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Dirac reduction revisited
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Abstract
The procedure of Dirac reduction of Poisson operators on submanifolds is discussed
within a particularly useful special realization of the general Marsden-Ratiu reduc-
tion procedure. The Dirac classification of constraints on ’first-class’ constraints and
"second-class’ constraints is reexamined.
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1 Introduction

Dirac bracket as well as Dirac’s classification of constraints is nowadays a well recognized and
very useful tool in the construction of Poisson dynamics on admissible submanifolds from a
given Poisson dynamics on a given manifold. In this paper we consider the Dirac reduction
procedure in a more general setting than is usually met in literature. In Section 2 we
implement the Dirac reduction procedure into a particularly useful special realization of the
general Marsden-Ratiu reduction scheme, based on the concept of transversal distributions.
In Section 3 we reconsider the Dirac concept of first class constraints as it seems to be too
restrictive.

Firstly we recall few basic notions from Poisson geometry. Given a manifold M, a
Poisson operator m on M is a mapping 7 : T*M — TM that is fibre-preserving (i.e.
Tlrsm + TyM — Ty M for any x € M) and such that the induced bracket on the space
C>° (M) of all smooth real-valued functions on M

(), : C®(M) x C®(M) = C*(M) , {F,G}, € (dF,7dG), (1)
*Partially supported by KBN grant No. 5P03B 004 20



http://arxiv.org/abs/nlin/0303014v3

where (.,.) is the dual map between TM and T*M, is skew-symmetric and satisfies Ja-
cobi identity (the bracket () always satisfies the Leibniz rule {F,GH} = G{F,H}_+
H{F,G},). The symbol d denotes the operator of exterior differentiation. The operator
7 can always be interpreted as a bivector, 7 € A%2(M) and in a given coordinate system
(z1,...,2™) on M we have

no 0 0
=) A
T Zﬂ- 6:51- 6,Tj
1<g
A function C : M — R is called a Casimir function of the Poisson operator 7 if for an
arbitrary function F': M — R we have {F,C} = 0 or, equivalently, if 7dC' = 0.

2 Marsden-Ratiu reduction for transversal distributions

The Marsden-Ratiu reduction theorem [I] describes the procedure of reducing a Poisson
operator m on arbitrary submanifold S of our manifold M. This general procedure exists
only if some conditions are satisfied. These conditions involve a distribution E (in the
original notation of Marsden and Ratiu) that is a subbundle of T M. By a simple assumption,
namely that this distribution is transversal, one can, however, satisfy all these conditions
automatically. Below we reformulate the Marsden-Ratiu theorem in this more limited but
useful setting.

Consider an m-dimensional manifold M equipped with a Poisson operator = and an
s-dimensional submanifold S of M. Fix a distribution Z of constant dimension k = m — s,
that is a smooth collection of m-dimensional subspaces Z, C T, M at every point x in M,
which is transversal to S in the sense that no vector field Z € Z is at any point tangent to
the submanifold §. Hence we have

T M=T,5 2,

for every z € § and, similarly,
T-M=T:S® Z},

where TS is the annihilator of Z, and Z7 is the annihilator of 7,,§. That means that if
« is a one form in TS then a(Z) = 0 for all vectors Z € Z, and if § is a one-form in Z3
then g vanishes on all vectors in T'S, .

Definition 1 A function F : M — R is invariant with respect to Z if LyF = Z(F) =0
for any Z € Z. Similarly, a function F : M — R is invariant with respect to Z on S
(Z|s-invariant in short) if Lz F|s = Z(F)|s =0 for any Z € 2

Here and in what follows the symbol Lz means the Lie derivative along the vector field
Z.

Definition 2 An operator m is called invariant with respect to the distribution Z if the
functions that are Z- invariant form a Poisson subalgebra, that is, if F, G : M — R are
two Z- invariant functions then {F,G}_ is again a Z- invariant function. Similarly, an
operator w is called invariant with respect to the distribution Z on S if the functions that
are Z|s - invariant form a Poisson subalgebra, that is, if F, G : M — R are two Z|s -
invariant functions then {F,G}_ is again a Z|s - invariant function.



We denote these Poisson subalgebras by A and Ag respectively. Let us observe, that if
m is Z|s,-invariant for any manifold S, in a foliation of M then it is also Z- invariant.

