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1 Introduction

In these notes we deal with the class of Frobenius manifolds related to Hurwitz spaces of moduli of
meromorphic functions on Riemann surfaces (see [2]).

The key observation of the present paper is the identification of the isomonodromic tau-function
(see [2], [3], [4], [B]) of this class of Frobenius manifolds with (—1/2)-power of the Bergmann tau-
function which was introduced in [8] in rather different context. We show that the quadratic Hamil-
tonian from [2] coincides (up to a constant) with the value of the Bergmann projective connection
calculated in the natural local parameter at the critical point of the meromorphic function. This
simple observation enables us to apply the results of [8] and explicitly calculate the isomonodromic
tau-functions of Frobenius manifolds related to the Hurwitz spaces of moduli of meromorphic functions
on surfaces of genus 0 and 1. This immediately leads to general formulas for the G-function (see [4]
and [5]) of the above Frobenius manifolds . (We recall that the G-function of a Frobenius manifold
provides a solution of the so-called Getzler equation (see [7], [5]); for some classes of Frobenius mani-
folds it plays a role of generating function of Gromov-Witten invariants of algebraic varieties ([4]); in
the general case it describes first-order deformations of dispersionless integrable systems.)

As a simple consequence we prove the recent conjecture of Strachan [13] which claims the following
formula for the G-function of the Frobenius manifold C x CN=1 x {3z > 0}/J(Ay_1):

N +1

G =—Inn(to) — —5;

tN.

Moreover, using the results of [8], we get the expression for the modulus square of the isomonodromic
tau-function (and, hence, for the real part of the G-function) in case of Hurwitz spaces in higher genus.

The present work was inspired by [13] where an alternative approach to the calculation of the
G-function of Frobenius manifold was developed.

2 Preliminaries

In this section we briefly outline some basic facts and definitions from the theory of Frobenius manifolds
(121, 3], 4], [5], [11], [1], [10]).
2.1 Hurwitz spaces and Frobenius manifolds

Here we mainly follow [2], Lecture 5, departing somewhat from Dubrovin’s original notation. Let
Hy n(ki, ..., ki) be the Hurwitz space of equivalence classes [p : £ — P'] of N-fold branched coverings

p: L — P, (2.1)

where L is a compact Riemann surface of genus g and the holomorphic map p of degree N is subject
to the following conditions:

e it has M simple ramification points Pi,..., Py € L with distinct finite images A1,..., Ay €
C c P,
e the preimage p~!(oc0) consists of [ points: p~!(c0) = {o01,...,00;}, the ramification index of the

map p at the point ooj is k; (1 < k; < N).



(The ramification index at a point is equal to the number of sheets of the covering which are glued
at this point, a point oo; is a ramification point if and only if £; > 1. A ramification point is simple
if the corresponding ramification index equals 2.)

Notice that k1 +---+k = N and M = 29 + 1+ N — 2. (The last equality is a consequence of
the Riemann-Hurwitz formula.) Two branched coverings py : £1 — P! and py : Lo — P! are called
equivalent if there exists a biholomorphic map f : £1 — Lo such that psf = p;.

The Hurwitz spaces Hy n(k1,..., k) can be also described as spaces of meromorphic functions of
degree N on Riemann surfaces of genus g with [ poles of orders ki, ..., k; and simple critical values.

For example, the space Ho y(IN) has an equivalent description as the space of polynomials £ =
P32 A(z) e P!

