the ST identity and rigid Ward identities valid for higher-order Green functions. Mod-
ifications essentially arise from establishing the normalization conditions for separating
massless/massive fields at p> = 0 in addition to the usual on-shell conditions for the
masses. It is interesting to note that the importance of these normalization conditions for
the off-shell existence of Green functions can be already seen from the CS equation: Inser-
tions with infrared degree 2 as A*A,, on the r.h.s. are not forbidden from infrared power

counting, but those terms are mass terms for massless particles and endanger infrared
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existence off-shell and physical interpretation. In particular insertions of such field poly-
nomials in higher-order Green functions are non-integrable and have to be proven to be
absent. (A similar analysis has been carried out in a simple non-gauge model with spon-
taneously broken symmetry in Ref. [R].) The test with respect to the respective 2-point
functions at p? = 0 shows that these terms vanish if the mass matrix of massless/massive

fields is diagonal at p? = 0.

5. The 1-loop coefficient functions

Due to the spontaneous symmetry breaking mechanism the CS equation has an uncon-
ventional form compared to the symmetric SU(2) x U(1) gauge theory: It is an inhomo-
geneous equation with a soft mass insertion on the r.h.s., because dilatations are broken
by the mass terms. The hard anomalies have to be absorbed in g-functions with respect
to mass differentiations and cannot be expanded in power series of couplings according
to the loop expansion. Moreover, since the W- and Z-bosons have different masses the
anomalous dimensions are not purely leg counting operators in the neutral sector, but
include field operators, which mix the neutral vectors and ghosts. Such field operators
are not present in the renormalization group equation of the symmetric theory. The
perturbative expansion parameter is the electromagnetic coupling, which gives rise to a
B-function f,.

We want to demonstrate how the S-functions and anomalous dimensions are determined
from the CS equation by testing with respect to appropriate vertices. For this purpose
we give that part of the CS equation which is relevant for the test with respect to vectors,

quantum scalars and fermions in its explicit form, setting external fields and ghosts to

Zero:
{m@ + Be€0. + B, mu0 +Zﬂ mye O, — (8 —/d%(Z“i—A“i))
m eCUe myg """ HYmpyg : my, fi my, My \ Vow 514” A
- /d4$V“ + 2£0, +2§8 + sin O cosegﬁg 75/(14 q)ijti@) (5.1)
SVE ¢ ‘) 5Dt

0 )
AV 4
—5 (/d (51n9WZ”+COSQWA“)(51n9W57+COSHW5A )+2(§+§)8A)
— 0 )
4 17 4, (TR R
—;mz./da:(% + 5rE ) zm/d Iz 5fR+ fRf )jr "
— (AT,

One is able to determine the S-functions from vertex functions of UV-dimension 4, using

thereby that the soft insertion will vanish for asymptotic Euclidean momenta much larger
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than the mass of the heaviest particle involved. Similarly the anomalous dimensions are
determined from the residua at asymptotic momentum. We evaluate the coefficient func-
tions in the most general linear gauge fixing invariant with respect to rigid symmetry
transformations as given in (R.36)). For completeness, in the appendix we list the prop-
agators of vector and scalar fields in the general linear R, gauge (£.23). From there the
propagators compatible with rigid symmetry are obtained by assigning to the gauge-fixing
parameters the values (2.39) — (£.39). In the computation of the CS coefficient functions
only those parts of propagators of vector and scalar fields contribute which behave like 1%

in the expansion for asymptotically large p?.

First we determine the (-functions of the electromagnetic coupling, (5., and of the W-
boson mass, 5, , and the anomalous dimensions of the vectors 7y and 4y. The anomalous

dimensions of the vectors are calculated from the transverse parts of the 2-point functions:

v y P ppt
) = - (- 25 ) tho) - P rh 62
In the tree approximation we have
9,00 — [, (5.3)

We find therefore in the asymptotic region (all functions involved are purely of 1-loop

order)

2500

MmOl Y PE 250 (5.4)
2, oo . R

MO0, Ty 7= 2(7) + sin? Oy A))
2 — 50 )

m@mﬁpzlﬁg) P 2(%(/1)+cosz QWV\(/I))

mOmd,T5 72 2in Oy cos Oy ALY,

which determines the high-energy logarithms of the one-loop self-energies, e.g.