Theorem 3 (Marsden and Ratiu [1]): Let S be a submanifold of M equipped with a Poisson
operator m and let Z be a distribution in M that is transversal to S. If the operator m is
invariant with respect to the distribution Z on S, then the Poisson operator w is reducible
on S in the sense that on S there exists a (uniquely defined) Poisson operator wr such that
for any f,g: S — R we have

{f:9}n, ={F G}, |5 (2)

for any Z|s - invariant prolongations F and G of f and g respectively.

The above construction, however, is difficult to perform in practice since it is often hard
to find explicit expressions for the prolongations F' and G. We now show how this difficulty
can be omitted.

Firstly, suppose that our submanifold S is given by & functionally independent equations

wi(z) =0,i=1,...,k (constraints) and that our transversal distribution Z is spanned by
k vector fields Z; chosen such that the following orthogonality relation holds
(deoi, Zj) = Zj(pi) = bij, (3)

(this is no restriction since for any distribution Z transversal to S we can choose its basis
so that (@) is satisfied). We observe that in this case we have [Z;, Z;] ¢x = 0 for all k, where
[X,Y] =LxY = X(Y) — Y(X) is the Lie bracket (commutator) of the vector fields X,Y,
so that [Z;, Z;] is always tangent to S. Then, in case that the distribution Z is involutive
(integrable), this means that [Z;, Z;] = 0 for all ¢, j. Moreover, we define the vector fields
X; as

Xi:ﬂ'd(pi, izl,...,k. (4)

There exists an important class of Z-invariant Poisson operators
Lemma 4 [9] If

k
Lzm=Y W ANZ i=1,...k (5)
j=1

for some vector fields Wj(i), then the Poisson operator T is invariant with respect to Z

We sketch the proof here for the clarity of the text.
Proof. Assume, that Lz, F' = Lz G = 0 for all i. We have to show that Lz, {F,G}, =
for all 4, but, due to (@)

k
Lz {F,G}, = Ly, (dF,7dG) = Y <dF WAz, )dG>
j=1

since Lz, (dF) = d(Lz,F) =0 (and similarly for G). On the other hand

<dF, (W(l)/\Z)dG> Z( WO (F) - 2,(FyWD (@) =0



since Z;(F') = Lz;F = 0 (and similarly for G). m
The condition (H) is sufficient but not necessary. For example, if

k
Lzm=Y WiN[Zi,Z;] i=1,....k

Jj=1

for some vector fields W;, then the operator 7 is also Z-invariant (one shows it by compu-
tations similar to those in the above proof). In the case when 7 satisfies () we apply the
Lie derivative Lz, to both sides of the equation (#). Due to (B) we obtain

[Z;,Xi] = Lz; X; = (Lz;m)dp; = (Z Wl(j) A Zl) do; =
I

=Y (Zlepw? —w(e)z) =W =S W)z
l l

We observe that, if F' and G are two Z|s-invariant functions and V; are arbitrary
vector fields, then (dF, ¥,V A Z; dG>’S — 0 since (dF,V; A Z; dG) = Z;(G)V;(F) —
Z;(F)V;(G) =0 on S. Thus the Poisson operator = and its deformation of the form

mp=m—-3,;ViNZ; (7)

in spite of the fact that they act differently on .As both generate the same bracket on S so
that both can be used to define our restricted operator g on S through @). Of course,
the deformed operator mp does not have to be Poisson, but nevertheless its restriction to
S through (@) must be Poisson since it naturally coincides with similar restriction of = to
S. If we now consider a whole foliation of M defined by the functions ¢; with leaves S, (so
that Sp = S) then it turns out that we can choose our (undetermined so far) vector fields
V; in (@) so that

mp(ag) € TS, for any ay € Ty M and any z € M, (8)
which has a far reaching consequence.
Lemma 5 The deformation mp given by [Q) that also satisfies [@) is Poisson.