Mz) =2 + a2V 24 a2V P 4+ +ay, (2.2)

whereas the space Hy ny(k,N — k) (1 < k < N —1) can be described as the space of ”trigonometric
polynomials” £ =P! 3 z — A\(z) € P!

b
Az) = v 44 ZN—]\ik; by # 0. (2.3)

We assume that the critical values of A(z) in (2.2) and (2.3) are simple (i. e. the derivative A\'(z) has
only simple roots and A(2;) # A(2;) for distinct roots 21, 22 of X'(2)).
Introduce also the covering Hy v (k1,. .., k;) of the space Hy n(k1,...,k;) consisting of pairs

<[p L PeHyn(ky,... k), {aa,ba}gzl>,

where {aq,bs}?_; is a canonical basis of cycles on the Riemann surface L.
Obviously, for g = 0 the spaces Hy y(k1, ..., k) and ﬁo,N(k‘l, ..., k) coincide.
The spaces Hy n(k1,...,k;) and ﬁ% ~N(k1,..., k) are connected complex manifolds of dimension

M =2g+ 1+ N — 2, the local coordinates on these manifold are given by the finite critical values of

the map p (or, equivalently, the finite branch points of the covering (2.1)) A1,..., Ay
In [2] it was introduced the notion of so-called “primary” differentials on the Riemann surfaces

L; each primary differential ¢ defines a structure of Frobenius manifold My on H gN(k1, ... k). We

will not reproduce here the complete list of primary differentials (see [2]). We only notice that in

the case g > 1 the normalized ( faa wg = d4p3) holomorphic differentials wz on Riemann surfaces £
are primary differentials. The (meromorphic) differentials dz and % on the Riemann sphere L are
primary differentials in cases of the spaces Ho n(N) and Ho n(k, N — k) respectively.

The structure of Frobenius manifold My on H g.N(k1,..., k) is defined by the multiplication law in

the tangent bundle : 9y, 09y, = dmn0Oy,,, the unity e = Z%:l O, , the Euler field F = Z%:l Am O

and the one-form (42 = ZM {Rest%}d/\m, where ) is the coordinate on the £ lifted from the

m=1

m

base P!. The invariant metric n(v, w) = Q42 (vow) on the Frobenius manifold turns out to be flat and
potential (i. e. Egoroff-Darboux metric). In the coordinates A1, ..., Ay (which are called canonical)
this metric is diagonal

M ¢2
n E nmm( m) ;' Mmm = Resp, <d)\> ( )
m=1
. . . _ N nVmm : loqr ]
and its rotation coefficients v, = RV, (m # n) have the following properties: First, they are

independent of the choice of a primary differential ¢. Second, they satisfy the equations

Oy Ymn = YmkYkn , for distinct k,n,m; (2.5)
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M
e(’Ymn) = Z 8Ak’Ymn =0, (26)
k=1

which provide the flatness of metric (2.4). Finally, the action of the Euler vector field on 7y, has the
form

M
E(’Ymn) = Z )‘ka)\k’}/mn = —Ymn- (27)
k=1

The following three examples of Frobenius manifolds related to Hurwitz spaces are of special
interest, since they arise also in the theory of (respectively) Coxeter, extended affine Weyl and Jacobi

groups (see [2], [3], [1]).

e My.n. The underlying Hurwitz space here is the space Ho y(/N). In this case g =0, [ = 1; the
primary differential defining the structure of Frobenius manifold is dz.

e Mo.x N—k. The underlying Hurwitz space is Hy y(k,N —k) (¢ =0,1=2,1 <k < N — 1); the
Frobenius structure is defined by the primary differential %.

° l\A/ILN. The underlying space here is the covering H 1,N(NV), g =1, I = 1; the primary differential
on the elliptic surface £ is the normalized ([, w = 1) holomorphic differential w.