2
T(1 1 |p”|

) lead. log

Accordingly, the anomalous dimensions 7y and 4y are obtained by calculating the high-
energy logarithms of two of the self-energies appearing in (£.4), while the leading loga-
rithms of the other two self-energies are then already fixed. In the general linear gauge
specified in (B.3G) we get the following result:

2
1) € 65 — 25 lN

= - 5.6

v A2 sin Gy (B +30) (5.6)
2 .9

~ (1) € 6§ — 25 1 —3 + 8sin® Oy N

= — (- ) 5.7
v 472 ( 24sin? Oy, 24cos? By 9sin? Oy cos? Oy F) (5:7)
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The fermion contributions to the coefficients of the high-energy logarithms are the same
as those given in Ref. [I§ in the framework of the background-field method, while the
contributions of the vector bosons are gauge-parameter-dependent. The gauge-parameter
dependence of the anomalous dimensions is the same as in usual R gauges, i.e. they are
independent of the abelian gauge parameter é , the ghost mass parameter ( and of the
ghost angle (B.19). This is seen most easily by noting that the diagrams which contribute
to the photon self-energy and to the Z-photon self-energy have only charged fields in
internal lines and are not affected by non-diagonal propagators in the neutral sector nor
by transformations of neutral ghosts (B.20). As before N denotes the number of fermion

generations.

The S-function 3y, can be determined from the neutrino—neutrino—photon vertex at high
energies. Testing the CS equation (B.1)) with respect to this vertex we get the following
result:

m@mféll,)A#pz_goo(ﬁ](\?W + sin Oy cos QW&\(}))F,EOV)% : (5.8)
Since the photon does not couple to neutrinos in the tree approximation the contributions
on the r.h.s. completely arise from the mixed field operators A% present in the symmetric

operators of 58‘2 and %(}). In the Feynman gauge (£ = l,f = 0) one has

y € cosby

o, N
B, + sin Oy cos Oy, = T smoy (5.9)
which gives the result
2
(1) € 64 .2
= — 43 —8Np) — (42 — =N Ow ). 1
Bity 4 - 2472 sin Oy cos Oy (( 3= 8Np) — 3 r)sin W) (5.10)

Applying the algebraic control of gauge-parameter dependence [P4] to spontaneously bro-

ken theories [BJ] it can be derived that [y, is gauge-parameter-independent.

The abelian relation ([£20) allows to determine 5{ without calculating further diagrams

from the results obtained for %(/} ), ’y‘(} ) and BJ(VII)W:

o2
24 - A2

B = (42 - ©Np). (5.11)

Alternatively S can of course also directly be obtained from the W+W~A vertex at
asymptotic momenta

1y cosfw

1 1 1 0
mamrév)j:wg,qp — (37\(/) - 5 51(\/1)W)F§/V)1W3AP (5'12)

sin 9W

or from the eeA vertex (cf. (£.1§)). We have explicitly checked that this indeed results
in B as given in (B.11). As can be seen in (F.11), the S-function of the electromagnetic
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coupling is QED-like in the sense that it only depends on the electromagnetic coupling
e? but not on sin’fy,. However, due to non-abelian interactions of the photon with the
W-bosons it receives contributions with negative sign. This leads to the fact that B
in the SM has a negative sign if one includes only one fermion family. In section 6.2 we
compare it to the QED [-function.

We now turn to the anomalous dimensions of the fermions, which are needed e.g. for the
independent determination of 3! from the electron-electron—photon vertex. Splitting the

fermion self-energy into left- and right-handed parts and into the scalar mass contribution,
Ljp=p—my +¢ (1-— )ZL+15 (1+75)zj?+mzm, (5.13)
one is able to calculate yr,, from left-handed and vy, from right-handed contributions:

2 4 oo 2y oo
MmO DED TE 2 ma, n TE 29y (5.14)

X3

Calculating the high-energy logarithms of the fermion self-energy contributions one gets

the following result:

o _ € 1 _ 3 92sin26 s 5.15
Tha T 1677 sin 264 ( ~ 2sin’ ) M2 (515)
2 2 2
1 _ e_; <3_§ in?6 > 1 in2 fu € w 5.16
VFy 1672 sin® 26y, | g W S+ T wé MZ (5.16)

2 i 2

(1) € 2 2 2 A\ My
= ———— |2 0 . 5.17
T T67 sin? 20y, | 207 S fw (6+6)+ M%] (5.17)

