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A NOTE FOR EXTENSION OF ALMOST SURE CENTRAL LIMIT
THEORY

YU MIAO AND GUANGYU YANG

ABSTRACT. Hoérmann (2006) gave an extension of almost sure central limit theorem
for bounded Lipschitz 1 function. In this paper, we show that his result of almost
sure central limit theorem is also hold for any Lipschitz function under stronger
conditions.

1. INTRODUCTION

The classical results on the almost sure central limit theorem (ASCLT) dealt with
partial sums of random variables. A general pattern is that, if X;, Xs,... be a
sequence of independent random variables with partial sums S, = X; + -+ + X,

satisfying (S, —b,)/a, £, H for some sequences a,, > 0, b, € R and some distribution
function H, then under some mild conditions we have

n

lim ! Z%I{(Sk—bk)/akgx}zﬂ(x) a.s.

n—oo logn p

for any continuity point x of H.

Several papers have dealt with logarithmic limit theorems of this kind and the
above relation has been extended in various directions. Fahrner and Stadtmdiiller

| gave an almost sure version of a maximum limit theorem. Berkes and Horvath

| obtained a strong approximation for the logarithmic average of sample extremes.
Berkes and Cséki @] showed that not only the central limit theorem, but every weak
limit theorem for independent random variables has an analogous almost sure version.
For stationary Gaussian sequences with covariance r,,, Csédki and Gonchigdanzan B]
proved an almost sure limit theorem for the maxima of the sequences under the con-
dition r, log n(loglogn)'** = O(1). For some dependent random variables, Peligrad
and Shao ﬁ] and Dudzinski M] obtained corresponding results about the almost sure
central limit theorem.
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Recently, Hormann ﬂa] gave an extension of almost sure central limit theory under
some regularity condition as the following form:

hlezdkf——bk /f )dH (z) a.s. (1.1)

where f is a bounded Lipschitz 1 function and Dy = ij:l d, {di}r>1 is a sequence
of positive constants. Using his method, we will show that for any Lipschitz function
f, (LI) holds under some additional conditions.

At first, we give our main result.

Theorem 1.1. Let X1, X, ... be independent random variables with partial sums S,
and assume that

L

. Sn
: (Cy) For some numerical sequences a, > 0 and b,, we have — — b, = H

Qn

Y

where H is some (possibly degenerate) distribution function.
: (Cy) kdi, = O(1) and for some 0 < a < 1, dipk® is eventually non-increasing.

D
: (C3) For some p >0, dy = O(MT;W)

: (Cy) There exist positive constants C, 3, such that a/a; < C(k/1)? (1 <k <
l). Furthermore, for some 0 <1 < p,
E Sn

Qn

n "t O(1), for some integer > (2V4/(p—r)). (1.2)

Then for any Lipschitz function f on the real line, we have (11]).

Remarks 1.2. Obviously, for any bounded Lipschitz 1 function f, under the above
assumptions, the equation (II) holds, i.e. we can obtain Theorem 1 in [6].

2. PROOF OF THEOREM [L.1]

In this section, we will give the proof of Theorem [L.I], according to the process of
Hérmann in [d].

Lemma 2.1. (See Lemma 1 in [6] ) Let (Dy) be a summation procedure, then the
condition (Cs) of Theorem [ implies that Dy = o(N¢) for any € > 0.

Lemma 2.2. Assume that condition (Cy) of Theorem [L1l is satisfied and b, = 0.
Then for every Lipschitz function f: R — R there exists constant ¢ > 0 such that

)Cou( (S’“),f<sl>>)<c(k:/l) 1<k<l), (2.1)

ag ap

where 3 is the same as in (Cy).
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Proof. Firstly, we assume f(0) = 0. Denoting ||f|| the Lipschitz constant of f, we
get, by using the independence of S, and S; — Sy,

() )] = e 12) 5%
< EUE) - (52]-EE) -1 (55)

<IPe[3] v P[]y

ay,

<ol P e[ 5] < 20)sE [ 3] 1y

k ay,

where the last inequality is due to condition (C'4) Since the equation ([[2)), we can
St
take ¢ > 0 such that for any k& > 1, 20||f||2E[ } < ¢. So (2J)) is obtained.
aj,

