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Abstract

In order that nonsupersymmetric quiver gauge theories can satisfy naturalness

requirements to all orders of perturbation theory, one expects a global symmetry sim-

ilar to, but different from, supersymmetry. Consistent with the generalized no-go

theorem published by Haag et al in 1975, we suggest a generalization of supersymme-

try to a misaligned supersymmetry where fermionic generators do not commute with

gauge transformations. An explicit form for the corresponding field transformations

is suggested.
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I. Introduction

It is an old notion that N = 4 supersymmetric gauge theory is germane to the gen-
eralization of the standard model of particle phenomenology. The N = 4 theory has
remarkable properties which include ultra violet finiteness and conformal invariance.

Nevertheless, one striking feature of the standard model is the presence of chiral
fermions which excludes both N = 4 and N = 2 extended supersymmetries. Also, al-
though the situation might change, the absence of any experimental support even for
N = 1 supersymmetry is striking.

This has led to reconsideration of the nonsupersymmetric N = 0 case, including N = 0
quiver gauge theories with an U(N)n gauge group and matter fields in bifundamental
representations. Here one obstacle is a theoretical one in the form of well-known no-go
theorems.

Before the discovery of supersymmetry, Coleman and Mandula [1] proved a no-go the-
orem published in 1967 which stated that the only possible symmetries of the S matrix
were products of spacetime and internal symmetries. Shortly after the discovery of su-
persymmetric theories, Haag, Lopuszanski and Sohnius generalized this to show in a 1975
publication [2] that under certain assumptions, supersymmetry is the only possibility.

No-go theorems can be useful because they provide a set of assumptions some or
all of which must be violated in order to make progress. For example, Coleman and
Mandula considered only Lie algebras with commutators and not graded algebras with
anticommutators. Here, I shall suggest that the way around the generalized no-go theorem
of Haag, Lopuszanki and Sohnius is to relax their assumption that the generators of
the symmetry commute with gauge transformations. In particular, for a U(N)n quiver
gauge theory, we suggest fermionic generators which transform as bi-bifundamentals under
U(N)n.

In Section II, the symmetry transformations of N = 4 Yang-Mills are briefly reviewed.
In Section III, the explicit form of a misaligned supersymmetry transformation is sug-
gested, with fermionic generators which transform under the gauge group. Finally in
Section IV there is discussion.
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II. N = 4 supersymmetry

Here we collect briefly some well-known facts, for convenience.

The action for N = 4 Yang-Mills can be written

S =

∫

d4x

[

−
1

4
FµνaF

µνa +
1

2
DµΦ

a
ijD

µΦa
ij + iχ̄aγ.DLχa

−
1

2
igfabc

(

¯̃χaiLχjbΦc
ij − χ̄a

iRχ̃b
jΦ

ijc
)

−
1

4
g2

(

fabcΦ
b
ijΦ

c
kl

) (

fadeΦ
ijdΦkle

)

]

(1)

where µ, ν = 0, 1, 2, 3; i, j, k, l = 1, 2, 3; L = 1
2
(1 + γ5), R = 1

2
(1− γ5); and χ̃i = Cχ̄iT with

C the charge conjugation operator.

The action (1) is invariant under the N = 4 supersymmetry [3]

δAa
µ = i

(

ᾱiγµLχ
ia − χ̄a

i γµLα
i
)

.

δΦa
ij = i

(

ᾱjRχ̃a
i − ᾱiRχ̃a

i + ǫijklᾱ
kLχla

)

.

δLχia = σµνF
µνaLαi − γ.DΦijaRα̃j +

1

2
gfabcφ

ik
b Φ

c
kjLα

j

δRχ̃a
i = σµνF

µνaRα̃i + γ.DΦa
ijLα

i +
1

2
gfabcΦ

b
ikΦ

kj
c Lα̃j . (2)

where αi transforms as a 4 and ᾱi as a 4̄ under an internal SU(4) symmetry.

The group indices a, b, c run over the dimension of the gauge group a, b, c = 1, ....., dG. For
G = SU(N) or U(N), dG = (N2 − 1) or N2 respectively. Note that the infintesimal
supersymmetry parameter αi is singlet under the gauge group G. This assumption will be
relaxed for misaligned supersymmetry in the next section.
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III. Misaligned supersymmetric gauge field theory (MSGFT)

The name is taken from [4] where string models without supersymmetry were studied,
particularly the supertrace conditions necessary for cancellation of ultra violet divergences.
The nonsupersymmetric quiver gauge theories introduced in [5] and analyzed further in [6]
satisfy such supertrace conditions if all scalars are in bifundamentals [7] so the name
“misaligned” supersymmetric gauge field theory (MSGFT) is appropriate. In [4], however,
no explicit field transformation underlying misaligned supersymmetry was given and my
aim here is to suggest how this may be accomplished.

More recently, in [8], it was discussed how chiral trangle anomalies can be compensated
in MSGFT.

A specific MSGFT model is defined by several integers, namely N (the number of
coalescing parallel D3 branes in AdS/CFT, also the N in the gauge group U(N)n), n
(defining the abelian orbifold group Zn, also the n in the gauge group U(N)n); and three
integers A1, A2, A3 which specify the embedding Zn ⊂ SU(4) where SU(4) is the internal
symmetry of the N = 4 case corresponding to replacing the orbifold by a manifold. Note
that the fourth integer A4 defining the transformation of the 4 of SU(4) is not independent
because A4 = −A1 − A2 − A3 (mod n). In summary, MSGFT models (of the subclass
studied in [5, 6]) are specified by five integers {N, n,A1, A2, A3}.

