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Abstract

In this article, by means of using discrete zero curvature representation and constructing
opportune time evolution problems, two new discrete integrable lattice hierarchies with n-
dependent coeflicients are proposed, which related to a new discrete Schrodinger nonisospectral
operator equation. The relation of the two new lattice hierarchies with the Volterra hierarchy
is discussed. It has been shown that one lattice hierarchy is equivalent to the positive Volterra
hierarchy with n-dependent coefficients and another lattice hierarchy with isospectral problem is
equivalent to the negative Volterra hierarchy. We demonstrate the existence of infinitely many
conservation laws for the two lattice hierarchies and give the corresponding conserved densities
and the associated fluxes formulaically. Thus their integrability is confirmed.

1 Introduction

In recent years there has been wide interests in the study of nonlinear integrable lattice systems. It is
well known that discrete lattice systems not only have rich mathematical structures but also have many
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applications in science, such as mathematical physics, numerical analysis, statistical physics, quantum
physics, etc. Recently, Boiti and co-authors [1] proposed a whole class of nonlinear lattice evolution
equations, by use of the Lax technique introduced in [2] and [3], which correspond to isospectral
deformations of the new Schrodinger discrete spectral operator,

(E? = gnr1E)¥n(X) = Xn(N), (1.1)

ie.

Ewn()‘) = Un()‘)q/}n()‘)v Un()‘) = ( 2\ qln ) ) (1’2)
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where n € Z is a discrete variable, A € C'is the spectral parameter and E¥ is the shift operator defined
by E¥f(n) = f(n+k),k € Z. This spectral equation was introduced by Shabat in [4] and investigated
by Boiti et al in [5]. Integrable lattice hierarchies related to (1.1) are interesting. It has been shown
that they contain as special cases discrete versions of KdV, Sine-Gordon and Liouville equations. The
Darboux transformation and the Béacklund transformation for the proposed lattice hierarchies were
also obtained in [1]. In [6], we demonstrated the existence of infinitely many conservation laws for the
proposed lattice hierarchies and gave the corresponding conserved densities and the associated fluxes
formulaically.

In this paper, we would like to consider nonisospectral deformations of the Schrédinger discrete spectral
operator equation (1.1). By means of constructing opportune time evolution equation explicitly,

A, (A m
W) _ v (g A 1), (1.3
where Vrfm) is a proper 2 x 2 matrix, and using the discrete zero curvature representation
ovU, oU,, dA
n n>% _ (m) (m) _
Bn + N (EV," U, + U, V, 0, (1.4)

where % = a)’,a # 0 with 8 being a proper constant, we propose two integrable lattice hierarchies

with n-dependent coefficients related to nonisospectral problem (1.2). The relation of the two new
lattice hierarchies with the Volterra lattice hierarchy is discussed. It is well known that the existence
of infinitely many conservation laws is very important indicator of integrability of the system. From
physical view and numerical analysis, it is also very useful to know whether exist conservation laws for a
lattice system. Infinitely many conservation laws for many discrete lattice systems have been obtained.
However, to our knowledge, conservation laws for the lattice system with n-dependent coefficients have
not been discussed in the literature. In this article, using the explicit Lax pairs and following the
method studied in [6-10], we will demonstrate the existence of infinitely many conservation laws for
the obtained two lattice hierarchies and give the corresponding conserved densities and the associated
fluxes formulaically. It should be remarked that an extension of the discrete Schrodinger spectral
problem (1.1), i.e.

(E% + anE + by + cn E7 by, = My, (1.5)

and associated evolution equations were studied in [11,12]. However, the condition ¢, = 0 in above
operator equation is not allowed in [11,12].

