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Skew group algebras of pieewise hereditary algebras are

pieewise hereditary

Julie Dionne, Marelo Lanzilotta and David Smith

Abstrat. We show that the main results of Happel-Rikard-Sho�eld (1988)

and Happel-Reiten-Smalø (1996) on pieewise hereditary algebras are oherent

with the notion of group ation on an algebra. Then, we take advantage of

this ompatibility and show that if G is a �nite group ating on a pieewise

hereditary algebra A over an algebraially losed �eld whose harateristi

does not divide the order of G, then the resulting skew group algebra A[G] is
also pieewise hereditary.

Let k be an algebraially losed �eld. For a �nite dimensional k-algebra A, we
denote by modA the ategory of �nite dimensional left A-modules, and by Db(A)
the (triangulated) derived ategory of bounded omplexes over modA. Let H be a

onneted hereditary abelian k-ategory. Following [7℄ (ompare [5, 9℄), we say that

A is pieewise hereditary of type H if it is derived equivalent toH, that isDb(A)
is triangle-equivalent to the derived ategory Db(H) of bounded omplexes over H.

Over the years, pieewise hereditary algebras have been widely investigated and

proved to be related with many other topis, suh as the simply onneted algebras

and the trivial extensions, the self-injetive algebras of polynomial growth and the

strong global dimension.

Hereditary ategories H having tilting objets are of speial interest in repre-

sentation theory of algebras. The endomorphism algebras EndH T of tilting objets

T in H, alled quasitilted algebras, were introdued and studied in [8℄. It is well-

known that H and EndH T are derived equivalent. When k is algebraially losed,

it was shown by Happel [6℄ that H is either derived equivalent to a �nite dimen-

sional hereditary k-algebra H or derived equivalent a ategory of oherent sheaves

ohX on a weighted projetive line X (in the sense of [3℄).

The aim of this paper is to study the skew group algebra A[G] (see Setion 1.1),

in ase A is a pieewise hereditary algebra. Our main result (Theorem 2) shows

that under standard assumptions, the skew group algebra A[G] is also pieewise

hereditary.

In order to give a lear statement of our main results, we need additional

terminology. Let G be a group and A be an additive ategory. An ation of G
on A is a group homomorphism θ : G // AutA (σ � //θσ ) from G to the group of

automorphisms of A. An objetM in A is G-stable with respet to θ, or brie�y G-
stable in ase there is no ambiguity, if θσM ∼= M for all σ ∈ G. For suh an objet,
the algebra B = EndA M inherits an ation of G from θ, denoted θB; see (1.1.2).
Also, given another additive ategory B and an ation ϑ : G // AutB (σ

� //ϑσ )

Key words: pieewise hereditary algebras, skew group algebras, hereditary ategories

2000 Mathematis Subjet Classi�ation: 16S35, 18E30

1

http://arxiv.org/abs/math/0703507v3
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of G on B, a funtor F : A //B is G-ompatible, with respet to the pair (θ, ϑ),
if Fθσ = ϑσF for every σ ∈ G.

Examples of partiular interest our when a group G ats on an artin algebra

A as above. Then the ation θ of G on A indues an ation θmodA of G on modA,
and further an ation θDb(A) on Db(A); see Setions 1.1 and 2.1.

This opens the way to our main results. Our �rst theorem stands as a gener-

alization of the main result in [9℄ and [7℄.

Theorem 1. Let A be a k-algebra, and H = modH, with H a hereditary algebra,

or H = ohX, the ategory of oherent sheaves on a weighted projetive line X. Let

G be a group, and θ : G // AutA and ϑ : G // AutH be �xed ations of G on A
and H.

(a) The following onditions are equivalent :

(i) There exists a G-ompatible triangle-equivalene E : Db(H) //Db(A)
(with respet to the pair of indued ations (ϑDb(H), θDb(A)));

(ii) There exist a G-stable tilting objet T in H and sequenes EndH T =
A0, A1, . . . , An = A of k-algebras and T0, T1, . . . , Tn−1 of modules

suh that, for eah i, Ai+1 = EndAi
Ti and Ti is a G-stable tilting or

otilting Ai-module (with respet to the indued ation ϑmodAi
), and

the indued ation ϑAn
oinides with θ;

(iii) There exist a G-stable tilting objet T in H and sequenes EndH T =
A0, A1, . . . , An = A of k-algebras and T0, T1, . . . , Tn−1 of modules

suh that, for eah i, Ai+1 = EndAi
Ti and Ti is a G-stable split-

ting tilting or otilting Ai-module (with respet to the indued ation

ϑmodAi
), and the indued ation ϑAn

oinides with θ;
(b) If the above onditions are satis�ed and G is a �nite group whose order

is not a multiple of the harateristi of k, then the algebra (EndH T )[G],
where T is as in (ii) or in (iii), is quasitilted and derived equivalent to

A[G]. In partiular, A[G] is pieewise hereditary.

The equivalene of the onditions (a)(i)-(a)(iii) of Theorem 1 were previously

shown in [7, 9℄ in the ase where, essentially, the ations θ and ϑ are the trivial a-

tions, that is trivial homomorphisms of groups. Atually, our proofs are adaptations

of the original ones.

In addition, it will beome lear in Setion 4 that any triangle-equivalene

Db(H) //Db(A) an be onverted into a G-ompatible triangle-equivalene. As

an appliation of this observation, together with Theorem 1 and Happel's Theorem

[6℄, we will obtain our main theorem.

