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ON THE EIGENSTATES OF THE ELLIPTIC CALOGERO-MOSER
MODEL

KOUICHI TAKEMURA

To the memory of Denis Uglov

ABSTRACT. It is known that the trigonometric Calogero-Sutherland model is
obtained by the trigonometric limit (7 — y/—100) of the elliptic Calogero-
Moser model, where (1, 7) is a basic period of the elliptic function.

We show that for all square-integrable eigenstates and eigenvalues of the
Hamiltonian of the Calogero-Sutherland model, if exp(2m+y/—17) is small enough
then there exist square-integrable eigenstates and eigenvalues of the Hamil-
tonian of the elliptic Calogero-Moser model which converge to the ones of the
Calogero-Sutherland model for the 2-particle and the coupling constant [ is
positive integer cases and the 3-particle and | = 1 case.

In other words, we justify the regular perturbation with respect to the

parameter exp(27y/—17).
With some assumptions, we show analogous results for N-particle and [ is

positive integer cases.

1. INTRODUCTION

The elliptic Calogero-Moser model (or elliptic Olshanetsky-Perelomov model) is
a quantum many body system whose Hamiltonian is given as follows,

1o 2
H:=—§ZW+Z(1+1) Z o(z; — x;), (1.1)

i=1 1<i<j<N

where p(z) is the Weierstrass elliptic function. ([[L0])

This model is known to be integrable, i.e. there exists N-algebraically indepen-
dent commuting operators which commute with the Hamiltonian H. ([L(])

In this article, we are going to investigate the eigenstates of the Hamiltonian H.

It is known that the Hamiltonian of the trigonometric Calogero-Sutherland model
is obtained by the trigonometric limit (7 — y/—100) of the elliptic Calogero-Moser
model, where (1, 7) is a basic period of the elliptic function.

For the trigonometric case, the eigenstates are known. They are described by
the Jack polynomial. The eigenvalues are also known.

The main idea of this article is to connect the elliptic model with the trigonomet-
ric model, and obtain some information about the eigenstates and the eigenvalues
of the elliptic model.

Since the first term in the expansion of the Hamiltonian of the elliptic model
as a power series in p = exp(2my/—17) is up to constant the Hamiltonian of the
trigonometric model, we can obtain the formal eigenstates of the elliptic model by
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the perturbation method, i.e. we obtain the formal eigenstates as the formal power
series of p. But the convergence is not guaranteed a priori. For example the formal
perturbation expansion of the eigenstates of H = —dd—; + 22 + ax* with respect to
a does not convergent regularly.

The main result of this article gives a sufficient condition for the regular con-
vergence of the perturbation expansion. In particular, for the 2-particle and the
coupling constant [ is positive integer cases and the 3-particle and [ = 1 case, we
have the convergence for all eigenstates related to Jack polynomial. The theorem
guarantee sthe numerous square-integrable eigenstates and their eigenvalues. (see
Conjecture El, Remark below Conjecture m, and Theorem @)

The main tool is the Bethe Ansatz method. The Bethe Ansatz method replaces
the problem of finding eigenfunction of the Hamiltonian by solving the transcen-
dental equation which is called the Bethe Ansatz equation. For the 2-particle and
l € Z~q cases, this reduces to the Bethe Ansatz for the Lamé equation and was
performed more than a century ago. ([E]) For the N-particle and | € Z+( cases,
Felder and Varchenko obtained the Bethe Ansatz equation by investigating the
asymptotic behavior of the integral representation of the solution of the Knizhnik-
Zamolodchikov-Bernard equation. ([H])

After obtaining the Bethe Ansatz equation, there are two things to be considered.
The first one is to find the condition when the eigenfunction obtained by the Bethe
Ansatz method is connected to the square-integrable eigenstate and the second one
is how the solution of the Bethe Ansatz equation behaves.

The first question is not so difficult. The condition is described as a certain
continuous parameter belonging to some lattice. For details see Lemma @

The second question is serious. We consider the solution at p = 0 (the trigono-
metric limit) and look into the behavior where p is near 0. In this step, the key
lemma is the implicit function theorem.