Due to [3], the first N — 1 flat coordinates of the metric 7 in case of the Frobenius manifold
M. N—1, of dimension M = N are given by

t, = (—1)“+1§Resz:w M) dnz, 1<p<k-—1,

N —k
1
The last flat coordinate ¢V is defined by the equation

tn_p = (~1)F Res,—o [(—1)¥A2)]" " P dinz, 1<p<N—k

by = (—1)Y exp [(N — k)tw ] (2.8)

To write down the flat coordinates on the Frobenius manifold Ml; ~n (of dimension N + 1) set
z(P) = folzlw, where oco; is the point on £ such that p(co;) = oo and A(z(P)) = p(P). Then the

flat coordinates to, ...ty are given by (see [1]): to = [,w = o, where o is the modulus of the elliptic
curve £, t; = [, A\(z(P))dz(P) and

p—1

ty = Res;—0 2[A(2)]” ¥ dA\(2), p=2,...,N. (2.9)

2.2 Isomonodromic tau-function and G-function of Frobenius manifold

Let My be the Frobenius manifold with underlying Hurwitz space H g,N(k1,...,k;) and the Frobenius
structure given by a primary differential ¢. Set I' = ||Vpmn||mn=1,....m (the diagonal elements of the
matrix I" are not defined), U = diag(\1, ..., A\y) and V = [I', U]. Here v, are the rotation coefficients
of the metric (2.4), A1,..., Ay are the canonical coordinates on My. The matrix V' is well-defined
since the diagonal elements of I' do not enter the commutator [I', U].



The isomonodromic tau-function 7; of the Frobenius manifold M is defined by the system of

(compatible) equations
OlnTt T

o =Hy;, m=1,..., M, (2.10)
where the Hamiltonians H,, are defined by
1 |
H,=- — . =1,...,M. 2.11
> o m (2.11)
n#m;1<n<M

Let ¢1,...,ta be the flat coordinates on the Frobenius manifold M. The Jacobian J = detH‘rg‘T:LH
can be expressed as follows in terms of metric coefficients 7,,:

M 1/2 M ¢2 1/2
J = <H 77mm> = (H ReSpma> . (212)
m=1 m=1

The G-function of the Frobenius manifold My is defined as follows

G=In < i ) . (2.13)

J2a

3 Isomonodromic tau-function of Frobenius manifold and Bergmann
tau-function on Hurwitz space

3.1 Rotation coefficients of the flat metric 7 and the Bergmann kernel

First, we recall the definition of the Bergmann kernel. In the case g > 0 the Bergmann kernel on
the Torelli marked Riemann surface £ is defined by B(P,Q) = dpdgIn E(P,Q), where E(P, Q) is the
prime-form on £ (see [6]). At the diagonal P = @ the Bergmann kernel is singular:

Ba(P)2(@) = ( sy + HE(P)2(Q)) da(P) do(Q) (3.1)

where

H(x(P),2(@) = £Sn(x(P)) +o(1) (32)

as P — @Q. Here z(P) is a local coordinate of a point P € L, Sp is the Bergmann projective connection
(see, e.g., [6],[14]).

If g=0and z: £L — P! is a biholomorphic map then the Bergmann kernel is defined by
dz(P)dz(Q)

B(2(P),2(Q)) = =(P) = 2(Q))?

(In particular Sp(z) = 0 in the local parameter z.)
Near a simple ramification point P, € £ of covering (2.1) we introduce the local parameter

T (P) = (MP) — )2, (3.3)

where A\(P) = p(P), A\, = p(Py); m=1,...,M.



Let U(P,,) and U(P,) be small neighborhoods of ramification points P, and P,. For (P,Q) €
U(Py) x U(P,) we set
B(zm(P), 2n(Q))
Az, (P)dz,(Q) -

Lemma 1 (c¢f. [9]) The rotation coefficients ymn of the metric n = 2%21 Resp,, <g> (d\)? are
related to by, (P, Q) as follows

1
’Ymnzibmn(Pmypn); m,n=1,..., M; m#n (34)

Proof. For g > 1 the proof is contained in [9]. In brief, it looks as follows: Since the rotation
coefficients are independent of the choice of a primary differential ¢, it is sufficient to verify (3.4) only
in the case ¢ = wy, where w; is the holomorphic differential on £ such that faa w1 = 014. For such a
primary differential we have

dx 2
Now (3.4) follows from the definition of rotation coefficients and the Rauch formula:

Z?in [wii(ycx;(g)) ‘P:Pm] - %bm"(Pm’P") {%‘p:&] : (3.5)

Consider the case g = 0. Let z : £ — P! be a biholomorphic map such that z(co;) = co. Then ¢ = dz
is a primary differential in the sense of Dubrovin. For this primary differential

' (@m)dzm]” _ 1 xm:o}z, (3.6)

Nmm = Resg,, —g——————— = —{z'(:nm)
Let us prove an analog of Rauch’s variational formula for the meromorphic differential dz. Setting

w2 w1 (Tm 2
T = Resp, 75 = 3 [ ilinm((PP))) ‘P:Pm:|

20 mdTm, 2

am = 2 () . e get
€T

m=

%{dz} = a%n {(am +O(VA = Am)) 2\/%] = <5”2"b;;m + O(1)> A, (3.7)

as T, — 0. Thus, the meromorphic differential %dz has the only pole at P,, and, therefore,

0 1 [B(P,x,)2 (xy)
o (@=(P)} =3 [— %:0] : (3:8)

On the other hand as P — P,, for m # n, we have

dx,

oy,

0 0
sz = s (am + O = (mn n o<xm>) dzy.

Thus, due to (3.8), we get the following analog of the Rauch formula (3.5):

o %dZ(:Um)

OA\n dxm,
Now (3.4) follows from (3.6), (3.9) and the definition of rotation coefficients. [J

1
= §bmn(Pm,Pn)an. (3.9)

Tm=0

Remark 1 Lemma 1 clarifies properties (2.5) — (2.7) of the rotation coefficients. Namely, property
(2.5) is nothing but the Rauch variational formula for the Bergmann kernel, equations (2.6) and (2.7)
follow from the invariance of the Bergmann kernel under the translations A — A+ € and (respectively)
dilatations A — (1 4 0)\ of every sheet of the covering (2.1).
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3.2 The Bergmann tau-function

Introduce the quantities
1

By, = _ESB(:Em) - _0; m=1,..., M,
where Sp is the Bergmann projective connection from (3.2), x,, is, as usually, the local parameter
(3.3) near the ramification point P,,. In [8] it was introduced the so-called Bergmann tau-function 7

on the Hurwitz space H ¢,N Which is defined by the system of equations:

dlnTp

o = Bmi m=T1 M (3.10)

The local solvability of system (3.10) can be obtained, in particular, from the symmetry of the
Bergmann kernel and the first statement of the following lemma.

Lemma 2 The quantities By, satisfy the following equations:

O, Bm = —ibf,m(Pm,Pn), m # m, (3.11)
M
e(Bm) =>_ 03,Bm =0, (3.12)
n=1
M
E(Bm) = A0r,Bm = —Bm. (3.13)
n=1

Proof. Since the singular part of the Bergmann kernel in a neighborhood of the ramification point
P, is independent of {\,}, we have

1
m = T 5 binm P7 . 14
O, B 5 Obmm(PQY (3.14)
Computing the r.h.s. of (3.14) via the Rauch formula for the Bergmann kernel:
1
8)\mbnk(Pa Q) = §bnm(Pa Pm)bmk(Pma Q) ) (315)

we get (3.11).

Under the translation A\ — A+ ¢ and the dilatation A — (146)A of each sheet of covering (2.1) (the
both transformations generate conformal isomorphisms of £) the Bergmann kernel remains invariant:
BY(P,Q) = B’(P*,Q°) = B(P,Q).

We have the following transformation rules for the local parameter x,, and the critical values \,;:
25,(P) = 2(P), 8(PP) = (14 ) 22m(P); Aoy = A+ 6, Ay = (14 0)Am.