Proof. The condition that mp(ay) is tangent to S, for any a, € TiM is equivalent
to the requirement that (dy;,mp(ay)) = 0 for all &. Due to the antisymmetry of mp this
requirement can be rewritten as (a,,mp(p;)) = 0 for all i. Since «y is arbitrary, the
condition attains the form mp(dp;) = 0 for ¢ = 1,..., k. We now complete the set of
functions ¢; with some functions x; to a coordinate system (z, ) on M. Then the matrix
of the operator mp has the last k rows and last k& columns equal to zero while the m — k
dimensional upper left block coincides on every leaf S, with the correponding wr which is
Poisson by the Marsden-Ratiu construction. m



Lemma 6 The condition [@@) can be written as

k
Vi—ZVj(%‘)Zj = Xi. (9)

Jj=1

Proof. We know that the condition @) can be written as mp(dp;) =0 fori=1,...,k.
An easy calculation yields now that

0=mp(des) = m(dei) = ) (Zi(pi)Vj = Vipi) Z;) =

Jj=1
k
=X = Vi+ Y Vi(¢:)Z;

j=1

due to the normalization condition ([Bl). =
We now restrict ourselves to only two limit cases, when all X; are tangent to S and when
X; span Z.

2.1 The case when X; are tangent to §

We firstly assume that all the vectors X; are tangent to S. We have then naturally X;(¢;) =
0. This in turn means that {p;, ¢;} = (d;, mdp;) = (dpi, X;) = 0 so that all the vector
fields X; commute. In this case the simplest solution of (@) has the form V; = X; and the
corresponding deformation () attains the form

k

FDZW—ZXi/\Zi. (10)
=1

This deformation has been recently widely used for projecting Poisson pencils on symplectic
leaves of one of their operators [3]-[5].

Lemma 7 [3] The vector fields Wj(k) in @) can, in the case that all X; are tangent to S,
be chosen as tangent to S.

Proof. Consider the projections ﬁ//j(i)of the vector fields Wj(i) onto S:
@ () l)
WY =W Z W ()2
If Wj(i) are in Z, then Wj(i) = 0. The vector field ﬁ//j(i) is indeed tangent to S since

k
W (1) = )= > Wi ()b, = 0.

r=1



Now

k k k
ATED S FLIPINS SR LIPS
j=1 j=1 jor=1

the last term being equal to zero since Lz, {¢s, ¢;} = 0 implies Wj(i)wr) = Wr(i)(gpj).
Thus Y5, WAz =k Wnz,. =
Due to this gauge freedom, if we choose Wj(i) as tangent to S (which means that

Wj(i)(gpr) = 0) then the formula (@) yields that Wj(i) = [Z;,X,]. Thus, due to the fact
that we assumed (),

B

LZZ,TF: [Zi,Xj]/\Zj. (11)

Jj=1

Remark 8 In the case that the functions p; are Casimir functions of m we have X; =
wde; = 0 so that the formula ) yields Lz,m = 0 for all i, i.e. the vector fields Z;
are symmetries of w. In this case our reduction procedure [@A) coincides with the standard
projection onto a level set of Casimir functions (symplectic leaf in case there are no other
Casimirs apart from @; ) [0].

From what we have said above it becomes clear that the above reduction scheme can
be interpreted as a two-step procedure: firstly we deform the original Poisson tensor « to a
Poisson tensor mp and then we obtain g as standard projection of wp onto the level set S
of its Casimirs ; (thus we need not calculate the prolongations F' and G in order to define
{f,9}00)

Now we check what can be said about our vector fields Z;.

According to Remark B Lz, mp = 0. On the other hand, due to ([{[),

k k k
0= LZHTD = Z[Z“X]] /\Zj _ZLZin /\Zj —ZX]‘ /\LZiZj

Jj=1 Jj=1 Jj=1

so that Z?:l X NZ;, Z;] = 0. Of course one of the possible realizations of this condition is
the case that the distribution Z be integrable since then [Z;, Z;] = 0. There are, however,
other possibilities here. For example, if [Z;, Z;] = E];:l ;X with ¢f; = ¢, Z?:l X A
[Z;, Z;] = 0 as well.

2.2 The case when X; span Z

This time we assume that X; = z:kcp;ﬂ-Z;C for some real valued functions ¢;;, which due to

@) yields
i = Dppri Zk(pi) = X (i) = {wi 5}, - (12)
The functions ;; define a k-dimensional skew-symmetric matrix ¢ = (¢;5), 4,5 = 1,...k.