Theorem 2. Let A be a pieewise hereditary k-algebra of type H, for some Ext-

�nite hereditary abelian k-ategory with tilting objets H. Moreover, let G be a

�nite group whose order is not a multiple of the harateristi of k. Then,

(a) If H = modH, for some hereditary algebra H, then for any ation of

G on A, there exist a hereditary algebra H ′
, derived equivalent to H,

and an ation of G on H ′
suh that A[G] is pieewise hereditary of type

modH ′[G].
(b) If H = ohX, for some ategory of oherent sheaves on a weighted pro-

jetive line X, then for any ation of G on A there exist an ation of G
on H and a G-ompatible triangle-equivalene E : Db(H) //Db(A) . In

partiular, A[G] is pieewise hereditary.

In Setion 1, we �x the notations and terminologies. Most of the neessary

bakground on weighted projetive lines is however postponed to Setion 4, sine

it is not expliitly needed until then. In Setion 2, we study the G-ompatible
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triangle-equivalenes of derived ategories indued by the G-stable tilting modules.

Setion 3 is devoted to the proof of Theorem 1. In Setion 4, we prove Theorem 2.

This involves showing that any triangle-equivalene between Db(H) and Db(A) an
be onverted into a G-ompatible equivalene when H is a module ategory over a

hereditary algebra or a ategory of oherent sheaves on a weighted projetive line.

Finally, in Setion 4.2, we give an illustrative example.

1. Preliminaries

In this paper, all onsidered algebras are �nite dimensional algebras over an

algebraially losed �eld k (and, unless otherwise spei�ed, basi and onneted).

Moreover, all modules are �nitely generated left modules. For an algebra A, we
denote by projA a full subategory of modA onsisting of one representative from

eah isomorphism lass of indeomposable projetive modules. Given an A-module

T , we let addT be the full subategory of modA having as objets the diret sums

of indeomposable diret summands of T . Also, the funtor D = Homk(−, k) is the
standard duality between modA and modAop

.

Let A be an algebra. An A-module T is a tilting module if T has projetive

dimension at most one, Ext1A(T, T ) = 0 and there exists a short exat sequene of

A-modules 0 //A //T0
//T1

//0 in modA, with T0, T1 ∈ addT .
For basi results on tilting theorey, we refer to [2℄, and for derived ategories

we refer to [5℄ or [15℄. For an objet M in a triangulated ategory, we shall denote

the image of M under the "shift" self-equivalene T by M [1], and similarly T nM
will be denoted by M [n] for any n.

1.1. Skew group algebras. Let A be an algebra and G be a group with

identity σ1. We onsider an ation of G on A, that is a funtion G×A //A ,

(σ, a)
� //σ(a) , suh that:

(a) For eah σ in G, the map σ : A //A is an automorphism of algebra;

(b) (σσ′)(a) = σ(σ′(a)) for all σ, σ′ ∈ G and a ∈ A;
() σ1(a) = a for all a ∈ A.

For any suh ation, the skew group algebra A[G] is the free left A-module

with basis all the elements inG endowed with the multipliation given by (aσ)(bσ′) =
aσ(b)σσ′

for all a, b ∈ A and σ, σ′ ∈ G. Clearly, A[G] admits a struture of right

A-module. Observe that A[G] is generally not onneted and basi, but this will

not play any major role in the sequel.

In addition, any ation of G on A indues a group ation on modA: for any

M ∈ modA and σ ∈ G, let σM be the A-module with the additive struture of

M and with the multipliation a ·m = σ−1(a)m, for a ∈ A and m ∈ M . Given a

morphism of A-modules f : M //N , de�ne

σf : σM //σN by

σf(m) = f(m) for
eah m ∈ σM . This de�nes an ation of G on modA; see [1℄.

When G = {σ1, σ2, . . . , σn} is a �nite group, the natural inlusion of A in

A[G] indues the hange of ring funtors F = A[G] ⊗A − : modA // modA[G]

and H = HomA[G](A[G],−) : modA[G] // modA . These have been extensively

studied in [1, 11, 14℄, for instane, assuming the order of G is not a multiple of

the harateristi of k. We reall the following fats from [11, (1.1)(1.8)℄.

Remark 1.1.1.

(a) (F,H) and (H,F ) are adjoint pairs of funtors.
(b) Let M ∈ modA and σ ∈ G. The subset σ⊗A M = {σ⊗A m | m ∈ M} of

FM has a struture of A-module given by a(σ⊗A m) = σσ−1(a)⊗A m =
σ⊗A σ−1(a)m = σ⊗A (a ·m), so that σ⊗A M and

σM are isomorphi as
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A-modules. Therefore, as A-modules, we have

FM ∼=

n⊕

i=1

(σi ⊗A M) ∼=

n⊕

i=1

σiM.

Then, HFM ∼=
⊕n

i=1(σi ⊗A M) ∼=
⊕n

i=1
σiM.

() Given a morphism f : M //N and σ ∈ G, the map

σf : σM //σN

beomes σ ⊗M //σ ⊗N : σ ⊗m � //σ ⊗ f(m) (that we also denote σf)
under the isomorphism

σM ∼= σ ⊗ M . In the sequel, we will freely use

both notations.

We also need the following key observation.

Remark 1.1.2. In what follows, it will be onvenient to onsider the ase where a

group G ats on a Krull-Shmidt ategory A (with, say,

σ(−) : A //A for σ ∈ G)
and T is a (basi) G-stable objet in A, that is, for eah σ ∈ G, we have an

isomorphism ασ : T //σT . In this ase, EndA T is naturally endowed with an

ation of G, given by σ(f) = α−1
σ ◦ σf ◦ ασ, for f ∈ EndA T .