Therefore, the function H from (3.1) transforms as follows:

HE (2, (P%), 23, (Q%)) = H(2m(P), 2 (Q)) (3.16)



and

HO (@, (PY), 8,(Q") = ——H (@ (P). 2:(Q)). (3.17)

Differentiating equations (3.16) and (3.17) with respect to € and ¢ respectively, we get

df‘[6 8HE
I o (3.18)
and 5 -
dH H 1
WA 1
DL vl e (3:.19)

Setting in (3.18) and (3.19) e = 0 and 6 = 0 and, then, P = @, we get (3.12) and (3.13). O

3.3 Relation between 75 and 77

The following simple observation provides a basis of this work.

Proposition 1 The Bergmann tau-function g from [8] and the isomonodromic tau-function 11 are
related as follows
= (rp)" Y2 (3.20)

Proof. Let H,, be the quadratic Hamiltonians from (2.11). Due to lemmas 1 and 2, we have

Z)\ _/\ Z"Ymn _n):

n;ém

= Z b2, (Prms Po)Am—An) = —% > (Am=An)0, B = —% Am YO0 B = D A0, B | =

1 ¢ 1
= 5 112::1 )\na)\an = _EBmy

which proves (3.20). O

3.4 The Bergmann tau-function for coverings with arbitrary branching over the
point at infinity

In [8] the Bergmann tau-function 75 was explicitly calculated in cases of Hurwitz spaces Ho n(1,...,1)
and H; n(1,...,1). In higher genera (i. e. for the spaces ﬁgw(l, ..., 1) with g > 2) in [8] there were
found expressions for the modulus square |75[2. (It should be noted that in [8] the general situation
of Hurwitz spaces of coverings with higher multiplicities of the finite branch points was investigated.
This general case corresponds to nonsemisimple Frobenius manifolds which are not considered here.)

A slight modification of the proofs from [8] leads to the explicit formulas for the Bergmann tau-
function for the Hurwitz spaces Ho n(k1,. .., k) and H 1,N(k1,..., k) of coverings with the branching
of type (ki1,...,k;) over the point at infinity. (Coverings from Hy n(1,...,1) considered in [8] have no
branching over the point at infinity.)



First, consider the case g = 0. Let [p: £L — PY] € Hon(k1,...,k). Let also z : L — P! be a
biholomorphic map such that z(co;) = oo and

z(P) = A(P))]V* +0(1), (3.21)

as P — oo1, where A\(P) = p(P).
Introduce the local parameter (s near the point cogs with s > 2:

Gs(P) = A7k (P).

The map z near the point cos (s > 2) is a holomorphic function of (5. Near the simple ramification
point P, the map z is a holomorphic function of the local parameter x,, from (3.3). The next
statement is a modification of Theorem 6 from [8]. Its proof is essentially the same.

Proposition 2 The Bergmann tau-function on the Hurwitz space Hon(ki1,..., ki) is given by the

following expression
1
ks+1Y 12
Hl dz
s=2 dCs C:(]

M d
Hm:1 d;cfn

(3.22)

Tm=0

Let now g=1and [p: £L — P!] € ﬁLN(k:l, ..., k), where L is an elliptic Riemann surface. Let w
be a holomorphic (not necessarily normalized) differential on £. Introduce the notation

_ w(G(P)) o
hs—W‘PZOOS, S—l,...,l
" (@n(P)
w xm . j—
In = " P (P:Pm7 m=1,... M.

Let o be the modulus of the elliptic surface £. Define the Dedekind eta-function by

n(o) = {%@ Eg} (z,0) 220}1/3.

The next statement is a modification of Theorem 5 from [8].

Proposition 3 The Bergmann tau-function on the Hurwitz space fILN(k‘l, ..., k) is given by
l k 15
_ REstL 2
TB="1" {711;41 : } : (3.23)
Hm:l fm

Due to Riemann-Hurwitz formula the r. h. s. of (3.23) is independent of normalization of the
holomorphic differential w.