2 Two integrable lattice hierarchies with n-dependent coefficient as-
sociated with nonisospectral problem (1.2)
The derivation of new integrable lattice hierarchy is always very important and interesting, though the

used method sometimes is standard. In this section, we derive two integrable lattice hierarchies with n-
dependent coefficients associated with nonisospectral problem (1.2) by means of discrete zero curvature



representation and study the relation of the two lattice hierarchies with the Volterra hierarchy. Let’s

construct opportune time evolution matrix V,Em) as follows,

- BM(\)  AMm)()
v = ( N C<m>EA§> 21)

with
A = 3" A4 By =3 B, o™y = Y o,

j=— j=—1 j=—1

where Aj, B;,C;(j = —1,0,1....m) are determined by the following equation:

(E+1)B; = —q,EA;, (E? —1)A; = q,(E — 1)Bj_1,
C;j=-Bj, j=0,1,2,..m (2.2)

EB_1—-C_1+¢,EA_| =0, (E* —1)A_; =0,

EC_1—B_1—qg,FA_1 =a.

Here we suppose time evolution of spectral parameter X is described by % = a\""2 m > —1. From
discrete zero curvature representation, an integrable lattice hierarchy is proposed,

where C,,m > —1 can be found from equation (2.2) via the path:
A1 —-B_1—-C1—A4—>Ch— ........ — A1 > Cpc1 — Ay — Cpy —

By means of the following formulas:

(E+1)7' =3 (1) E",
k=0
(E—-1)"1=— i E*, (2.4)
k=0

o0
(E2 _ 1)—1 - _ Z E2k,
k=0

and choose A_; = —1, we obtain the solutions to equation (2.2):
n 1 n — k
B_1 = (— - —)CL + Cl(—l) + Z(—l) An+k,
2 4 =
n 1 n - k
Coi=(5+7Da—ca(=1)"=> (=) s,
2 4 =



o0 o0 o0 o0
a .
Ag=c2 +c3(=1)" + (21 (—-1)" — 5) E Gnt2k + E oo — 2 E In+2k E (=17 gy 2k,
=0 k=0 k=0 =1

o o o o
a
Co=ca(=1)"+c2 > (=1 *qnyr —e3(=1)" Y qnik — 3 S (=D Gnir Y anr2jretr  (2.5)

0o 00 0o oo
k
_261(_1)n Z An+k Z dn+2j+k+1 + Z(_l) An+k Z qr2L+2j+k+1
k=0 =0 k=0 j=0

-2 Z(_l)an—i-k Z In+2j+1+k Z(_l)iQn+i+2j+k
Ay = (E* = 1) '[gn(1 — E)Cy), Cy = (E+ 1) (quEA),

where ¢;, (i = 1,2, 3,4) are arbitrary constants. The first flow and the second flow of lattice hierarchy
(2.3) are described, respectively,

. no @ -
dn = qn(2c1(=1)" + b) +qn +2 Z(_l)an+k)7 (2.6)
k=1
Gn = qu(E£ — 1)Cy, (2.7)

In order to obtain the second lattice hierarchy, we set, in matrix Vém), that
AN =S axmmt By =S pamtl oy =Y o,
j=0 Jj=0 Jj=0

where A;, B;,C;(j =0,1,2,....m) are determined by the following equation:

(E+1)Bj = —q,E4;, (B> —1)Aj_1 + qu(E —1)C; =0,
Bj = —C; j=1,2,...m (2.8)

EBy—Co+qEAy =0, (E-1)Co=0,

ECy — By — g, FAy = a.

Here the time evolution of spectral parameter A is described by % = aA"",m > 0. By means of
discrete zero curvature representation, another lattice hierarchy is proposed,

gn = (B> = 1)Apn, m=>0, (2.9)
where A,,,, m > 0 are determined from equation (2.8) via the path:

Co— By— A9 — B1 — A1 — ....... — Bp-1—> A1 — By — Ay — .