2. Group ations and G-ompatible derived equivalenes

In this setion, we reall how an ation of G on an additive ategory A indues

an ation of G on the homotopy and derived ategories of A. One this is done,

we show that the equivalenes of derived ategories indued by G-stable tilting

modules are G-ompatible.

2.1. Group ations on homotopy and derived ategories. Let G be a

group and assume that A is an additive ategory on whih G ats. For eah σ ∈ G,
let

σ(−) : A //A be the automorphism of A indued by σ. For any omplex

M• = (M i, diM•)i∈Z over A and σ ∈ G, let σM•
be the omplex (σM i, σdiM•)i∈Z.

Moreover, given another omplex N• = (N i, diN•)i∈Z and a morphism of omplexes

f = (f i : M i //N i )i∈Z, let
σf = (σf i : σM i //σN i )i∈Z. Clearly,

σf is a mor-

phism of omplexes. Sine

σ(−) : A //A is an automorphism, this onstrution is

ompatible with the homotopy relation. This allows to de�ne, for eah σ ∈ G, an
endomorphism

σ(−) : Kb(A) //Kb(A) . Moreover, sine this ation preserves the

quasi-isomorphisms, it extends to an ation on Db(A).

Proposition 2.1.1. Let σ ∈ G. The mapping M• � //σM•
(where M•

is a om-

plex over A) indues an ation of G on Db(A). In addition, the automorphisms

σ(−) : Db(A) //Db(A) indued by the elements σ ∈ G are triangle-equivalenes.

At this point, reall that if A = modA, for some �nite dimensional k-algebra A
of �nite global dimension (for instane if A is pieewise hereditary [7, (1.2)℄), then

Db(A) has almost split triangles. We have the following result.

Proposition 2.1.2. Let A be as above and σ ∈ G. Then, the automorphism

σ(−) : Db(A) //Db(A) preserves the almost split triangles.

We get the following orollary, where the proof follows diretly from (2.1.2).

Corollary 2.1.3. Let A be as above and σ ∈ G. Then the Auslander-Reiten

translation τ and the funtor

σ(−) ommute on objets. In partiular, the funtor

σ(−) preserves the τ-orbits in the Auslander-Reiten quiver of Db(A).
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2.2. G-ompatible derived equivalenes. It is well-known from [5℄ that

any tilting module indues an equivalene of derived ategories. Here, we show

that the G-stable tilting modules indue G-ompatible equivalenes. We reall the

following fats from [5, (III.2)℄ : let A be a �nite dimensional k-algebra of �nite

global dimension. Given a tilting A-module T and B = EndA T , the funtors

(i) HomA(T,−) : Kb(addT ) //Kb(projB)

(ii) ρ : Kb(projB)
�
�

//Kb(modB) //Db(B)

(iii) φ : Kb(addT )
�
�

//Kb(modA) //Db(A)

are equivalenes of triangulated ategories, and the omposition

(iv)

RHom(T,−) = ρ ◦HomA(T,−) ◦ φ−1 : Db(A) //Db(B) takes T to B.

Observe that above, and below, the funtor HomA(T,−) is the omponent-wise

funtor taking a omplex T • = (T i, f i) inKb(addT ) to the omplexHomA(T, T
•) =

(HomA(T, T
i), HomA(T, f

i)) in Kb(projB).

Proposition 2.2.1. Let A be an algebra and G be a group ating on A. If T is

a tilting A-module whih is G-stable with respet to the indued ation of G on

modA, then the equivalenes (i)-(iv) given above are G-ompatible.

Proof. First, let θ : G // AutA be an ation of G on A and, for eah σ ∈ G,

let

σ(−) : modA // modA be the indued automorphism. Moreover, let T be

a tilting A-module whih is G-stable with respet to this ation, endowed with

isomorphisms ασ : T //σ ⊗ T for σ ∈ G as in (1.1.2). The G-stability of T gives

rise to a natural ation of G on addT . Then, following Setion 2.1, the additive

ategory Kb(addT ) inherits a (omponent-wise) ation of G. We also denote the

indued automorphism on Kb(addT ) by

σ(−), for σ ∈ G. Also, sine T is G-
stable, it follows from (1.1.2) that B = EndA T is endowed with a natural ation

of G, whih we extend to Kb(projB) and Db(B). Again, we denote the indued

automorphisms by

σ(−), for σ ∈ G.

(i) HomA(T,−) : Kb(addT ) //Kb(projB) . Let σ ∈ G and T • = (T i, f i) be a

omplex in Kb(addT ). We need to verify that σ ⊗B HomA(T, T
•) ∼= HomA(T, σ ⊗

T •) funtorially. To do so, for eah i onsider the map βi
from σ ⊗B HomA(T, T

i)
to HomA(σ⊗AT, σ⊗AT i) taking σ⊗g onto σg where σg is as in (1.1.1)(). Then βi

is a morphism of B-modules. Sine βi
is learly bijetive, it is an isomorphism of B-

modules. Sine the βi
's ommute with any morphism in addT , we have a funtorial

isomorphism of omplexes β•
. Now, sine T is G-stable, we have T ∼= σ ⊗ T and a

funtorial isomorphism

γ• : σ ⊗B HomA(T, T
•)

β•

// HomA(σ ⊗ T, σ ⊗ T •)
∼= // HomA(T, σ ⊗ T •) ,

showing that HomA(T,−) is G-ompatible.