The only condition imposed on ¢ is related to the demand that X; span Z, i.e. det ¢ # 0.
We thus do not have to assume (H) this time since now the distribution Z is spanned by



the Hamiltonian vector fields X; and thus 7 is automatically invariant with respect to Z as
Lx,m =0 for all i. It can be easily shown that

(X5, Xil = X(pi 051, = ™ A{pis @) tn = mdpij.

Now we look for solutions of (@) in the simple form V; = aX;. Inserting this into (@)
and using the fact that ¢;; = —;; we obtain

k k
0=aX; —OéZXj((pi)Zj — X, = aX; —l—aZgojiZj - X, = (2a - 1)Xz

Jj=1 j=1
so that a =1/2 and V; = %Xi. In this case the deformation () attains the form:

k
1
WD:W_EZXi/\Zi (13)

i=1

and is, as mentioned above, Poisson. It is easy to check that our operator mp defines the
following bracket on M

k
{Fv G}TI'D = {Fv G}ﬂ' - Z {Fv wi}ﬂ'«/)il)ij{@jv G}ﬂ'a (14)

i,j=1

where F,G : M — R are now two arbitrary functions on M, which is just the well known
Dirac deformation [T of the bracket {.,.}, associated with 7.

Remark 9 IfC : M — R is a Casimir function of w, then it is also a Casimir function of
mp since in this case [IF) yields

m

{F,CYrp ={F,C}r = Y _{F 0i}a(¢ " )iglps; Clr =0-0=0. (15)

ij=1

We also know that the constraints ¢; are Casimirs of the deformed operator wp. Thus we
can state that Dirac deformation preserves all the old Casimir functions and introduces new
Casimirs ;.

It is now possible to restrict our Poisson operator mp (or our Poisson bracket {.,.}r,) to
a Poisson operator mr (bracket {.,.}r,) on the submanifold S, i.e. the level set ¢1 = ... =
©m = 0 of Casimirs of 7p, in a standard way.

3 Existence of Dirac reduction

We now present some realizations of the above Dirac case and discuss the classical concept
of the Dirac classification of constraints. We will show that the classification of constraints
as being either of first-class or of second-class, proposed by Dirac, should be reexamined
when one looks at the problem from a more general point of view.



We recall that a constraint ¢y, is of first class if its Poisson bracket with all the remaining
constants (; vanishes on S, that is if

{¢r, pitrls =0, i=1,..,m. (16)

Otherwise @y is of second-class. In the case that at least one of the constraints is of the
first class, the matrix ¢;; in ([2) is singular on S so that the formula () cannot be used
in order to define mr. However, it may still be possible to define g via the above general
scheme. This indicates that the concept of first class constraint is too narrow. Below we
demonstrate the examples of Dirac reduction in case when constraints are of first class.

We start with a simple example. Consider a 2n-dimensional manifold M parametrized
by coordinates (g1,.... ¢n,P1,... Pn) and equipped with a Poisson operator of the form

_| 0 @
= _Qn 0 ’

where @ is a diagonal matrix of the form @, = diag(qi.... .gn). Consider a submanifold S
given by a pair of constraints ¢1(g,p) = ¢, = 0 and v2(q,p) = p, = 0. Then the matrix ¢

has the form
| 0 g
v —qn 0

so that it is clearly singular on S (det(S) =0 on S) and

L 10 1
4 B qn -1 0
so that the Dirac formula ([@) cannot be applied. However, the vector fields Z; = ¢, 1 X,
and Zs = —gq,, 1 X, that span our distribution Z are not singular on S since X; = —qnd/0pn
and Xo = ¢,0/0qy so that the deformation ([I3)) becomes
1 o 9 = 9 0
e X A X =T — e Ao = i A ——
T T T T e, " o, ;qaqi Opi
and is clearly reducible on S§. The operator mr obtained on S parametrized by coordinates
(q1,...9n—1,DP1,...Pn—1) is
0 Qn—l
T =
R _Qn—l 0 :|

This simple example clearly illustrates that Dirac’s classification is too strong. As a second
example we consider a particle moving in a Riemannian manifold Q of dimension three with
a contravariant metric tensor