For the asymptotic behavior of the electron—electron—photon vertex we obtain:

monTy, T oo 440 - BN+ 20fY o, S ) (5.18)
+e(2%(rl) 27(1) m(@(\}[&v + sin By cos HW&‘(})))fy“%(l — ).
In this formula we have already inserted the tree vertices
I, = ey (5.19)
R R

As mentioned above, using (p-1§) and the results of (5-I7) one can check the abelian
relation we have used to determine .. It is seen in (5.1§) that the parity non-violating

contribution satisfies an analogous relation as in QED: The high-energy logarithms of the
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electron—electron—photon vertex are completely related to the anomalous dimensions of
(right-handed) electrons. Due to the non-abelian contributions there are however parity-

violating high-energy logarithms for the off-shell Green functions.

For calculating the remaining S-functions of fermion masses and the Higgs mass one first

has to determine the anomalous dimensions of the scalars. We obtain

o e 1 [Z mZ +3m3 + 3m3, L]

75T 8r2 sin? 200 M2 2

1 ~
(3= 2sin® ) (€ - 3) + 5 sin? ewg] .
(5.20)
The S functions B,(,% ~and B are determined from the high-energy logarithms according

to the following formulas:

25—00 COS29W 1
mOuLfy, T ET (=80 =2 =B — B+ + )+ )T

sin 20y
(1) e o0 a) 5 C0S20w (©)
MmOl gy~ = 2( B’ —2 Sin 20, 5 — B4, + 27§ )FHHHH (5.21)

Therefrom we derive the result:

2 2 2 4+ 3m2 +3m?
(1) _ e gmel_ 3 mej + uj d; 5 99
O 2472 sin? 29W{2M§ - ; M3 (522)
J
59 N
+(% — 8Nr) = (95— 16Nr) sin? Oy + (42 — 64%) sin’ Gy |
2 2 _p2 2 1+ 3m?2 4 3m?2
(1) — € gmuz mdi 3 m@j + Uj dj 5 23
59 N
+(% — 8Nr) = (81 ~ 16N¥) sin? Oy + (42 — 64%) sin fyy |
e? 9mZ —m?. m? +3m2 +3m32
B = : S w3 J d ; 5.24
di 2472 sin” 20y, { 2 M} % M2 (5:24)
59 N
+(% — 8Nr) = (75— 16Nr) sin? Oy + (42 — 64%) sin yy |
2 2 2 1 3m2 + 3m?
(1) _ € 9mH 6 mej Uyg dj 5 25
B 2472 sin® QQW{ MZ - % M2 (5:25)

4 4 1
me, + 3mg, + 3m,,

2.9
Mzmiy

—122
I

N
+(16 — 8Np) — (68 — 16Np) sin® Oy, + (42 — 64%) sin? Oy
2

+%H(27 36 sin? Oy + 18 sin? ew)}

From considerations of gauge-parameter dependence it is seen that these S-functions are
gauge-parameter-independent [24, PH]. As mentioned above, the same holds for the j-

functions of the electromagnetic coupling and the vector-boson mass ratio.
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Finally, by testing with respect to the ghost self-energy one finds the following result for

the anomalous dimension of the ghosts, 7.:

2
m_o__ ¢ (S 43 1y 5.26
e T i sin® gy <2 213 ) (5.26)

In the Landau gauge (£ = 0) the anomalous dimension of the Faddeev-Popov ghosts is

equal to the S-function of the non-abelian gauge coupling g» in (B.5):

oo

1 , cosbw ) 5
P+ sin9W5MW' (5.27)

e=0

This coincidence is not accidental, but is derived from the existence of an integrated

antighost equation in the Landau gauge.

Having determined the 1-loop [-functions and anomalous dimensions, it is possible to
determine the high-energy logarithms of any 1-loop vertex function of the Standard Model
in an analogous way as shown, for instance, in (5.19) for the W-boson—photon vertex
and in (B.I§) for the electron—electron-photon vertex. Since we have also calculated
the anomalous dimensions of ghosts (f.26), this is also possible for the external field
vertices appearing in (B.1), which determine the higher-order corrections to the BRS

transformations.