(ii) and (iii). Sine the inlusions and loalization funtors are learlyG-ompatible,

so are ρ and φ. � �

3. Pieewise hereditary algebras revisited

The aim of this setion is to prove Theorem 1. Before doing so, we need to

reall some fats onerning skew group algebras and prove preliminary results.

3.1. Preliminary results. Let A be an algebra and G = {σ1, σ2, . . . , σn} be

a �nite group ating on A whose order is not a multiple of the harateristi of

k. Let σ1 be the unit of G, T be an A-module and f : FT //FT be a k-linear

morphism. Sine FT ∼=
⊕n

i=1(σi ⊗A T ), f is given by a matrix f = (fσi,σj
)1≤i,j≤n

where eah fσi,σj
is a morphism from σj ⊗ T to σi ⊗ T . Clearly, f is A-linear if

and only if eah fσi,σj
is A-linear. Now, if f is A-linear, then it is A[G]-linear if
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and only if f(σkσj ⊗ t) = σkf(σj ⊗ t) for all σj , σk ∈ G, and quik omputations

show that it is the ase if and only if fσkσi,σkσj
(σkσj ⊗ t) = σk · fσi,σj

(σj ⊗ t) for
all σi, σj , σk ∈ G and t ∈ T . In partiular, f is determined by {fσ1,σ1

, . . . , fσ1,σn
}.

Proposition 3.1.1. Let A and G be as above, and T be a G-stable (basi) tilting

A-module with isomorphisms ασ : T //σ ⊗ T as in (1.1.2). Then,

(a) FT is a A[G]-tilting module.

(b) EndA[G] FT ∼= (EndA T )[G].

Proof. (a). Sine F is exat and preserves the projetives by (1.1.1), FT has

projetive dimension at most one. In addition, we have

Ext1A[G](FT, FT ) ∼= DHomA[G](FT, τ(FT )) ∼= DHomA[G](FT, F (τT )),

by the Auslander-Reiten formula and [11, (4.2)℄. By adjuntion, this latter group

is nonzero if and only if HomA(T,HF (τT )) ∼= HomA(T,⊕σ∈G
σ(τT )) is nonzero,

where the isomorphism follows from (1.1.1). However, if f : T //σ(τT ) is a nonzero

morphism, with σ ∈ G, then σ−1

f ◦ ασ−1 : T //τT is nonzero, a ontradition to

Ext1A(T, T ) = 0. So, Ext1A[G](FT, FT ) = 0. Finally, any short exat sequene

0 //A //T0
//T1

//0 in modA, with T0, T1 ∈ addT indues a short exat

sequene 0 //A[G] //FT0
//FT1

//0 in modA[G]. So FT is a tilting A[G]-
module.

(b). In order to show that EndA[G] FT and (EndA T )[G] are isomorphi algebras,

we onstrut expliit inverse isomorphisms between them. Let f ∈ EndA[G] FT ,
and assume that f is given by a matrix f = (fσi,σj

)1≤i,j≤n, where eah fσi,σj
is a

morphism from σj⊗T to σi⊗T . For eah i, let fi = fσ1,σi
◦ ασi

: T //σ1 ⊗ T = T ,

and de�ne ν : EndA[G] FT → (EndA T )[G] by ν(f) =
∑n

i=1 fiσi for eah f ∈
EndA[G] FT .

Conversely, let

∑n
i=1 fiσi ∈ (EndA T )[G], and onsider the family of morphisms

{fσ1,σ1
, . . . , fσ1,σn

}, where fσ1,σi
:= fi ◦ α−1

σi
for eah i. These morphisms deter-

mine an A[G]-linear map f from FT to FT . Hene, de�ne µ : (EndA T )[G] →
EndA[G] FT by µ(

∑n
i=1 fiσi) = f for eah

∑n
i=1 fiσi ∈ (EndA T )[G].

Clearly, ν and µ are inverse onstrutions, preserving sums and units. It re-

mains to show that ν preserves the produt. For f = (fσi,σj
)1≤i,j≤n and g =

(gσi,σj
)1≤i,j≤n, let ν(f) =

∑n
i=1 fiσi and ν(g) =

∑n
j=1 gjσj . Then,

ν(f) · ν(g) =
∑n

i=1

∑n
j=1 fiσi(gj)σiσj

=
∑n

i=1

∑n
j=1 fi ◦ (α

−1
σi

◦ σigj ◦ ασi
)σiσj

=
∑n

i=1

∑n
j=1(fσ1,σi

◦ σigσ1,σj
◦ (σiασj

◦ ασi
))σiσj

=
∑n

k=1(
∑n

i=1(fσ1,σi
◦ gσi,σk

◦ ασk
))σk

= ν(f · g)

� �

3.2. Proof of Theorem 1. Let A be an arbitrary abelian ategory, and M ∈
A satisfying Ext1(M,M) = 0 and Ext2(M,N) = 0 for all N ∈ A. Then, the right
perpendiular ategoryM⊥

is the full subategory ofA ontaining the objetsN
satisfying Hom(M,N) = Ext1(M,N) = 0. We de�ne dually the left perpendiular

ategory

⊥M . It was shown in [4℄ that M⊥
and

⊥M are again abelian ategories.