0
G=1|0
1

o = O
OO =

given in some coordinates (¢!, ¢?,¢). Suppose that this particle is subordinated to a holo-
nomic constraint on Q given by

e1(0) =d'¢+¢*=0. (17)



This defines a submanifold of Q. The velocity v = 2?21 v'0/0q" of this particle must then
remain tangent to this submanifold so that

0= d(ﬂk, Z 890]6 z

and thus in our coordinates v* = 3 y GYp; the motion of the particle in the phase space
M = T*Q is constrained not only by () but also by the relation

3
AERY G”a—qlpg p1+p2q" +p3g® =0 (18)
i,j=1
that is nothing else than the lift of () to M. The constraints [[7)-[IX) define a four-
dimensional submanifold & of M. We now introduce the following Poisson structure on

M:

[0 0 0 ¢ -1 0
0 0 0 ? 0 -1
0 0 0 2¢ ¢ 4t

- - —2¢* 0  py ps
1 0 - —py O 0
1 —¢" —ps 0 0

Again the matrix ¢ is singular, since p12 = 2(q'¢* + ¢®) = 2¢; which obviously vanishes
on §. One can, however, perform the deformation (I3). A quite lengthy but straightforward
computation shows that in this case

0 0 0 q -1 0

0 0 0 2 0 -1

o 0 0 0 _2q1q2 q2 ql
b - —¢® 2¢)}* 0  p ps
1 0 —q? —p2 0 0

0 1 —q* —p3 0 0

and this operator can be projected onto S. To do this, one can first pass to the Casimir
variables

(a', 4% ¢1(a); p2(a,p), P2, 13)
since, due to the fact that it is easiest to eliminate ¢® and p; from the system of equations
v1 = ¢1(q) = 0, 92 = ¢a(q,p) = 0, we parametrize our submanifold by the coordinates
(¢', ¢, p2,p3). In these variables the operator mg attains the canonical form

00 -1 0
o0 0 -1
E=110 0 o0

01 0 0

Our two examples show that the condition ([[H) is only a necessary condition for nonex-
istence of mr on S, but is not a sufficient one. Hence the definition of first class constraints



has to be made weaker. Even in the case when we deal with a real first class constraint we
can obtain mr on S coming from the Dirac reduction of 7. We demonstrate this below.

Firstly we assume that we have a pair of constraints ¢1, 2 that define our submanifold
S = {¢1 =0, p2 = 0} and such that they are of second class, i.e. that p12]ls = {1, 92} |s #
0. It is clear that our submanifold S can be parametrized in infinitely many different ways
by constraints @1 = 0, g2 = 0, where

01 = P11 + a2, P2 = Y31 + Pap2 (19)

and where v; are some functions on M such that 1;|s # 0 and such that

‘D(Szla ©2)

D
D(p1,2)

= h1ths — hath3 # 0. (20)

One can prove the following

Lemma 10 The deformations ([I3) given by the pair @1, p2 of constraints and by the pair
P01, P2 of constraints define the same reduced Poisson operator mg on S.

Proof. For the moment we denote the deformation ([[3) defined through o1, @2 by mp
and the corresponding deformation defined through @1, @2 by 7p. Applying (@) we easily
get that for any two functions A,B: M — R

{A7 @2}71- {37 901}71- - {A7 (pl}ﬂ' {37 902}71-

{A,B},, ={A, B}, + {e1,92),

)

where we have assumed that {¢1, @2}, does not vanish on S. Similarly

{Aa @2}71— {Bv &l}ﬂ' - {Av &1}71— {Bv &Q}ﬂ—
AN ’ 2y

{4, B}%D = {4, B}ﬂ' +

where {1, P2}, does not vanish on S due to 0). Using the relations ([[d) between the
deformed constraints @; and the original constraints ;, the Leibniz property of Poisson
brackets and the fact that the functions ¢; vanish on S we obtain

{P1,P2}els = D {prs p2}rls

and

({4, @2} AB, o1}, — {A o1} {B, ©2}0)ls
=D ({A w2} {B, o1} —{A o1} B, w2},)ls

so that the nonzero terms D in the numerator and denominator of ([l cancel and we obtain

{A, B} = {4, B} which implies that the projections of 7p and 7p onto S coincide.