In their applications the importance of the CS and RG equation is founded in the fact
that from the knowledge of the equations at 1-loop order one can draw conclusions for the
asymptotic behavior of the vertex functions in higher orders. In particular, if the 1-loop
coefficient functions of the CS equation are given in a general gauge as has been worked
out above, one is able to determine the quadratic (leading) logarithms of 2-loop order for
any vertex function of the Standard Model. For illustration we evaluate the CS equation

for the photon self-energy in 2-loop order at an asymptotically large momentum:

2 —0o ~
m@mﬁpzlﬁ(j) rs (27‘(/1) + 250 cos? By — BMed, + BJ(\})W%W + 27‘(})585) 8,,2P§£P
+(24 cos By sin By + 251(\/1[;)81)21“;%) + Const.®. (5.28)

In Const.® all terms are included which approach constants if we take the limit of asymp-
totically large Euclidean momentum p?. They give rise to linear logarithmic contributions.

Contributions to these terms arise from three different sources:

1. Applying the CS equation ([.19) with 2-loop coefficient functions to the tree ver-
tices in analogy to the 1-loop case (p-4), one gets constant contributions with 2-loop
coefficient functions which have to be determined by testing with respect to appro-
priate vertex functions. In the example above the 2-loop coefficient functions read
2(7® 4+ 43 cos? Oy ).
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2. Since the ST operator and the Ward operators of rigid symmetry are renormalized
in the on-shell schemes, the symmetric operators which build up the CS equation
(see section 4) get higher-order corrections. In 2-loop order these corrections depend
on the 1-loop corrections to the ST and Ward operators and on the CS coefficient
functions of 1-loop order. These contributions depend strongly on the normalization

conditions, but can be determined by a 1-loop calculation.

3. In 2-loop order for asymptotic momenta not only logarithms arise from the 1-loop
vertex functions, but also constants, i.e. in the example above

i |p?|

T(1 p2—>—oo
m

A — sin Oy cos OyA! +c9). (5.29)

The finite constant C(lex is determined from the normalization conditions for diago-
nalizing the mass matrix of photon and Z-boson on-shell and depends on the mass
parameters of the Standard Model. In general such finite constants as shown in the
above example are specific for on-shell normalization conditions of spontaneously

broken theories.

All these constant terms contribute to the single logarithms of the photon self-energy in 2-
loop order and, of course, the computation of all single logarithms of 2-loop order demands
a 2-loop calculation. However, in the list above we have given also such constant contri-
butions which can be determined from a 1-loop calculation. They all depend strongly on
the normalization conditions. In Ref. [[] such 1-loop induced logarithmic contributions
with large mass-dependent logarithmic coefficients have been found in the spontaneously
broken Yukawa-Higgs model. They arise from normalization-dependent 1-loop contribu-
tions as discussed above and have to be separated from the mass-parameter independent
logarithmic contributions to the 2-loop order. In Ref. [fj] this has been achieved by using
the consistency equation between the CS equation and the RG equation. For further
applications it is certainly very interesting to completely single out these large 1-loop in-
duced contributions by a self-consistent construction of higher-order solutions to the CS

equation or by using the RG equation in a similar way as in Ref. [ff].

Focusing now on the quadratic logarithms of 2-loop order, we are able to evaluate (5.28)

by inserting the asymptotic 1-loop results (5.4)

2
T(1 1 ~(1 p°|
(9,27 Ay)lead. o = M 4 cos? HWV(V))an (5.30)
2
T(1 . (1 |p”|
(8P2PZ£‘))1ead. g — TSin Oy cos QW%(/) In ey

Further simplification can be achieved by eliminating () using the abelian relation ({:20)

and by noting that the coefficient of the leading logarithm of the photon self-energy
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depends only on the electromagnetic coupling in 1-loop order. Then we end up with

(2 2 oo 1, . 1\ sinfy |p2|
Op2laa @) P2 —5(%(/)Sln9vvcosﬁw—l—ﬁz(w)w)cosew%(/)lnzm (5.31)

1 p p
ia0earo? + cosousiP) 2 2] 4 o 12

Since the anomalous dimensions of vectors are not gauge-parameter-independent, the
derivative with respect to the gauge parameter contributes to the 2-loop order leading
logarithms and underlines the significance of having calculated 1-loop coefficient functions
in a general gauge. Inserting the explicit expressions of 1-loop order, (5.4) and (b.10), we
finally get

2 2
TR Pz € 1) AN EN 1 Pl

N 1n2@7,1 <g+z> <6€_25+1NF>+O(1 Ly

1674 m2 2sin® Oy 24 3 m2

Here m denotes the largest mass parameter of the Standard Model. As a result, for
asymptotic momenta much larger than all masses of the theory the photon self-energy
includes quadratic logarithms in 2-loop order. This is in contrast to pure QED and is
caused by the non-abelian interaction of the photon with the W-bosons and the Faddeev-
Popov ghosts.