In this way, we construct the square-integrable eigenstates and obtain the main
result.

Let us comment on the relationship between the eigenstate obtained by the
Bethe Ansatz method and the finite dimensional invariant subspace preserved by
the Hamiltonian of the elliptic Calogero-Moser model.

For the case [ € Z~o/N, the Ruijsenaars operators (a g-analogue of the operators
of the Calogero-Moser model) preserve the finite dimensional subspace of theta-type
function, which depends on [. By considering the limit ¢ — 1, we recognize that
the commuting operators of the elliptic Calogero-Moser model preserve the finite
dimensional subspace of periodic functions, which depends on {. (See @, E, ﬂ,
etc.)

The space spanned by the square-integrable eigenstate obtained by the Bethe
Ansatz method is different from the the finite dimensional space of doubly periodic
functions. If a function obtained by the Bethe Ansatz method belong to the finite
dimensional space of doubly periodic functions, the function has poles and is not
square-integrable. To obtain the square-integrable eigenstates, we will consider the
(anti-)symmetrization in section B.4. In the procedure of (anti-)symmetrization,
the function vanishes.

Since the eigenstate obtained by the Bethe Ansatz method is directly connected
to the Jack (or Macdonald) polynomial, we can conclude that the diagonalization
of the finite dimensional space of the theta-type function is not directly connected
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to the Jack (or Macdonald) polynomial with a “physical” parameter but with a
“non-physical” parameter.

This article is organized as follows.

In section 2, we review the properties of the Jack polynomial. In section 3, we
discuss the Bethe Ansatz method of the elliptic Calogero-Moser model, trigono-
metric limit and corresponding results. In section 4, we solve the Bethe Ansatz
equation, which is necessary to establish the main theorem. In section 5, we give
some comments.

2. JACK POLYNOMIAL

2.1. Calogero-Sutherland model and Jack polynomial. The Calogero Suther-
land model is a model of a 1-dimensional quantum many body system.([@]) The
Hamiltonian is given by

a 1
= (<icien Sin (m(zi — x5))
We set X; := exp (27r\/—1:vi) and My :={A= (A1, Aa,..., AN)|i > § =
A — )\j < ZZQ}.
The eigenstates of the Calogero Sutherland model are described by the Jack

polynomial J m) ) (12, @),

HCS(J( + ’(X)A(X)l“) (eo + 22 BT 10 () A (X)L

(2.2)

where g = $72(l + 1)2N(N? = 1), A(X) = (X1 X2...Xn) 7 [[o;(Xi — X))
and E&a] = El LA+ ZN N+1-20 \;. In particular, the ground-state is given by
A(X)H'l.

We set |A] := sz\il A; and define a partial ordering in My by A = p & |A| =
|/1'|7 Z;‘:1 Aj = 23:1 M (i= 17"'7N)'

Let m* be a monomial symmetric function associated with X, ie. m* :=
DS X XEN. The function m? is a polynomial up to the multiplication
of (X1...Xn)* for some a.

We summarize the property of the polynomial J ia).

T (X) =m* + 3 & mk, (2.3)
pn=X
(X)), T (X)) = 8y e, (2.4)

where the inner product (-,-) is given by

7 ’ N| <H%X 127T\/_X ) A(X)éf(Xlu7XN)A(X)ég(X1,,XN)7

, X; = X; ! and 55\027 ¢y are some constants.
We will define the Jack polynomial associated with the weight £ € PT. We put

€=, &€ then & — & € Zo (i > j), and we set JO (X) = J) . (X). The
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eigenvalue E&a] is written as (A+1p, A+ 1p)— L (p, p), where p := Zﬁl R
is the half sum of positive roots.

3. BETHE ANSATZ FOR THE ELLIPTIC CALOGERO-MOSER MODEL

1. Bethe Ansatz. In this section, we introduce the Bethe Ansatz method for
the N-particle elliptic Calogero-Moser model with the coupling constant [ posi-
tive integer. Most of the results mentioned in this section are due to Felder and
Varchenko. ([, {])

From this section we adopt the Hamiltonian shifted by some constant, i.e.