Remark 2 The way to obtain (3.22) and (3.23) in [8] was somehow indirect. Namely, these formulas
were deduced from the study of the appropriately regularized Dirichlet integral S = % i) r |px]?, where
e?|dA|? is the flat metric on £ obtained by projecting down the standard metric |dz|? on the universal
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covering £. The derivatives of S with respect to the branch points can be expressed through the values
of the Schwarzian connection at the branch points; this reveals a close link of S with the modulus of
the Bergmann tau-function. On the other hand, the integral S admits an explicit calculation via the
asymptotics of the flat metric near the branch points and the infinities of the sheets of the covering.
Moreover, it admits a “holomorphic factorization” i.e. it can be explicitly represented as the modulus
square of some holomorphic function, which allows one to compute the Bergmann tau-function itself.

To prove relations (3.22) and (3.23) directly (i. e. without any use of Dirichlet integrals) remains
an open problem.

4 (G-function of Frobenius manifolds related to Hurwitz spaces in
genera 0 and 1
4.1 The general formulas for the G-function

The following two theorems are immediate consequences of propositions 2, 3 and 1.

Theorem 1 The G-function of the Frobenius manifold with underlying Hurwitz space Ho y(k1, ..., ki)
and the Frobenius structure given by a primary differential ¢ can be expressed as follows:

Zm =0 . (4.1)

HM dz
m=1 drm
1

ks+1 " o\ 3
<5:0> <Hm:1 Restﬁ)

1
1
24 ! l dz
Hs:2 <dg‘S

Theorem 2 The G-function of the Frobenius manifold with underlying Hurwitz space ﬁl,N(kzl, )
and the Frobenius structure given by a primary differential ¢ can be expressed as follows:

M
G = % In Ly Jim —Inn(o). (4.2)
2
[Tooy st <Hn]\f:1 ReSng_,\>

N

4.2 Examples
4.2.1 Mon

The Frobenius manifold M,y is isomorphic to the orbit space CcN-1 JAnN_1 of the Coxeter group Ay_;
(see [2]).
In this case [ = 1 and the first factor at the denominator of (4.1) is absent. As a map z we can
take one given by (2.2), so
1
24
xm—0>

1 1
M is 8 M
¢* )Pz,
(mlzll Resta> < I | Resxm_o 2 = const | | d:nm

and, therefore, G = const.
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4.2.2 MoxnN_k

According to [3], tlze Frobenius manifold My, y— is isomorphic to the orbit space of the extended
affine Weyl group W*(Ay_1).
1
In this case | = 2, z is given by (2.3). Using the equality (o = A\” ¥-%, we get

dz 1 d\ 1 N=hl
- -wrom (@) “mwomtr oo

G=0 N do

as z — 0 and
ko+1

v N—k+1
dz u bem
C2 N

¢

Since ¢ = 22, we have

1
M dz

N ¢2) 1 < )] dﬂl‘m) % B <Hm:1 dxm $m=0> '
Resp,, — Resg,, = = const - ,
(ngl P 11 ’ 2a:m[ (m)]? <H%:1 7m) 3

where 7, = z(P,,) are the critical points of the map A(z).
On the other hand, M =29+ 1+ N —2 = N and

N
k-1 (k= N)by _ E]lh=1(z — )
N(z)=kz""" 4o SNkl SNkl

Therefore,
M
BT vm = (N = k)by
m=1

and (up to a constant independent of {\;})
1 Inby 1

AN k'™

in agreement with the main result of [13].

4.2.3 Min

The Frobenius manifold M; y is isomorphic to the orbit space C x CN~1 x {Sz > 0}/J(An_1) of the
Jacobi group J(An_1) (see [2] and [1]).
In this case | = 1, M = N + 1. Following [1], we start the enumeration of the flat coordinates from

0. We have
M = M 2 M o7
452 . w(zm(P)) _
<£1 Res Pma) = const (gl 7da:m P) ‘P:Pm> = (gl fm)

1

On the other hand, since (; = A"~

tn = Res.—o (2[A(2)] 5 dA(2)) = Resg, o ( <<1>‘f§) = ()], =M
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and

G = —Inglty) - 21

t
24 N

which proves the conjecture from [13].