Choosing Cy = 0, we obtain

1 —na 1—na > 1
BOZ’I’La—l, AOZ s B = a _
n—1 dndn-1 k=0 n+kqn+k+1
—1l)a—1,1 1 20 & 1
P 2)@ (L Ly 2 , (2.10)
4n-1 dn dn—2 dn—1 k=0 An+kqn+k+1
-1 1+(1—-n)a 1+B—n)a 1—na 20 & 1 s 1
By = ( ) + ( ) + - —3a) S
Gn—19n qn—2qn—1 Gn—19n qnqn+1 dn—19n k—1 An+-kdn+k+1 k=0 qn+kqn+k+1
—~(1+EYHYB
A2 = ( i ) 27
dn—1
The first flow of (2.9) is given by
. 1-(n+2)a 1—na
qn = ( ) - , (2.11)

dn+1 dn—1

which is just a discrete KdV equation with n dependent coefficient. The second flow of (2.9) is

. n+1la-1, 1 1 mn—1)a—-1,1 1
Gn = 5 (—+—)- 5 (—+—)
dn+1 qn+2 qn dn—1 qn qn—2
20 & 1 20 & 1
e 4+ . (2.12)
n+1 | =5 In+kdn+k+1  Gn-1 5 Gn+kdn+k+1
We notice that by considering the following two transformations for (1.1):
_ _ [ee]
Yy = ¢n/\n/2 H gk (2'13)
k=n+1
_ _ nooq
U =N [ =, (2.14)
b oo Ik
the nonisospectral problem (1.1) becomes
(QnQn—kl)_l&n—i—l - (Z;n—l + )\—1/2(;% (2'15)
ie.,
E¢, =U,o U, = 0 1 (2.16)
" e " dndn+1 )\_1/2QnQn+1 '



and continuous time evolution equation (1.3) becomes

60N m
di ) T4 g A ), (2.17)
where
(m) _ n—1dX o g AL/24,(m)
V. (g, ) = ( VT @ —(Z)k:ng—ﬁ o ﬁ | (2.18)
)\—1/2qnv21 e S St Z_z

Discrete spectral problem (2.15) is the well-known Volterra discrete spectral problem with canonical
1
dndn+1
Volterra hierarchy with n dependent coefficients? It is well known that lattice hierarchy derived from

variable . So, it may be questioned that are lattice hierarchies (2.3) and (2.9) equivalent to the
discrete zero curvature representation not only depends on discrete spectral operator equation but
also relates to its continuous-time evolution problem. In the following, we will give an answer to the
question. By the discrete zero curvature representation of U,, and V;,, we have

d(QnQn 1) m m — m _1dA Qn Qn 1
7dt = QnQn+1(EU§2) - U%l - A 1anél ) — A 1% + q_n + qnil)v (2'19)
d ndn - m 1 - m _.n
)\_W% A 2g,g0 1 [(E — 1)l + q_(E_E Ly 4 Z +y (2.20)
n n+1

For lattice hierarchy (2.9), notice the conditions (2.8) of UZ-(;n), the equations (2.19) and (2.20) are
compatible, which leads to

d(QnQn—i—l)

e Gni1(E* = 1) Ay + qu(E* = 1)EA,,, m>0. (2.21)

However, for lattice hierarchy (2.3), notice the conditions (2.2) of vgn) ,the equations (2.19) and (2.20)
are compatible only if @ = 0. In this case, we have

d(QnQn+1)

o = Gttt (B2 = 1)Cy m > -1, (2.22)

Now let’s discuss the relation of lattice hierarchy (2.21) with the positive Volterra lattice hierarchy.
First notice that positive Volterra lattice hierarchy is described by

duy,

T un(E —1)(1 + E Ve, m >0, (2.23)

where e, is determined by the following equation:

(E—E Ye;j +(E~1hjy1 =0, >0
(E —1)ej +uni1E*hj —uphj =0,  j>0 (2.24)
(E —1)hy =0,
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By introducing u,, = o) and t — —t for even flows, the hierarchy (2.21) is written as

dnQqn+
duy, mal
e un(E—1)(E+1)(-1) Crt1, m > 0. (2.25)
If only considering isospectral problem, we can prove the following formula by the induction:
(1 B+ )Ciyr = 1+ E ey, G20, (2.26)
In fact, since ey = uy,C1 = —u,—1, equation (2.26) holds for j = 0. Suppose it is true for j = m — 1,
then notice that
T E-1(1+ E)C,,
Coven = (B = 1) g (1 — B3 22y
m 1 — E-'1+E Ye,_
= (e - ) gt -y ey 227
and
E7' 14+ E Yem1 = qu1(E? = 1) g (E — 1) E e, (2.28)