TI'D}S - %D}S
]

In this nonsingular case the distribution Z along which we project a Poisson tensor 7
usually changes after reparametrization, but Z|s remains the same as can be easily demon-
strated. Thus in case of the second class constraints one has a ” canonical” way of projecting
m onto S.

10



We now suppose that the constraints ¢; are of first class, that is {¢1, p2}x|s = 0 and
that the singularity in 7p is not removable. We may still attempt to define the projection g
by reparametrizing S as in (@) above. It turns out that among an infinite set of admissible
reparametrizations there are some exceptional which, although they fulfil the condition
(@), nevertheless eliminate the singularity in 7p. In this case, however, by choosing a new
parametrization @1, @2 of S we change the distribution Z even on S so that we cannot
expect that the projection mg will be independent of the choice of the parametrization. We
lose a natural, ”canonical” choice of projection, but we still can perform the projection,
although in infinitely many nonequivalent ways. We illustrate this below in a sequence of
examples.

Consider a six-dimensional manifold M parametrized with coordinates (¢1,92, ¢3, P1, P2, P3)
with the following Poisson operator:

0 0 0 1 ¢ 0
0 0 0 @ 2¢2+1 g3
|0 0 0 0 ¢ 0
-1 —q 0 0 -m 0

-1 —2¢2—1 —q3 1 0 D3

0 —q3 0 0 -ps O

Consider now a four-dimensional submanifold S in M given by the relations

©1(q,p) = q3 =0, a2(q,p) =p3=0. (22)

It is clear that {¢1, p2}, vanishes on the whole manifold M (and thus on S) so that these
constraints do not define any Dirac deformation at all. We now deform (Z2) as

Pr=¢1+2, Q2= (—p2—q@p1)e1+ 2 (23)

Calculation shows {¢1, P2} = (p3—¢3)gs so that {@1, P2} x|s = 0. One can show that after
introducing the Casimir variables (¢1, g2, $1, p1, p2, $2) the deformed operator mp attains
the form

_ aiq _
21‘13 2(1317;3 O 1 pPi1g3 _2q1 O
_2113*1?3 0 ¢« + 2113*1’3 —q + 9 0
T — 0 0 0 0 0 0

b= _ g — 9.P103 _ )
1 q1 2q31—;3 0 0 D1 0
@ —qi — 0 0 D1 0 0

L 0 0 0 0 0 0 |

where now g3 = qs(q,p, ) and ps = ps(q, p, ¢) and 6 = (g3 + p2g3 + q14sp1)/ (g3 — p3), and
as such is clearly singular on § and thus unreducible. This situation seems to be the most
common, i.e. a spontaneous choice of parametrization almost always leads to a singularity.
However, if we perform a slightly different deformation of ([Z2)):

o1 = @1, @2 = (—p2 — q1p1)P1 + @2 (24)

11



so that {1, P2}, = —g3 is again zero on S, then the operator mp becomes nonsingular and
its projection on S has the following form

0 0 1 —q1
0 0 a 1-q
-1 —q 0 P1
an gG-1 —-p 0

TR =

in the variables (q1, ¢2,p1,p2). Yet another deformation (even this time of the form ([[d)):
P1=qp1 , P2 = (p2+ p2)p1 (25)
yields a quite complicated expression on {@1, @2}
{G1, 82}, = (Ba2 + 1)gi + a3,

so that it again vanishes on S, but 7p is again nonsingular and in the same variables
(¢1,92,p1,p2) its projection becomes

2
__4
0 0 loglm 0
192

TR = 2 0 0 3q2+1 0
@ _ 9192 0 __ _q1p2
3g2+1 3g2+1 Gips 3g2+1

0 0 3g2+1 0

which concludes our series of examples.

4 Conclusions

In this article we have focused on two issues involving Dirac reductions of Poisson operators
on submanifolds. In the first part of the article we have shown how the Dirac reduction
procedure fits in a natural way, i.e. as a result of two natural assumptions about the defor-
mation mp of 7, in the general Marsden-Ratiu reduction scheme. In the second part of our
considerations we have demonstrated that the Dirac reduction procedure is often possible
even in cases when the constraints that define our submanifold are of first class (in Dirac
terminology), possibly after some suitably chosen reparametrization of the submanifold S.
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the fall of 2002.
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