Further applications as well as a detailed consideration of the above-mentioned 1-loop

induced large logarithms in 2-loop order will be given elsewhere.

6. Comparison with the massless symmetric theory and QED

6.1. Symmetric theory

From pure power-counting arguments it has been reasoned that the divergence structure
of the symmetric theory is related to the one of the corresponding spontaneously broken
theory [q]. The divergence structure corresponds to the appearance of high-energy loga-
rithms order by order in perturbation theory. In 1-loop order the high-energy logarithms
of the spontaneously broken theory are the same as the ones of the symmetric theory,
since they arise from diagrams with only 4-dimensional vertices which are not affected

by spontaneous breaking of the theory. The low-energy structure of the spontaneously
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broken theory is summarized in the r.h.s. of the CS equation, which vanishes if one goes to
non-exceptional momenta much larger than the masses of the theory. As we have shown in
the previous section, the g-functions of the CS equation are related to the asymptotic log-
arithms of the model. For this reason there exist in 1-loop order simple relations between
the S-functions of the electroweak Standard Model and the corresponding SU(2) x U(1)
massless symmetric theory. These relations reflect the tree relations between the pa-
rameters of the symmetric and the spontaneously broken theory. Since these relations
get higher-order corrections it is expected that the higher-order [-functions get differ-
ent higher-order contributions in the spontaneously broken theory than in the symmetric
one. Indeed the constants which appear as a consequence of on-shell conditions in the
asymptotic limit (see (p.29)) enter these higher-order corrections and affect — as already
pointed out above — the coefficients of 2-loop single logarithms. A detailed computation
of mass effects due to spontaneous breaking of the theory and due to on-shell conditions
has been carried out in Ref. [f]. In order to specify these contributions one has to find
self-consistent solutions of the CS equation in higher orders in the on-shell schemes. In
the present context we restrict ourselves to the 1-loop relations between the [-functions

of the symmetric and spontaneously broken theory.

As usually the independent parameters of the massless symmetric theory are parame-
terized with the U(1)-coupling g;, the SU(2)-coupling g, the Yukawa coupling G, and
the Higgs self-coupling A. With the conventions of Ref. [{]] the parameters of the spon-
taneously broken theory are related to the couplings of the symmetric theory in the tree

approximation by

e

Ll cos Oy +O()
e
92 = sin Oy +O(h)
Vomy,
Gfi N MZ sin 2‘9[/{/ * O(h)

)\ — 2 4m%{

In the massless theory one has to introduce a scale parameter, the normalization point
k, for fixing the coupling constants. Usually there is introduced only one normalization
point «, its variation k0, expresses at the same time renormalization group invariance
and breaking of dilatations. The corresponding partial differential equation is then valid

to all orders of perturbation theory,

(K00 + B0y + B + 510 + 3 a0, (6.2)
fi
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_Z 271% /d =L 5 SFL 5@) vaz/ ( 5fR 5fRf )}
. /d4 c1>— + %qﬂ /d4a: C“aia}r =0 (6.3)

Here W#, a = 1,2, 3, are the SU(2)-gauge fields and B, is the abelian gauge field. The
abelian relation in the symmetric theory reads:

Bgl = 7}/’ (64)

Comparing (6.9) with the CS equation of the Standard Model it is seen that we did not
have to introduce the external scalar doublet. In addition we have left out the abelian
ghosts, since they are free fields in the symmetric theory. Comparing the CS equa-
tion of the spontaneously broken theory to the one of the symmetric theory for different
high-energy vertex functions one gets the following 1-loop relations by inserting the tree
relations (B.1]) into the S-functions of the symmetric theory

W _ o _ SnOw
(1) _ (1) COS@W
_ 00829
NI = 280 2 S A, + B
B~ g —COS%WB B0 (6.5)
Gfi - e 29 Mf .

These relations can be verified using the explicit form of the S-functions for the sponta-
neously broken theory given above and the S-functions in the symmetric parameterization
from Ref. [[]. Similar relations occur if renormalization constants introduced for the pa-
rameters of the symmetric theory are expressed in terms of the renormalization constants
of the electric charge and the particle masses of the spontaneously broken theory (see
e.g. [I0]). The simple relations (B.H) between the S-functions are not expected to hold
beyond one-loop order since scheme-dependent corrections enter in higher orders.