H™O -:__Z W+1) Y (olei—aj) +2n), (3.1)

1<i<j<N

where 7 :=72(3 =437, %) and p = exp(2my/—17).

First we fix the parameters N and I. We set m := IN(N — 1)/2. Let ¢ :
{1,...,m} — {1,...,N} be the unique non-decreasing function such that ¢=*(j)
has (N — j)I elements.

Let ¢; (1 <i < N) be an orthonormal basis of RY. We realize the simple roots
of An_1 type as a; = €; — ¢;41. We also realize the set of roots R, the root lattice
Q, the weight lattice P, and the set of the dominant weights Pt in the space
b = (i, wie| L, @i = 0}

We set p; :=i(2N — i — 1)l/2 and define

‘/;i = {pi—1+17pi—1+27"'7pi} (1 SZSN_l)

Let W be the set of maps w = (w1, ...,wyn) (w; : V; = {i,i+1,...,N —1}) such
that #{w; '(j)} =lfor 1 <i<j < N—1. Forw= (wy,...,wy_1) € W, let F,
be the set of maps f = (f1,..., fnv—2) (fi : Viz1 — Vi) such that (i) f; is injective
(ii) If f;(x) = y then w11 (z) = w;(y).

We set
Z Y Lexp(rayv/—1(n — 1/2)?) sin(2n — 1)7, (3.2)
01(2) 0'(0)0(z — \
0(x) := , oax) = ————= 3.3
We introduce the functions @ (t1,...,t,) and w(t; x) as follows
Dp(ty,. .. tm) = 2™V HEE tioc) (3.4)
II o)™ I ewi—t)* JI ot—t)" (3.5)
1<j<(N-1)l (i) =e(@) et~ c(l=1
N-1 Pi
w(t;z) = 2mTV=I(E X miei) Z Z H H O, 41 (tp — tfi(k))
weW fEF, i=1 k=p;_1+1 (3.6)

where to = 0, fo(k) = 0.
Then we have
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Proposition 3.1. (, ﬂ]) If (19,...,t%) satisfy the following Bethe Ansatz equa-
tions,

y =0 (1<i<m). (3.7)

the function w(t;x) is an eigenfunction of the Hamiltonian H™Y) with the eigen-
value

212 (€, ) —2m/_ S(tTl,... I NiT),s (3.8)
where S(t1, ..., tNiT) = 325 (e(iys Qe )log 0(ti — 1) = > (i)=1 1N log 0(t;).

Remark At a glance, the expression of w(t"; z) is different from Felder and Varchenkos’
one, but the two are the same in fact. Our expression is indicated by the limit

(¢ — 1) of the expression of the Bethe vector of the Ruijsenaars model, which is
obtained by Billey.([[l]) m
Therefore if we find the solution of the Bethe Ansatz equation, we can investigate
the Calogero-Moser model more effectively. For this purpose, we will consider the
trigonometric limit and investigate the solutions of the Bethe Ansatz equations for
both the elliptic and the trigonometric model.

3.2. Trigonometric limit and the main theorem. We investigate the trigono-
metric limit to have a link to the Calogero-Sutherland model.

We set T} := =27V =1t and X; := €2™V =171 As p — 0, we have the limits (z) —
sinmx, ®,(t1,...,tm) — const. P (T1,...,Ty), and w(t,x) — const.ws (T, X),
where

(I)tri(Tl, o ,Tm) — H Tj*(i*ﬂ,ac(j))) H (1 _ Tj)le (39)

j=1 e(i)=1

II @-1 I @-1)"

c(i)=c(J) le(i)—c(d)|=1
i<j i<j
wiri (T, X) = HZ : X(g - Z Z H ﬁ Sk Tt
T 9 - _ l _ ’

Hz<] (X weW feF, i=1 k=p;_1+1 Tk Tf(k) (310)

where Tp = 1 and fo(k) = 0.
Let Ff; (resp. Fn,) be a complement set of the set of zeros and poles of the
function of the function @, (t1,...,tm) (resp. Pui(Th, ..., Tim)).