We an now proeed with the proof. The ases H = modH and H = ohX

are treated separately. Observe that our proof is an adaptation of the proofs of the

main results in [9℄ and [7℄, respetively, and to whih we freely refer in the ourse

of the proof.
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Proof of Theorem 1 :

(a). Clearly, (iii) implies (ii), while (ii) implies (i) by an easy indution using (2.2.1)

and its dual.

Now, let H = modH , for some hereditary algebra H , and suppose that (i)

holds. Assume, without loss of generality, that A and H are basi and onneted.

Let E : Db(H) //Db(A) be a G-ompatible equivalene; we shall identify the mod-

ule ategories modA and modH with their images under the natural embeddings

into Db(A) and Db(H), respetively.
Let M•

be an objet of Db(H) suh that EM•
is isomorphi to A and assume,

without loss of generality, that M• = M0 ⊕ M1[1] ⊕ · · · ⊕ Mr[r] where the Mi

are H-modules and M0 6= 0 6= Mr. Note that HomH(Mi,Mj) = 0 if i 6= j, and

Ext1H(Mi,Mj) = 0 if i+ 1 6= j. Also, sine A is G-stable, then so is M•
and thus,

sine the Mi[i] lie in di�erent degrees, eah of them is also G-stable.
We prove our laim by indution on r. If r = 0, then one an hek that

M• = M0 is a G-stable tilting H-module, and so A ∼= EndH M0. In addition, sine

the isomorphism is given by E, the ations of G on A and EndH M0 oinide. Also,

sine H is hereditary, then M•
is splitting and the result follows.

Now, assume indutively that the result holds true whenever r takes a smaller

value, or r takes the same value and M0 has less indeomposable diret summands.

We shall �nd it onvenient to onstrut a sequene of separating tilting modules

instead of splitting tilting modules. We reall that Ti is a separating tilting Ai-

module with endomorphism ring Ai+i if and only if Ti is a splitting tilting Aop
i+i-

module with endomorphism ring Aop
i .

Let L = M1 ⊕M2 ⊕ · · · ⊕Mr. Then, by [9, (Proposition 3)℄, the subategory

L⊥
of modH is equivalent to modΛ, for some �nite dimensional hereditary algebra

Λ. Moreover, the inlusion funtor modΛ�
�

// modH is full, faithful and exat. In

what follows, we identify L⊥
and modΛ. Observe that M0 ∈ modΛ, and in fat is

a tilting Λ-module. Also, modΛ is G-stable sine so is L.
Let Q = Homk(Λ, k), a minimal injetive ogenerator for modΛ, and let

T • = Q⊕M1[1]⊕M2[2]⊕ · · · ⊕Mr[r].

We observe that Q is a G-stable Λ-module. Indeed, it is easily veri�ed that if I
is an injetive Λ-module, then so is

σI for eah σ ∈ G. Beause eah Mi is also

G-stable, then so is T •
. Following [9℄, ET •

is (isomorphi to) a separating tilting

A-module. Moreover, ET •
is G-stable sine E is G-ompatible and T •

is G-stable.
Now let B = EndA ET •

. By (2.2.1), we have an equivalene

E′′ : Db(H)
E //Db(A)

E′

//Db(B)
T • � // ET • � // B

whih is G-ompatible sine so are E and E′
. Let Q0 be an simple indeomposable

diret summand of Q : suh a module exists sine Λ is hereditary. Then, for eah

σ ∈ G, the Λ-module

σQ0 is also simple injetive and E′′(σQ0) = σE′′(Q0) is a

simple projetive B-module. Sine B is onneted, E′′(σQ0) is not an injetive

B-module unless we are in the trivial ase of a simple algebra. Observe moreover

that sine eah

σQ0 is a simple injetive Λ-module, then the set {σQ0 | σ ∈ G} is

�nite, and we denote its ardinality by n.
Now, imitating the arguments of [9℄, we �nd, for eah σ ∈ G, an objet Rσ in

Db(H) isomorphi to Uσ[1], for some H-module Uσ, suh that

E′′Rσ
∼= τ−1E′′(σQ0) ∼= τ−1(σ(E′′Q0)) ∼=

σ(τ−1E′′Q0).

So ⊕σ∈GE
′′Rσ is a G-stable B-module. We let S = (⊕σ∈GE

′′Rσ) ⊕ E′′N, where
(⊕σ∈G

σQ0)⊕N = T •
.
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At this point, it is worthwhile to observe that (⊕σ∈GRσ)⊕N = N0 ⊕N1[1]⊕
M2[2]⊕· · ·⊕Mr[r] for someN0, N1 ∈ modH , and where, by de�nition of the Rσ, N0

has n less indeomposable diret summands than M0. In addition, by onstrution,

S is a "generalized" APR-tilting B-module; what is important for our purpose, and

easy to verify, is that S is a separating tilting B-module.

Let C = EndB(S). By (2.2.1), we have an equivalene of triangulated ategories

E′′′ : Db(H)
E′′

//Db(B)
∼= //Db(C)

(⊕σ∈GRσ)⊕N
� // S

� // C

whih is G-ompatible. Moreover, as observed earlier, we have (⊕σ∈GRσ) ⊕ N =
N0 ⊕ N1[1] ⊕ M2[2] ⊕ · · · ⊕ Mr[r] where N0 = 0 or ontains less indeomposable

diret summands than M0. By indution hypothesis, C is pieewise hereditary of

type modH and, using the separating tilting modules ET •
and S, and keeping in

mind our preeding disussion on separating tilting modules, so is A. This shows

the equivalene of onditions (i), (ii) and (iii), when H = modH .