6.2. QED

Considering only the charged fermions and conservation of electromagnetic charge one is
able to construct usual QED as it is embedded in the classical action of the Standard

Model. Among the vector bosons it only includes the photon which is now an abelian
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gauge field by construction. Since all fermion masses are invariant under QED transfor-
mations, one does not have to introduce a Higgs field into the theory. Charged scalars
are not added because they are unphysical particles in the Standard Model and even
more their interaction with fermions is only well-defined if we include the non-abelian

symmetries of weak interactions.

The QED-action takes then the usual form

P9 = [d (<3P Fut S6F" Dufi = mifif) = 5 0uA")), (69
fi
and
D,fi = 0.fi —ieQsA,fi. (6.7)
The action and the charges are defined by the QED Ward identity
) 1
o\ ==
(ewem — 0 5 Au)r = 5DaA. (6.8)

The CS equation is given to all orders by:

{ MmOy + Beed. — va(Na — €0¢) - Z%&Nfz mez/d4 (6.9)
with
MmOy, = KO, + Y myOmy,
Ny = /d%/wi (6.10)
Ny = [ttty =526

The ¢y, are external scalar fields, which are introduced for defining the soft breaking of
dilatations. In pure QED the S-function is related to the anomalous dimension of the
photon field

Be =7a. (6.11)

The 1-loop contributions to the S-function are exactly the same as the ones which con-

tribute to the p-function of the electromagnetic coupling in the electroweak Standard
Model from fermions (5.17)):

o2
B = EgNF(Q§ +3Q5 + 3Q7). (6.12)
The Standard Model S-function in addition includes contributions from unphysical scalars

¢t and especially non-abelian contributions from charged vector bosons and charged
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ghosts with negative sign, which sum up to a negative sign if one considers only one

family. In QED one defines the effective coupling by the characteristic equation
2

86 P

— =¢f, with t=1In ) (6.13)

Its solution is interpreted as the momentum and scale dependence of the interaction
strength in the high-energy region. Due to the relation between the anomalous dimension
of the photon field and the S-function (B.11]) the solution can also be identified with
the complete Dyson-summed photon propagator. The behavior of the 1-loop effective
coupling of the Standard Model as solution of the corresponding characteristic equation
(6.13) differs from the QED-behavior by the additional non-abelian contributions from
ghosts and vector bosons. It approaches zero if one includes only one family, and goes
much more flat to infinity if one takes into account two or three families of fermions.
Moreover, since the abelian relation of QED (B.11)) is replaced by the relation (f£.20) an
interpretation of the running coupling in terms of 2-point photon Green functions is not
clear in the Standard Model.

For evaluating the CS equation it is important to control the S-functions of higher orders.
In particular it has to be shown that the result which one obtains by integrating the CS
equation is meaningful if one includes only lowest order S-functions. In this context it is
important to mention that in pure QED there exist also equations for the differentiation

with respect to single fermion masses. The fermion-mass equations read

(mfiamfi + ﬁg’f’@e - (NA - 2505 Z’}/fl./\/’fj F my, /d4 (614)

580f

The Ward identity (B.§) relates the S-function and anomalous dimension of the photon

for any of these equations,
Bl =k (6.15)
The p-functions of these equations depend strongly on the normalization condition im-

posed for the photon residuum, e.g.

8p2 FQA

= 1. (6.16)

p2=r2

They all vanish to all orders if the residuum of the photon is normalized at a normalization
point at infinity (k* — —o0),
lim B =0. (6.17)

K2——00
Taking the normalization point at zero momentum they are given in 1-loop order by

2

Btk =0) = Q2 O(n*)  B%(k*=0) = o 233Q2+O(h2) q=u,d. (6.18)

423
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In higher orders the consistency equations of the fermion-mass equation (f-14) with the
CS equation (B.9) in QED give important restrictions on the mass dependence of the
various [-functions. The fermion-mass equations together with the consistency equations
are the main ingredients for being able to formulate the running of the effective coupling
from the low-energy to the high-energy region in the simplified version introducing step
functions. Eventually they also allow to study decoupling of fermions and the construction

of effective low-energy theories.