We set
Sym(l)f(xl NN CCN) = { ZUESN f(IU(l)’ co ’IU(N)) ! %S Odd,
Y ZUESN Sgn(U)f($U(1)7 e ,UCU(N)) l is even.
The following conjecture describes the behavior of the solution of the trigono-
metric Bethe Ansatz equation. For some special cases, the conjecture is true.

Conjecture 1. Let& = ZZ mal = va | mie; be an element of PT. If(z:Z Cmili,a) &
{0,£1,...,£l} for all « € R, there exists o € Sy such that there is a non-
degenemte critical point (T, ..., T2) € Fny of ®4i(Th, ..., Tr) with the parameter

&= ZZ L m i€ such that Sym )th(T X) is non—zero. Here the non-degenerate

critical pomt means the critical point (TY, ..., T2)(i.e. W |( .0y = 0) such that

the Hessian at the critical point is non-zero.
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Remark For each N € Z>3 and | € Zxq, there exists infinite é € P7 such that
Conjectureﬂl is proved. O

Proposition 3.2. C’onjectureﬂ is proved for the N = 2 and l € Z~q cases, and
the N =3 andl =1 case.

We will discuss this in detail for the N = 2 and [ € Z+( cases in section @ and
he N =3 and [ =1 case in section @

The following lemma is the key point to connect the trigonometric solutions and
the elliptic ones.

Lemma 3.3. Let € be an element of b*. Let (TO,T9, ... TO)= (e~ 2™V~11 ¢=2mV=1t;
—2mV/=1ty, m) € Fn, be a non-degenerate critical pomt of @i (3.9). Then there
emsts some € € R>0 such that if |p| < e then there is a non-degenerate critical
point (tT 15 tg 9y ety Y ) of ®, (i.e. a non-degenerate solution of the elliptic Bethe
Ansatz equatwn) Jor the same & and (12 1,495, ...,12,,) = (89,19, ...,13,) as p — 0.

»Yrm

This lemma follows from the implicit function theorem. The condition (17, 7%, ...,T0) €
Fn; is necessary to apply the implicit function theorem.
We introduce lemmas which are needed to obtain the main theorem.

Lemma 3.4. Let £ = val m;A; be an element of the weight lattice P. Assume

(ZNllmzAz,a) ¢ {0,£1,...,£l} for all « € R. Let (tTl,tTg,...,tgm) € Iy,
be a solution of the Bethe Ansatz equation for ®, and w(t%;x) be the Bethe vector
(3.6). Then SymWw(t9; x) is square-integrable on [0, 11N and also the eigenfunction
of the operator H™®).

Remark Lemma B4 determines the condition for the existence of the square-
integrable eigenstates for H™(. If ¢ = Zfil miA; € (h* \ P) then Sym©Dw(t2; z)
is not square-integrable. O

Lemma 3.5. Let £ = Z _1miA; be an element of P. Assume (Eﬁ_ll miN;, ) &
{0,£1,...,£l} for all « € R. Choose & € P* and o € Sn such that £ = o(§).
Let (Tlo,TQO, ..., T%) be a solution of the Bethe Ansatz equation associated with
¢ and wm»(TO;X) be the corresponding eigenfunction. Then Sym(l)thi(To;X) =

(1)
const. Jg/HzH-l) (X) - A(X)HL

By applying the Lemmas E, @, @, we have

Theorem 3.6. Let X\ be an element of PT. We set p = e2mV=lr, Assuming
Conjgecture || for the weight A + (I 4+ 1)p, then there exists ¢ € Rsqo such that if

|p| < € then for each p there exist eigenvalues EY and eigenfunctions FY (z1,...,2N)

of the Hamiltonian of the elliptic Calogero-Moser model H™W such that El —
[71] (1)

22 BT 4 eg+ 2N(N )l(l+1) Fl(z1,...a5) = AX)FLLTT (XL Xy)

as p — 0 and F{(x,.. 18 square- mtegmble i.e.

/ / |FY( (z1,...2N5)|%dzy ... dey < c0.

Here the function Ji”_l)(Xl,...,XN) is the Jack polynomial associated to the
weight A and X; = exp(2mv/—1x;).