We now assume that H = ohX, for some weighted projetive line X, and that

ondition (i) holds. We will give all details until the ase modH arries over.

Let E : Db(H) //Db(A) be a G-ompatible equivalene of triangulated at-

egories. Let M•
be an objet of Db(H) suh that EM•

is isomorphi to A and

assume, without loss of generality, that M• = M0 ⊕M1[1] ⊕ · · · ⊕Mr[r] for some

Mi ∈ H, with M0 6= 0 6= Mr. Note that HomH(Mi,Mj) = 0 if i 6= j, and

Ext1H(Mi,Mj) = 0 if i+ 1 6= j. Also, sine A is G-stable, so is M•
, and thus, sine

the Mi[i] lie in di�erent degrees, eah of them is also G-stable.
We prove our laim by indution on r. If r = 0, then one an hek that M• =

M0 is a G-stable tilting objet in H, and A ∼= EndH M0. So A is quasitilted. In

addition, sine the isomorphism is given by E, the ations of G on A and EndH M0

oinide.

Assume indutively that the result holds true in all ases where either r takes

a smaller value, or r takes the same value and either M0 or Mr has less inde-

omposable diret summands. Then, M0 is a G-stable tilting objet in the abelian

ategory (⊕r
i=1Mi[i])

⊥
and Mr is a G-stable otilting objet in the abelian ategory

⊥(⊕r−1
i=0Mi[i]). By [7℄, one of these ategories is a module ategory over a hereditary

artin algebra H . The situation is then redued to the ase H = modH , and we are

done. This proves (a).

(b). Now, assume that the equivalent onditions of (a) are satis�ed and that G
is a �nite group whose order is not a multiple of the harateristi of k. Then there

exists a tilting objet T inH and a sequene of algebras EndH T = A0, A1, . . . , An =
A on whih G ats and a sequene T0, T1, . . . , Tn−1 where Ti is a G-stable tilting

or otilting Ai-module with endomorphism ring isomorphi to Ai+1 for eah i.
Moreover, by (3.1.1) and its dual, Ai[G]⊗Ai

Ti is a tilting or otilting Ai[G]-module

for eah i and EndAi[G](Ai[G]⊗Ai
Ti) ∼= Ai+1[G]. Now, sine the order of G is not a

multiple of the harateristi of k, A0[G] is hereditary if H = modH by [11, (1.3)℄,

and quasitilted if H = ohX by [8, (III.1.6)℄. The statement thus follows from [9℄

and [7℄, respetively. �

4. Main result

4.1. Proof of Theorem 2. Assume that the hypotheses of Theorem 2 are

satis�ed. In view of Theorem 1, it would be su�ient to prove Theorem 2 to

show that there is a G-ompatible equivalene between Db(A) and Db(H). In this

setion, we show that this holds for H = ohX, and show that when H = modH ,

it is however possible to onstrut a derived equivalent hereditary algebra H ′
on
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whih G ats and for whih there is a G-ompatible equivalene between Db(A)
and Db(H ′).

The �rst situation we onsider is that of a pieewise hereditary algebra A of

type H = modH , for some hereditary algebra H . Here, it will be su�ient to

assume that G is a torsion group ating on A. Let Q = (Q0, Q1) be a �nite and

ayli quiver suh that H ∼= kQ, where Q0 and Q1 respetively denotes the set

of verties and arrows of Q. All direted omponents are isomorphi to ZQ as

translation quivers, and so have only �nitely many τ -orbits. Our �rst aim is to

show that any suh direted omponent Γ admits a setion whih is stable under

the indued ation of G on Db(A). Reall that a full and onneted subquiver Ω
of Γ is a setion if it ontains no oriented yles, it intersets eah τ -orbit of Γ
exatly one and it is onvex.

By the above, we remark that, if we set

σΓ := {σM• | M• ∈ Γ}, then σΓ = Γ
for every σ ∈ G. We now onstrut a G-stable setion in Γ as follows.

De�nition 4.1.1. Let G, A and Γ be as above, and let X•
be a �xed objet in Γ.

We de�ne Σ (= ΣX•) to be the full subquiver of Γ formed by the objets M•
in

Γ suh that there exists a path

σX• ///o/o M•
for some σ ∈ G and any suh path is

setional.

Lemma 4.1.2. Let Σ and Γ be as above. Then Σ intersets eah τ-orbit of Γ
exatly one.

Proof. Let M• ∈ Γ. Sine Γ is direted, for eah σ ∈ G, there exists an

integer rσ suh that there exists a path from

σX•
to τrM•

in Γ if and only if

r ≤ rσ . Clearly, any path from

σX•
to τrσM•

is setional. There exists an integer

s whih is maximal for the property that there exists a path

σX• ///o/o τsM•
in Γ,

for some σ ∈ G. The maximality of s gives τsM• ∈ Σ. The uniqueness of τsM•

follows from the de�nition of Σ. � �

Lemma 4.1.3. Let Σ and Γ be as above. Let ω : M• M•
1 · · · M•

n be a

walk in Γ, with n ≥ 1 and M• ∈ Σ. Then τkM•
n ∈ Σ for some integer k. Moreover,

M•
and τkM•

n belong to the same onneted omponent of Σ.

Proof. Let ω be as in the statement. We prove our laim by indution. First

observe that by Lemma 4.1.2, it follows that if f : M• //N•
is an irreduible mor-

phism in Γ, with M• ∈ Σ, then N• ∈ Σ or τN• ∈ Σ, and dually. Hene, if n = 1,
then the laim follows from fullness of Σ. Now, assume that the statement holds

for n − 1. There exists k ∈ Z suh that τkM•
n−1 belongs to the same onneted

omponent of Σ as M•
. By translation, there exists an irreduible morphism be-

tween τkM•
n−1 and τkM•

n. Another appliation of the ase n = 1 gives the result.