Contrary to QED none of these fermion-mass differential equations exists in the Stan-
dard Model, since differentiations with respect to single mass parameters produce hard
insertions of Yukawa interactions. As a consequence the CS S-functions can in principle
depend on mass ratios in an arbitrary way. The appearance of such a logarithmic mass
dependence in theories with spontaneously broken symmetry has been demonstrated in
the simple Higgs-Yukawa-model [[f], and the respective analysis has to be continued to
the Standard Model by a systematic construction of one-loop induced higher-order con-

tributions (cf. the discussion at the end of section 5).

7. Conclusions

In theories with spontaneously broken symmetry the CS equation plays a crucial role for a
systematic investigation of the large-momentum behavior of higher-order contributions. It
is furthermore an important instrument within the framework of abstract renormalization
allowing to determine the independent parameters of the theory in a scheme-independent
way. In this paper we have derived the CS equation for the electroweak Standard Model in

the on-shell parameterization and evaluated all its coefficient functions in one-loop order.

As a direct application, we have shown that the ghost mass ratio is an independent
parameter of the model. It is renormalized independently from the vector-boson mass
ratio, and consequently the choice of setting these parameters equal in lowest order is not

stable under renormalization.

We have compared the CS equation of the Standard Model with the ones of the symmetric
SU(2) x U(1) theory and of QED. While the one-loop S-function of the electromagnetic
coupling depends only on the coupling itself and is QED-like in this sense, due to non-
abelian interactions it receives contributions with negative sign, which dominate over the
contributions of the fermions if only one family of fermions is considered. The one-loop
f-functions in the on-shell parameterization can be related to the S-functions of the sym-

metric theory in a simple way. These simple relations are not expected to hold anymore
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beyond one-loop order, since the higher-order S-functions in the on-shell parameterization

will contain logarithms of the masses which are absent in the symmetric theory.

With the CS equation and its one-loop coefficient functions we have provided the basic
tools necessary for an investigation of one-loop induced higher-order contributions in the
electroweak Standard Model, as e.g. the leading logarithms. Since a restricted choice
of the gauge fixing will in general not be stable under renormalization, we have given
the explicit form of all one-loop coefficient functions in the most general linear gauge
compatible with rigid symmetry transformations. As an example we have determined the
leading quadratic logarithms of the photon self-energy in 2-loop order. Contrary to QED
it is seen that the quadratic logarithms of the photon self-energy in the asymptotic region
are non-vanishing. In this context we have also discussed the possible sources for the
appearance of large mass-dependent logarithms in 2-loop order. All these contributions
strongly depend on the normalization conditions imposed for fixing the free parameters
of the Standard Model. If the Standard Model is renormalized in the on-shell schemes,
these contributions are expected to be present and to depend logarithmically on the
different mass ratios. Due to the presence of massless particles on-shell conditions which
allow to diagonalize the mass-matrix of the neutral massive/massless particles on-shell are
crucial for obtaining off-shell infrared-finite Green functions in higher orders. A systematic
analysis of mass-dependent higher-order contributions is needed for an improvement of
the perturbative series on the basis of a summation of large higher-order terms by using
the CS or RG equation and its 1-loop p-functions. This issue is the subject of further

investigations.
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Appendix

In this appendix we give the propagators of the free fields in the general linear gauge
defined in (R.23) and (R.21]). The propagators of vector and scalar fields are non-diagonal
in the vector/scalar and in the neutral vector fields. We omit propagators with B, fields,
since they do not contribute in loops and are not relevant for determining the coefficient

functions of the Callan-Symanzik equation. The free field propagators determined from
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the action with B, fields are equivalent to the ones determined in usual R, gauges where

B, fields are eliminated via their equations of motion (see (R.23)).

For determining the [-functions and anomalous dimensions we have taken the choice
(2:33) — (B-35), which is compatible with rigid symmetry. Moreover, from boson propa-
gators only those terms contribute to the CS coefficient functions in 1-loop order which
behave like :z% for asymptotically large p?, the other terms contribute as soft mass inser-

tions on the r.h.s. of the CS equation.