As a corollary, we have
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Corollary 3.7. For the N =2 andl € Z~q cases, and the N =3 and l =1 case,
Theorem @ is proved for all A € Pt without assumption.

From the uniqueness of the perturbation expansion up to constant, we have

Theorem 3.8. Let \ be an element of PT. If the condition of Theorem @ holds

a”
for X\, the perturbation expansion related to the eigenstate J)(\l“)(Xl, ..., XN) con-
verges regularly.

In particular, for the N =2 and | € Z~¢ cases, and the N = 3 andl =1 case,

_1
the perturbation expansion related to the eigenstate J)(\l“)(Xl, ..., XnN) converges
reqularly for all A € PT

4. SOLUTIONS OF THE BETHE ANSATZ EQUATION

4.1. 2-particle case. In this section we will consider the N = 2 case.

The Bethe Ansatz equation is given by %‘I;T =0 (1<i<]I), where

b, = eﬂﬁzézl mity H H(tj)_2l H H(ti — tj)Z.

1<5< 1<i<j<l

We set s := x1 — x2. The operator H7 is replaced by

2
ds?
We calculate the Lh.s. of the equation (3.6). We find that the eigenfunction (Bethe
vector) is equal to

H™ = + 1T+ 1D)(p(s) + 2n). (4.1)

ﬂﬁmISG(s —tl) .. 9(5 —tl)
e 00 , (4.2)
up to constant.

We will confirm Conjecture m for the N = 2 and | € Zso case. For this
purpose, we will investigate the trigonometric case. In this case the condition
(Zf;l m;N\;, ) & {0,£1,..., %} for Va € R is equivalent to the condition m; &
{0,+1,...,£l}.

The function ®;,; for the N = 2 case is

l
—mi1+1 —
O = [[ 7™ -1 [ (@-1)%
j=1

1<i<j<l

The critical points of the function ®;.; and the Hessian at the critical points
were calculated by Varchenko to calculate the norms of the Bethe vector which is
obtained by the asymptotic behavior of the integral representation of the solution
of the KZ equation.

Let (T7,...,T7) be a critical point of ®. Set

o= 3 TOLLTY, m= Y (1-T9)...(1-TY).

J1<--<Ji J1<--<Jji

Then we have

Proposition 4.1. ([i4))

C(INTremi+l+l— 1\ 1y [+
Ul_(i)H —-my—j 7T\ jl;llm1+j'

Jj=1
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Moreover the critical point exists uniquely if the numerators and the denominators
are non-zero for all i € {1,...,1}.
We set
0 02 9
§:= H (T; = T7)", Hess:= det (8Ti6Tj (—nlog@))ij

1<i<j<l

Proposition 4.2. ([B])

—my —j — 1)3
Hess = 1! .
,H —my + 1+ 5)(=20+ )

If my ¢ {0,+1,...,£l} then O'i,O'l'(Z =1,...,1),d,Hess are finite and non-zero.
Hence the solutions of the Bethe Ansatz equation belong to Fb; and are non-
degenerate.

The function ws;(T, X) is given by

l
H (X1 Tk — Xo). (4.3)

zle 3ma

ri(T,X) = ti
Wi ( ) = cons X=X

We can check that if my ¢ {0,£1,..., 4} then Sym! wm-(T, X) is non-zero.
Therefore we have proved Conjecture [ll for the N = 2 and | € Z~( case and
obtain Corollary B.7q

4.2. 3-particle and [ =1 case. We will consider the N = 3 and [ =1 case.
The Bethe Ansatz equation is given by %‘It’ =0 (1 <i<3), where
O, = 2Vttt mats) (6(41)0(t,)) "20(ty — t2)*(0(ts — t3)0(ta — t3)) ™
The eigenstate (the Bethe vector) of the operator H™®) with N =2 and | = 1
is equal to

6271'\/—1(%(2m1—m2—m3)+%(;E1+12—213))

{6‘(%1 — X9 — tl) 9(1:1 — X3 — tg) 9(1:2 —x3 —t3+ tg)

0(t1) 0(t2) O(ts — ta)
6‘($1 — X3 — tl) 9(1:1 — X9 — tg) 6‘($2 —x3 —t3 + tl) }
0(t1) 0(ts) O(ts —t1) ’

up to constant.