� �

Proposition 4.1.4. The subquiver Σ is a G-stable setion in Γ.

Proof. First, Σ is a full subquiver of Γ by de�nition. Moreover, Σ ontains

no oriented yles (sine Γ is direted) and intersets eah τ -orbit of Γ exatly one

by (4.1.2). Sine Σ is learly onvex, it remains to show that Σ is onneted and

G-stable. For the onnetedness, assume that M•, N•
are two objets in Σ. Sine

Γ is onneted, there exists a walk from M•
to N•

in Γ. By (4.1.3), there exists

r ∈ Z suh that τrN•
belongs to the same onneted omponent of Σ as M•

. Sine

Σ intersets eah τ -orbit exatly one, we get r = 0, and so Σ is onneted. Finally,

Σ is G-stable sine, for eah σ ∈ G, the funtor σ(−) : Db(A) //Db(A) ommutes

with the Auslander-Reiten translation τ by (2.1.3), and thus preserves the setional

paths. � �
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Proposition 4.1.5. Let A be a pieewise hereditary algebra of type modH, for

some hereditary algebra H, and G be a torsion group. Then, for any ation of G
on A, there exists a hereditary algebra H ′

and an ation of G on H ′
induing a

G-ompatible equivalene of triangulated ategories between Db(A) and Db(H ′).

Proof. Sine G is a torsion group, it follows from (4.1.4) that Db(A) admits a

G-stable setion Σ. Let H ′ = EndDb(A)Σ. By Rikard's Theorem [12℄, there exists

an equivalene of triangulated ategories E : Db(A) //Db(H ′) whih takes Σ to

the full subquiver Ω of projetive H ′
-modules in Db(H ′). Under the identi�ation

Db(A) ∼= Db(H ′), Db(H ′) is endowed with an ation of G and, for any σ ∈ G, we

let σ(−) : Db(H ′) //Db(H ′) denote the indued automorphism. These automor-

phisms restrit to automorphisms of (modH ′)[i], for any i ∈ Z, by [5, (IV.5.1)℄.

To prove our laim, it then remains to show that there exists an ation of G on H ′

suh that the indued ation on Db(H ′) (see Setion 2.1) oinides with the ation

arried from Db(A).
For this sake, observe that sine Σ is G-stable, so is Ω. Moreover, Ω is the

ordinary quiver assoiated to H ′
, and so H ′ ∼= kΩ. We de�ne an ation of G on H ′

as follows: let {e1, e2, . . . , en} be a omplete set of primitive orthogonal idempotents

of H ′
and let {P1, P2, . . . , Pn} be the assoiated indeomposable projetive H ′

-

modules, eah of them being a vertex of Ω. Then, for σ ∈ G, set σ(ei) = ej if σPi =
Pj . Moreover, if α is an arrow of Ω, then set σ(α) = σα. This de�nes an ation of

G on H ′
, and further on Db(H ′). For eah σ ∈ G, we let σ(−) : Db(H ′) //Db(H ′)

denote the indued automorphism. The equivalenes σ(−) and σ(−) oinide, up
to a funtorial isomorphism, beause they learly oinide on projetives. � �

As we will see, the above proposition will play a major role in the proof of

Theorem 2. We now onsider the ase where A is a pieewise hereditary algebra of

type H = ohX, for some weighted projetive line X, and G is a group ating on

A. For more details onerning the ategories of oherent sheaves on a weighted

projetive lines, we refer to [3, 10℄.

Let p1, p2, . . . , pr be a set of natural numbers and X = X(p1, p2, . . . , pr) be

a weighted projetive line over k of type p1, p2, . . . , pr (in the sense of [3℄). Let

H = ohX be the ategory of oherent sheaves on X. Then H is a hereditary

abelian ategory with tilting objets. It is known that there exists a tilting objet

T ∈ H suh that EndH T = C(p1, p2, . . . , pr), where C(p1, p2, . . . , pr) is a anonial
algebra of type p1, p2, . . . , pr (in the sense of [13℄). An important lassi�ation tool

is the slope funtion µ : H //Q ∪∞ ; see [10℄.

Then, we get the following proposition, whose proof easily follows from [10,

(4.4)℄. We inlude a sketh of proof for the onveniene of the reader.

Proposition 4.1.6. Let A be a pieewise hereditary algebra of type ohX, for some

weighted projetive line X, and G be a group. For any ation of G on A, there exists

an ation of G on ohX and a G-ompatible equivalene of triangulated ategories

between Db(A) and Db(ohX).