If £(0) # 0, we can define a function g, such that g(z) = f(x) — f(0), then g is a
Lipschitz function and ¢(0) = 0. And noting that,

(1 (2).1(3)) = oo ). (2)

we complete the proof of the lemma.
O

Remarks 2.3. It is obvious to see that if we replace 8 by any 0 < 3 < f3, the
Lemma [2.2] also holds. Hence, without loss of generality, we can assume that /3 is the
same as « in condition (Cy) of Theorem [I11

Next we will use the following notations,

a=1(2)-ms(2), g () —mr((ER). ey

Lemma 2.4. Assume that condition (Cy) of Theorem [l is satisfied and b, = 0,
and define § and &y as in (22). If {dy,k > 1} are arbitrary positive weights, then
we have for any k <m <n andp € N, p < p,

E‘ g:ndz(fl — &,z)‘p < Ep(édﬁym,

where E, = cpC”Hpr[(%) Y (1 + %)}p/z and Kk = 20.
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Proof. Let Q(1) = Q(k,1) = & — &y, then
moor =l (1) (o)~ (3) 1 ()

a; a; a;

<172+ (1))

Qp
S S P
<ol a2+ e (20w
<o CPSIP R,

where C'is the same as in condition (Cy) and ¢, is a positive constant such that for

all k, E(@ +E(@
Qe Qe

p
)) < ¢p. Thus by the Holder inequality, we get

B[S dte— ] €30 3 du-dy (EIQUP- - EIQU)P)

li=m lp=m

<c,CP|| f|[Pk?” Z Z dy, - -dz,,ll_ﬁ . .gp—ﬁ
lp=m

li=m

:Cpcpr”pkpB ( zn: dll_g>1”
l=m
n P2 /e~ on \P/
SCpCprHpmpB(Zszl) (;l 28 1)

l=m
For m > 2, it is easy to see that

o

mPB(XH:l—%—l)p/Q mpﬁ [—26- 1dl

e )y

where x := 2. Similarly, we get for m =1

(S < o)
=1 R

Hence, we have
B S die — | < e lrtey (S ain)”
l=m l=m

where 7(k) := [(%) Y (1 + é)} . This completes the proof of our result. O
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Lemma 2.5. Assume that conditions (C3) — (Cy) of Theorem[I1 are satisfied. Fur-
ther let b, = 0 in condition (Cy) and f be a Lipschitz function. Then for everyp <
and p € N we have

S (3) -2 ()

where C, > 0 is a constant and [ is the same as in (Cy).

<o ¥ sty e

1<k<I<N

Proof. At first, we set C), = (49)”" and

n l
Vi = Zdll‘ﬁ(dekﬁ), (1<m<n).
l=m k=1

For obtaining our result, it is enough to show that the following claim,
"if the number v is chosen large enough, then

E) 3 dkgk‘p < OV, for all 1<m<n, (2.4)

k=m

where & is defined as in (2.3).
We will use induction on p to show (24]). By Lemma 22 we have

E‘ Z dkgk‘ < 2 Z dkdl|E€k€l| < 2c Z dkdl k’/l)ﬁ < QCan

m<k<Il<n m<k<i<n

Hence if we choose v so large that (47)* > 2¢, then (24]) holds for p = 2.
Assume now that ([24) is true for p—1 > 2. From kd, = O(1) it follows that there

is a positive constant A such that 22:1 dik? > AlP. Then we get for V,,,, < v as
the proof of Lemma 2.4] there exists a constant A, such that

IE‘ ;dk&f’ Z Z dig, -+ dpe, (E[&gy |7 - - E|€kp|p)1/p

ki=m

<A 1P Z Z dy, -+~ dy

ki=m kp=m

(Y a)
k=m
<4, firar( i aik ™ i a’))".
k=m =1

Now choose 7 so large that the C, < (A,"?| f||/A)Py*/%. In the case of V},,, < 7, we
have shown (2.4]) is valid.
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We now want to show that if for any given X > v and the inequality (2.4]) holds
for V,,,, < X, then it will also hold for V,,,, < 3X/2 and this will show that (2.4)
holds for any value of V,, ,,, i.e. complete the induction step.