Then, equation (2.26) is also true for j = m. Thus, hierarchy (2.25) is equivalent to positive Volterra
hierarchy for isospectral and nonisospectral problems. The first and the second nonisospectral flow of
the hierarchy (2.25) are described by the following equations, respectively,

du
d—tn = Up(Ups1 — Un—1) — aup[(n + 3)Uni1 + Uy — NU,_1] (2.29)
du,,
W = unun—i-l(un + Upt1 + un+2) - unun—l(un + Up—1+ un—2) +
(o] [o¢] (o]
+2aud (tn1 + 2 Z ug) + 2aUnUn 41 Z U + 2aUpUp—1 Z Uk
k=n+2 k=n+3 k=n
+nau? (un + tn_1) + (1 — 1)atiy_ 1t (Up—2 + Up_1)
—(n 4 1)av? (uy + tny1) — (04 2)auntn 11 (Ung1 + Unia). (2.30)

Very recently, the negative Volterra hierarchy is proposed by Pritula and Vekslerchik in [13], which
has the form,

d
% = up(E — Vgms1, m>—1, (2.31)

where g;,7 > 0 is determined by the following equation:
(BE—-EDfj+(E-1)g-1=0  j=1
(E —1)fj + unt1E%gj — ung; =0, j>1 (2.32)
(E - E_l)fO =0, un+lE290 — upgo = 0.



_1
qnqn+1’

1

Set u,, = in equation (2.32), then gy = ¢,. Under transformation u,, = and t — —t for

dndn+1
even flows, the hierarchy (2.22) possesses the form
duy, m
ke up(E—1)(E+ 1)(=1)"C,y, m > —1. (2.33)

The first flow of the hierarchy (2.33) is written as,

du,, 1 1
_— = — — 2.34
dt dn dn+1 ( )

which is just the simplest flow of negative Volterra hierarchy (2.31). The fact is very interesting.
Can we establish relation between lattice hierarchy (2.33) and the negative Volterra lattice hierarchy
(2.31)7 Answer is yes. In fact, we can prove the following formula by the induction,

(—)(E+1)Cj =gjp1,  §>-1. (2.35)

First, from equation (2.2) we have —(E + 1)C_1 = ¢, = go, thus equation (2.35) holds as j = —1.
Notice that

(E+1)Cj = gu(E* = 1) Hgn1(1 — E)ECj1],
gj+1 = @n(E* = 1) agna (1 — E) fiz], j=0 (2.36)

So, for j > 0, equation (2.35) is equivalent to

(=1 ECj1 = fir1,  j20 (2.37)
Since N
fi=—-1+E) By = > (-1)"guip1 = EC_1,
k=0

equation (2.37) is true for j = 0. Suppose equation (2.37) holds for j = m, then it also holds for
j=m+ 1. In fact, we have

fmyz = =1+ E) " Egmi1 = —(1 4 E) gni1 (B> = 1) (gny2(1 — E)Efiny1))]
= (=)™ 1+ E) Mgnr1(B* = 1) (gny2(1 = E)E*Cppy)] = (=1)" T EC,, (2.38)

From above analysis, we conclude that lattice hierarchy (2.9) is equivalent to the positive Volterra
hierarchy with n-dependent coefficients and lattice hierarchy (2.3) with a = 0 is equivalent to the
negative Volterra hierarchy. We thus believe it was worthwhile to study nonisospectral problem (1.2)
and the related lattice hierarchies in a independent way.