Proof. Assume that G ats on A, and let

σ(−) : Db(A) //Db(A) be the

indued isomorphism for eah σ ∈ G. Also, let P1, P2, . . . , Pn be a omplete set

of indeomposable projetive A-modules (up to isomorphism). Sine A and ohX

are derived equivalent, it follows from Rikard's Theorem [12℄ that there exists a

tilting omplex T = T1 ⊕ T2 ⊕ · · · ⊕ Tn suh that A ∼= End
Db(ohX) T . Moreover,

we may assume that the equivalene sends eah indeomposable diret summand

Ti of T to Pi, for i = 1, 2, . . . , n. With this equivalene, G ats on Db(ohX)

and, for eah σ ∈ G, the indued automorphism

σ(−) : Db(ohX) //Db(ohX)
yields a permutation of T1, T2, . . . , Tn hene of their slopes. Then, by [10, (4.1)℄,
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σ(−) = Tm ◦ fσ, where T is the translation funtor of Db(ohX) and fσ is an

automorphism of ohX. Now, sine σ(−) permutes T1, T2, . . . , Tn, we further dedue

that m = 0, and thus

σ(−) restrits to ohX. This shows that G ats on ohX,

hene the above equivalene between Db(A) and Db(ohX) is G-ompatible. � �

Proof of Theorem 2 : This follows from (4.1.5), (4.1.6) and Theorem 1. �

4.2. An example. In this setion, we illustrate Theorem 2 and the mehanis

of (3.1.1) on a small example. Let A be the path algebra of the quiver (1) below
with relations αβ = 0 and α′β′ = 0. The yli group G = Z/2Z ats on A by

swithing 1 and 1′, 3 and 3′, α and α′
, β and β′

, and �xing the vertex 2. By

applying the method explained in [11, (Setion 2.3)℄, we get that the skew group

algebra A[G] is (Morita equivalent to) the path algebra of the quiver (2) below with

relations γδ = γ′δ′.

(1) ◦
1

α

��;
;;

;;
◦
3 (2) ◦

2
δ

��;
;;

;;

◦
2

β
AA�����

β′ ��:
::

:
◦
1

γ
AA�����

γ′ ��:
::

:
◦
3

◦
1′

α′

AA����
◦
3′

◦
2′

δ′

AA����

On the other hand, the Auslander-Reiten quiver of Db(A) onsists of a unique

direted omponent Γ given as follows, where the pair (M,N)n indiates that the

homology in degree n is M , and the homology in degree n+1 is N , for some n ∈ Z.

The A-modules M and N are represented by their Loewy series.

· · · (1, 0)n

''PPP
PP

(0, 3)n

&&MM
MM

(
3
2
1′
, 0)n

''NNN
(1′, 0)n−1 · · ·

(1, 3)n

88qqqq

''OOO
( 2

1′, 0)n

88rrr

''N
NN

(0, 32)n−1

55lllll

))TTTT

· · · (0, 33′

2 )n

66llll

((RRR
( 2

11′, 0)n

77ooo

''OOO
(2, 0)n

77nnnn

''PPP
(0, 33′

2 )n−1 · · ·

(1′, 3′)n

77ooo

&&M
MMM

(21, 0)n

77ppp

&&L
LL

(0, 3′

2 )n−1

55jjjj

))RRRRR

· · · (1′, 0)n

77nnnnn

(0, 3′)n

88qqqq

(
3′
2
1
, 0)n

77ppp

(1, 0)n−1 · · ·

Now, let X•
be a �xed objet in the above direted omponent Γ, say X• = (1, 3)n,

and onstrut, as in (4.1.1), the unique setion Σ = ΣX•
of Γ having the objets

of the form

σX•
as soures, for σ ∈ G. Clearly, the indued ation of G = Z/2Z

of Db(A) swithes the objets (1, 3)n and (1′, 3′)n, and so Σ is the full subquiver of

Γ generated by the objets (1, 3)n, (1
′, 3′)n, (0, 3)n, (0, 3

′)n and ( 2
11′, 0)n. Now, let

H ′ = EndΣ.
Then, by Theorem 1, there exist a sequene H ′ = A0, A1, . . . , An = A of

algebras and a sequene T0, T1, . . . , Tn−1 of modules suh that, for eah i, Ai+1 =
EndAi

Ti and Ti is a G-stable tilting Ai-module. Here, n = 1, and so A is a tilted
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algebra of type H ′
. Indeed, the Auslander-Reiten quiver of H ′

is given by

2
1

$$I
IIII

3
1′

##G
GG

GG
2′

1

<<xxxxxx

""E
EE

EE
23
11′

::uuuuu

$$I
II

I
32′

1′

<<yyyy

!!D
DD

DD

3
11′

::uuuu

$$I
II

II
232′

11′

;;wwww

##G
GG

GG
3

1′

<<yyyy

""E
EE

EE
32′

11′

::uuuuu

$$I
II

II
I

23
1

==zzzzz

!!D
DD

DD

2′

1′

::uuuuu
3
1

;;wwwwww
2

and it is easily seen that if T is the diret sum of the identi�ed indeomposable

modules in the above diagram, then T is a G-invariant tilting H ′
-module suh that

EndH′ T ∼= A. Now, sine G is yli, the method explained in [11, (Setion 2.3)℄

gives that H ′[G] is (Morita equivalent to) the path algebra of the quiver (3) below,
and the Auslander-Reiten quiver of H ′[G] is given by the quiver (4) below.

(3) ◦
3 (4) 3

1

##G
GG

G 23′
1

$$H
HH

3

◦
1

>>~~~~

  @
@@
// ◦
2 1 //

>>~~~~

  @
@@

2
1

// 323′
11

//

::vvv

$$H
HH

H
33′
1

// 323′
1

//

<<xxxx

""F
FF

2

◦
3′

3′
1

;;www
32
1

::vvvv
3′

where the identi�ed indeomposable modules in the quiver (4) orrespond with the

indeomposable diret summand of the tilting H ′[G]-module FT of (3.1.1). It is

then easily veri�ed, as predited by (3.1.1), that EndH′[G] FT ∼= (EndH′ T )[G] ∼=
A[G].
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