We will confirm Conjecture EI for the N = 3 and [ = 1 case. For this purpose, we
will investigate the trigonometric case. In this case the condition (Ziv:_ll miN;, a) &
{0,£1, ..., £l} for Va € R is equivalent to the condition my, ma, mi+ms & {0, £1}.

The function ®y,; is

By = (T To) "™ (1) M2t ) (1) (1-T2)) =3 (T —To)(Ty —T3) (T —T3) *
The critical point of ®y,.; is
T0 (m1 + mo — 1)(m2 — 1)
3 (m1+m2—|—1)(m2—|—1)7
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and (T7,TY) are the solution of the following equation,
(m1 +ma +1)(m1 + 1) X%+ 2(—=m3 — myma +2)X + (my +me —1)(my — 1) = 0.
Therefore we have
(m1 =+ mo — 1)(m1 — 1)
(m1 + mao + 1)(77’1,1 + 1)7
6

1-TH(1-T9) = ,
( 1)( 2) (m1+m2+1)(m1+1)
H (10— 70Y2 — 2(my + mg — 1)2(2m3 + 2myms — m3 — 3)3'

¢ J (m1 4+ D*(ma + 1)*(m1 + ma + 1)8

Ty =

1<i<5<3
The value of the Hessian at the critical point is

1 (m1 + 1)3(m2 + 1)3(m1 —+ mo + 1)5
6 (m1 - 1)(m2 - 1)(m1 =+ mo — 1)3 ’

Hence if mi,ma,m1 + mo ¢ {0,£1}, then the solutions of the Bethe Ansatz
equation with the parameter (mj,mso) = (M1, ma) or (my,ma) = (—ma, —mM1)
belong to F3; and are non-degenerate.

The function wy,.;(T, X) is given by

X%;ll +%X 7?1 +%X 7?1 ———
wiri (T, X') = const. L 2 3
tri ) (X1 — X2) (X2 — X3)(X2 — X3)
(XhTh — Xo) (XiTo — X3) (XT3 — XoTh)
T TS T3 — 1T
4 (XhTh — X3) (XhTo — Xo) (X115 — XoTh)
T 15 T3 -1 '

We can also check that if my, ma, m1 +mo & {0,£1} and (mq, ms2) € F5 ;1 then
Sym(l)wm(T, X) is non-zero.

Therefore we have proved Conjecture [l| for the N = 3 and [ = 1 case and obtain
Corollary B.7

5. CONCLUDING REMARKS

5.1.  In this article we have explained how to obtain the square-integrable eigen-
states based on the Bethe Ansatz method and have shown the convergence of the
perturbation series.

We will comment on some features of the perturbation expansion.

The elliptic Hamiltonian admits the expansion H = Ho+>_ -, p'V;, where Hy is
the trigonometric Hamiltonian up to constant. To get the perturbation expansion,
we must calculate Vi, = Zc(;)#z/}w where 1) are the eigenstates of Hy. In our
cases, this process is reduced to the calculation of the Pieri formula of the Jack
polynomial, i.e. Jye; = > d(;L
polynomial. The Pieri formula is written explicitly in [H]

There are merits for the perturbation method. The calculation of the perturba-
tion does not essentially depend on the coupling constant [ although the calculation
of the Bethe Ansatz method strongly depends on [. The Bethe Ansatz method is
valid for [ € Z~¢ but the perturbation method is valid for all cases if we ignore the
convergence. We hope that the “eigenstates” obtained by the perturbation method
converge for all cases.

u, where e; is the j-th elementary symmetric
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5.2.
the ell

KOUICHI TAKEMURA

The g-deformation of the elliptic Calogero Moser model is known. It is called
iptic Ruijsenaars model. For the elliptic Ruijsenaars model, the Bethe Ansatz

method is also known. ([, fl))
Based on the Bethe Ansatz method, we can obtain similar results on the elliptic
Ruijsenaars model.
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