5 Some remarks on higher genus case

Here we give a formula for the modulus square of the tau-function of Frobenius manifolds related to
the Hurwitz spaces Hy n(k1, ..., k) with g > 2. From this formula one can derive an expression for the
real part of the corresponding G-function. For simplicity, we consider only the case k1 = --- =k =1,
the results in the general case differ insignificantly.

If the covering £ has genus g > 1 then it is biholomorphically equivalent to the quotient space H/T',
where H = {z € C : &z > 0}; I is a strictly hyperbolic Fuchsian group. Denote by wp : H — L the
natural projection. Let x be a local parameter on L. Introduce the standard metric of the constant

curvature —1 on L:
|dz|?
2 b

X@2)|dg|? = (5.1)

REd
where z € H, np(z) = P, z = z(P).

Denote by ¢ = 1/ the local coordinate in a neighborhood of the infinity of any sheet of covering L.
Introduce functions x“**(\, A), X (2, Zm), m = 1,..., M and X2 (¢, (), k=1,...,N by specifying
x =\, ¢ =z, and x = ¢ (in a neighborhood of the point at infinity of kth sheet) in (5.1) respectively.

Consider the following domain on kth sheet of £: L5 ={X € LF : ¥Ym |X=Xn,| > p & |A| < 1/p},
where ), are all the branch points which belong to the k-th sheet £F of the covering £. (The sheet
LF can be considered as a copy of the Riemann sphere P! with appropriate cuts between the branch
points; the domain E’; is obtained from £* by deleting small discs around branch points belonging to
this sheet, and the disc around infinity.)

The function ¢ : LF — R is smooth in the domain £’; for any sufficiently small p > 0. This
function has finite limits at the cuts (except the endpoints which are the branch points); at the branch
points and at the infinity there are the following asymptotics

— 1 _ —
O3 AP = A= Al 72+ O(IA = A7) (5:2)

as A — A\, and -
O (A NP =407 + O(]A1 %) (5.3)

as A — 0o. We define the “truncated” integral T}, by

N
T, — Z/ O 2 AN A dN]/2 (5.4)
—=1"7L5
Then there exists the finite limit

N
reg/ﬁ(!xﬂ2 +¢)|dA A dX|/2 = lim <Tp +Y /ﬁk eXi™ |dA A dX|/2 + (8N + 4M)r In p) . (5.5)
k=1
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Define the function S by

1
xn=0 3

M N
1 - 1 .
O e (7 KLURS SIUNCUCI B 5 S
n=1 k=

e8] .
EE;Xk(ngZO’
(5.6)
and introduce the determinant of Laplacian operator (in the Poincaré metric) detA = exp{—(’(0)},
where ((s) is the zeta-function of the Laplacian on the Riemann surface L.

Let B be the matrix of b-periods of the Riemann surface L.
The following theorem is a consequence of Theorem 9 from [8] and Lemma 1.

Theorem 3 Let g > 2. The modulus square of the isomonodromic tau-function on ﬁng(l, ..., 1) has
the following representation
s, (det SB)Y/2

(detA)1/2 (5:7)

Ir]>=e

Remark 3 At the moment we don’t know the explicit holomorphic factorization (similar to that in
genera 0 and 1) of the r. h. s. of (5.7). Finding of such a factorization seems to be of great interest.

Let My be the Frobenius manifold with underlying Hurwitz space H ¢,N(1,...,1) and the Frobenius
structure given by a primary differential ¢. From Theorem 3 it follows that the real part of the G-
function of My is given by

M
1. 1, (detSB) 1 ¢’
ReG = 38 + 1 Tay — g o] I Res 5. (58)
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