We have taken the following definitions for determining the free field propagators of vector

and scalar fields:
Z / dTO (2, 2) A (2,) = im0 (z — ). (A1)

Here ¢ denotes all vector and scalar fields of the Standard Model, and the index k is

understood to include field indices as well as Lorentz indices:
or =W W, 2, Ay 0", 07, H, x). (A.2)

The I’ fpo », denote the lowest-order vertex functions derived from the generating functional

of 1PI Green functions,

_ T
S () 001(Y) | 4 fields = 0'

T (z.y) (A.3)

The free field propagators Ay, , (z,y) are the time ordered vacuum expectation values of
free fields:

Agig(,9) = (OIT pp(x) pu(y)|0)”. (A.4)

The Fourier transformed propagators are defined according to the conventions:

d4p —ip(x—
Boualwy) = [ Graowlp, —p)e e (A5)
@2m) 6 (p+ ) Dppp(pq) = / d'wd YAy, (T, y)e P, (A.6)

1. Free field propagators of the charged vector and scalar fields
Starting from the general gauge-fixing action (R.22) we find with the notation

§w=8+- =&+ (A7)
the following expressions:
: _ 2
Aprog-(p?) = ———— <1 _ Gw =) W) A8
ore(P') p? — Cw My p? — Cw My, (4.8)
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i(§w — Cw) Mw

AL 2 A.
(i)Jer (p ) (p2 _ C-WMI%V)Q ( 9)
1
Alyw_(p%) ERYER (A.10)
. _ M2
AL o _ b (Ew — Cw ) Cw My, ' A1l
ow 09) = i (s G (A1)
Here we have defined the longitudinal and transverse parts of vector propagators by
y P Pt
B -0) = = (= ) ALy 07) - PR a7 (A1

Similarly we have split off the 4-momentum p# from the scalar/vector propagator:
Ag, vy (p, —p) = p“AéﬂVb(pz). (A.13)

The remaining propagators are obtained by complex conjugation:
AL o (0 =) = =Ll Dy, 0, (—D5 D) (A.14)

The matrix I is defined in analogy to eq. (E2{), and (A.14) means in particular:
A:;*W’j (p, —p) = —Aqrwﬁ(—P,p) = Aqrwf (p, —p). (A.15)

. Free field propagators of the neutral scalar and vector fields
With the notation

§z =82z §a=&aa (A.16)
for the arbitrary gauge parameters of (£:29) one obtains

l

Apn(p?) = o (A17)
_ i (§z — C2) M3

An(p?) = P2 — M2 <1 - m> (A.18)

(&7 — )M

AL = (]SZ_ CZC]ZW)%; (A.19)
_ My (§2 — Cz)CaM7

A" = P — M) (CA —&az — M2 ) (A.20)

AL, = p2+M% (A.21)

AZaP*) = 0 (A.22)

ALa?) = z% (A.23)

. B 2
AZ, (") = m <§Z + (522 _ng\z% Z) (A.24)
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: B e
AZA(P%) = m <§ZA + (522 _Czig\zg Z) (A.25)

o (26az — Ca)CaM7 | (£2 — Cz)CaMy
Adalr) = _<5“ Mg (R - MR

P2
Non-diagonal propagators that are not given in the above list vanish identically

) . (A.26)

because of CP-invariance of the free field action.

. Free field propagators of the Faddeev-Popov fields

The free field propagators of the Faddeev-Popov fields are derived from the bilinear
part of the ghost action (B.23). They are diagonal according to the construction out-
lined in section 3, eqs. (B.16) — (B-24). For this reason they have their conventional

form:

— 2 —
Bee(P7) = F—ep (A.27)
— 2 — 77[
ACzcz(p ) P2 — CZM% (A.28)
7
ACAEA(p2> = F (A.29)
DNewe,(0?) = Deyea(p®) = 0. (A.30)

They are derived from the classical action in an equivalent way to ((A.),
62Ty

dca(T)e(y)’
(A.31)

and are related to the time ordered vacuum expectation values of free fields by

> [ a0 @)D,y 2) = b (@ —y), Tk (@y)
d

Aoy (1) = (OIT o) @(1)]0)"”. (A.32)
Fourier transformation is defined as in (A.5), (A.G).

. Free field propagators of fermions

For completeness we also give the free field propagator of a Dirac fermion:

(p—p) = W A™)
Asp(p, —p) = p2—m% : (A.33)

It is determined from the classical action by

Z/d4zf (z,2)Ap,7,(2,y) = i6ar 0 (2 — y) (A.34)
with . .
M) = 5 51 (4.35)



Differentiation with respect to the adjoint spinor f is applied from the left, whereas
differentiation with respect to the spinor f is applied from the right, «, 3, are
spinor indices. The free field propagator is related to the time ordered vacuum
expectation value of free fields by

Agp(w,y) = (0T f(z) F()|0)". (A.36)

Fourier transformation is defined as in (A.5), (A.G).
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