The action for such a MSGFT in the present notation (adapted from [3, 7]) is

S =

∫

d4x

[

−
1

4
Fµνa;r,rF

µνa
r,r +

1

2
DµΦ

a
ij;r+ai,r

DµΦa
ij;r,r+ai

+ iχ̄a
r+Am,rγ.DLχa

r,r+Am

−
1

2
igfabc

(

¯̃χai
r,r+Am

Lχ
jb
r+Am,r+Am+An

Φc
ij;r+Am+An,r

− χ̄a
i;r,r+Am

Rχ̃b
j;r+Am,r−An

Φijc
r−An,r

)

−
1

4
g2

(

fabcΦ
b
ij;r,r+ai

Φc
kl;r+ai,r+ai+aj

)(

fadeΦ
ijd
r+ai+aj ,r+aj

Φkle
r+aj ,r

)

]

(3)

in which the ai are defined by ai = A2 + A3, a2 = A3 + A1, a3 = A1 + A2; the subscript
r = 1, 2, ....n is a node label; when the two node superscripts are equal it is an adjoint plus
singlet of that U(N)r; when the two subscripts are unequal it is a bifundamental and the
two gauge labels transform under different U(N) gauge groups.
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Now we address the question of what variation of the fields in the action (3) will leave it
invariant. Given the field content, the infinitesimal fermionic parameters must transform
under the U(N)n gauge group. As a generalization of equations (2), we suggest

δ
(

A(p)
µ

)βp

αp
= i

(

[ᾱi]
βp,γp
αp,δp+Am

γµL
(

χi(p,p+Am)
)δp+Am

γp
−

(

χ̄
(p−Am,p)
i

)δp

γp−Am

γµL[α
i]
αp,γp−Am

αp,δp

)

δ
(

Φ
(p,p+ai)
ij

)αp+ai

αp

= i

(

[ᾱj]
αp+ai

,βp

αp,βp+Am
R
(

χ̃
(p,p+Am)
i

)βp+Am

βp

− [ᾱi]
αp+ai

,βp

αp,βp+Am
R
(

χ̃
(p,p+Am)
j

)βp+Am

βp

+ǫijkl[ᾱ
k]

αp+ai
,βp

αp,βp+Am
L
(

χl(p,p+Am)
)βp+Am

βp

)

.

δ
(

Lχi(p,p+Am)
)αp+Am

αp
= σµν

(

F µν(p)
)γp

βp
L[αi]αp+Amβp

αpγp

−γ.D
(

Φij(p,p+ai)
)βp+ai

βp
R[α̃j ]

αp+Amβp

αpβp+ai

+
1

2
gǫαp+ai

βp+ai
γp+ai

ǫβpγpδp
(

φik(p,p+ai)
)βp+ai

γp

(

Φ
(p,p+ai)
kj

)γp+ai

δp
L[αj]

αp+Amαp+ai

αpβp

δ
(

Rχ̃
(p−Am,p)
i

)αp

αp−Am

= σµν

(

F µν(p)
)γp

βp
R[α̃i]

αpβp

αp−Amγp

+γ.D
(

Φ
(p−ai,p)
ij

)βp

βp−ai

L[αj ]
αpβp−ai

αp−Amβp

+
1

2
gǫαp+ai

βp+ai
γp+ai

ǫβpγpδp
(

φ
(p,p+ai)
ik

)βp+ai

γp

(

Φkj(p,p+ai)
)γp+ai

δp
R[α̃j ]

αpαp+ai

αp−Amβp
(4)

The equations (4) are written so that they reduce to the N = 4 equations (2) when the
internal U(N)n dependence of the fermionic generators is removed and are written such
that the transformation properties under the gauge group U(N)n are consistent for each
term in the field transformations (4).

In the limit Am = ai = 0 and n = 1, the bifundamentals become adjoints and the
couplings in the transformations Eq.(4) reduce to those in Eq.(2); this requirement excludes
further (symmetric) cubic couplings in Eq. (4).

We see that the infinitesimal generators n Eq. (4) must generically be outer products
of two bifundamentals under U(N)n although in all terms of (4) this reduces to an outer
product of one adjoint with one bifundamental. In the transformation of the χi fields I have
for definiteness specialized to the case N = 3 in generalizing the structure constants fabc of
(2) for adjoint representations to the antisymmetric tensors ǫαβγ in (4) for bifundamental
representations; for general N one can form #2 a unique antisymmetric cubic invariant
from bifundamentals writable in two equivalent forms

fabc(λ
a)i

i
′ (λb)j

j
′ (λ

c)k
k
′Φi

′

i Φ
j
′

j Φ
k
′

k or ǫijklmn...xyzǫi′j′k′lmn...xyzΦ
i
′

i Φ
j
′

j Φ
k
′

k (5)

#2I thank Professor T.W. Kephart for this remark.
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IV. Discussion.

A first issue concerns the no-go theorems of [1,2]. There is no problem with [1] which
did not consider fermionic generators and the generalized no-go theorem in [2] implic-
itly assumes that the fermionic generators are singlets under the gauge group; since this
assumption is violated in misaligned supersymmetry, the no-go theorem [2] is inapplicable.

There remain a number of questions to be explored: Does variation under the field
transformations (4) really provide an exact symmetry of the action (3)? Do the generators
form a closed algebra and the transformations a group? What are the representations of
this group? The quiver diagram must form a representation but it may be reducible. It
would be interesting to know the irreducible representations. Do MSGFT share properties
of supersymmetric gauge theories such as non renormalization theorems? Can a MSGFT
be conformally invariant?

It opens the door for research to study TeV scale conformality models, alternative to
TeV scale supersymmetry. Experiment will enable us to ascertain the approach favored
by Nature.
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