Assume V,,,,, < 3X/2 and set

S1+ Sy = Z di& + Z Api, To = Z dwr, (m < w <n).

k=m k=w+1 k=w+1

From the discussion of Lemma 4 in Hérmann, S. [6] (2006), and Lemma .11 for a
fixed m and n we choose w in such a way that

Vm,wSXv Vw-l—l,nSX and %:)‘6[1/271]

From the mean value theorem we get
1S5 — T3] < 1Sy = Tl (|1Sol " + TP (5> 1). (2.5)
Since condition (Cy) and Remarks 23] there exists a constant B > 0 such that for
alll > 1,

!
B dik’ > 1"d;.
k=1
This also shows that

> 1d < BV, foralll <m <n.

l=m

By Lemma 2.4] we get for all j > 1,
E|52 - T2|j < Fj(vw—l—l,n)j/zu

where F; = Bi/ 2F; and FEj is the constant in Lemma 2.4
From the induction hypothesis in the case of 1 < j < p — 1 and from the validity
of 2.4)) for V,,,, < X in the case of j = p, we have

IE|Sl|j < Cj(vm7w)j/2> (1<j5<p) (2.6)
and
E[So < Cj(Vips1.0)"? < CN2(Vinw)??, (1< j < p). (2.7)
The remains of the proof are the same as in Lemma 4 in Hormann, S. [6] (2006), but
for completeness, we still give the proof. By C inequality, we have
| < 27CiN2 (Vi) (1<) < p). (2.8)
Furthermore, from Holder inequality the following result is easy,
E[S) 7Sy — Tol|SaP 771 < (BISi[P)Y/P(E[Sy — Tof?) /P (B[ Sy|P)P—= 1/
< C}gp—l)/pFZ}/pA(p—j)/2(Vmw)p/?. (2.9)
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The last inequality remains valid, with an extra factor 2°P~7~! on the right hand
side, if |So[P~7~1 on the left hand side is replaced by |T3|P~7~!. Since S; and T, are
independent, we get

p—1
E[S) + SofP <E[Si[P +EIS)” + > G4(E[S PS5~ — TV + E| S, PE[T7),
j=1
where G denote the combination, i.e., G = p![j!(p—j)!]_l. Substituting (2.5) — (Z.9)
(using also the analogue of ([2.9) with |75/P=7~1) in the above inequality and get

p—1
E|S; + Sof? Scp(Vm,w)p/z (1 NP2 4 Cp—l/prl/p Z Qp—jG;(p — A=/

j=1
p—1
G Y 2HIGATRCC, ).
j=1
Note that
-1 1 1/2 1 -
C, /”Fp/” < const - (k)" cp/p(47) P
and

CiCpj/Cp < (A7), (1< j<p-1),
thus, by A < 1, we have

p—1
CyUPEYP S "I (p— NI < const - 7 (k) 2p ey
j=1
and
p—1
Cp_l Z 2p_jG;)\(p_j)/2Cij_j < const -y P.
j=1
Since A > 1/2 we have shown that for a large v the relation E|S; + SyP < C,(1 +
NP2V )P/ = Cp (Vi )P/? is true, ie., for Vi, < 3X/2, 24) is valid. O

Lemma 2.6. (See Lemma 5 in []) Assume the condition (Cs) of Theorem I is
satisfied. Then for any o > 0 and any n < p, we have

N 2
> aa(7) =0( )

Proof of Theorem [I.1l Without loss of generality, from Lemma and Lemma
2.6l we have, for any ¢ > 0, p < p and p € N,

N
P() 3 dkgk‘ > 5DN> < ¢(p,e)(log D)2, for N > N,.
k=1
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Since p > (2V 4/(p —r)) for some 0 < r < p, we can choose suitable n < p and p
such that pn > 4. By (Cs), we have Dyy,/Dy — 1, thus we can choose (IV;) such
that Dy, ~ exp{/j}. Applying Borel-Cantelli lemma, we get

Nj
. -1 .
}E& DNj kg_l A& =0 a.s..

For N; < N < Nj.;, we have

N N;
DM kgl < DD diéel +2(Dy,,, /Dy, — 1) acs..
k=1 k=1

The convergence of the subsequence implies that whole sequence converges a.s., since
Dy, ,/Dn; — 1. This complete the proof of the theorem. O
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