3 Infinitely many conservation laws for lattice hierarchies (2.3) and
(2.9)

For a lattice equation

F(qn7 q'na o5 n—1,9n, n+1, ) = 07 (31)

if there exist functions p,, and J,,, such that

pulF—0 = Jut1 — Jn, (3.2)

then equation (3.2) is called the conservation law of equation (3.1), where p,, is the conserved density
and J,, is the associated flux. Suppose equation (3.1) has conservation law (3.2) and J,, is bounded for
all n and vanishes at the boundaries, then ", p, = ¢, with ¢ being arbitrary constant, is an integral of
motion of lattice equation (3.1). In this section, we first demonstrate the existence of infinitely many
conservation laws for lattice hierarchy related to nonisospectral problem (1.2) by means of the explicit
Lax pairs, and then we derive infinitely many conservation laws for lattice hierarchies (2.3) and (2.9)
in details and give the corresponding conserved densities and the associated fluxes formulaically.

3.1 Infinitely many conservation laws for lattice hierarchy related to nonisospectral problem (1.2)
For discrete Schrodinger nonisospectral problem (1.2)

V241 = A2 -1 + @n¥2.n, (3.3)

if set T'), = % and notice that

(¢2,n+1¢2_,£)t ~ (P2n1)e (b2t

¢2,n+17/)2_,,11 T Yona tan (34)
then we obtain
O I\ + 42)] = @t — Q. (35)
where
Qn = Vay T + V33", (3.6)
The spectral problem (3.3) can be written in the form,
ADnDhit + gnlpst — 1 =0, (3.7)

which is a discrete Riccati equation. In order to solve the equation, we suppose the eigenfunction
Ya(n,t,\) is an analytical function of the arguments and expand I';, with respect to A by the Taylor
series

L= Nal), (3:8)
=0
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and then w{’ can be determined recursively as follows,

1 N
w® = — )= S wl ™, j=1,23,.... (3.9)
4n—1 In—1 l+m=j5—1
ie.,
-1 1 1 1
wg) = w,(f) =35 3 + )
Qn—2qn_1 Qn—2Qn_1 Qn—3 Qn—l

-1 1 1 2 11 1

w® = + + + ), (3.10)

Zngy+—Y L2 %" = Qi1 — Qp, 3.11
ot ngn + atkz:‘i i Qn+1 —Q ( )
with
o )
o=>"Nal), o) =-—"-. (3.12)
Equation (3.11) leads to the form,
0 5 vl — 200 L S (aini+B-100) 1 v 2 00)
En Z)\ ) = 5an + Z(CL])\ ) + N pYet ) = Qn+1 — Qn, (3.13)
j=0 J=1
where
a;(]) = Ingn, O[gzl) = ! ) £L2) = 2_1 ! + L))
Gndn—1 Gn19n dn-2  2qn
NOP N SR SR
" q%_Qq%_1Qn dn—1 qn—3 Qn—2Q2_1Q72L 3q2_1Q§L’
o) = -2 Y ez Y aaal - ..+
li+lo=j—2 li+la+l3=5-3
(—1)i-1 (—1)+1

3 aWal) g2 ¢ (—1)i @Oy -2g0 +

— (@Y.  (3.14)
J = li+lo+...+lj_2=2

n

J
In comparison with the powers of A on both sides of equation (3.13), we obtain infinitely many

conservation laws for lattice hierarchy related to nonisospectral problem (1.2),

pD =8 — B i=0,1,2,3, ... (3.15)

)



3.2 Infinitely many conservation laws of lattice hierarchies (2.3) and (2.9)
For lattice hierarchy (2.3), notice that

Qn = AT EA™(\) + 0™ () =" JON, (3.16)
where

(s) i
g — { Cm—i + Xstimi—1 Wn By, 0<i<m+1, (3.17)

" Zs—l—l:i—l wng)EAm—ly 1 >m + 2
we thus obtain its infinitely many conservation laws (3.15), where the associated fluxes Jf(f) (1 =
0,1,2,.....) are presented by equation (3.17), and the conserved density pgf) (1 =0,1,2,.....) are written
in the form,

. (@) <i<
o) = O - versmEl (3.18)
+a(i—m—1) fO t, i>m+2,

For lattice hierarchy (2.9), notice that

Qn = A[L,EA™ () + = gt (3.19)
=0

where

| (s) -
g0 = { Civ1+ Xy wn EA, 0<i<m—1, (3.20)

Dsti=i wgS)EAh i>m

with A; = 0 for I > m + 1. Thus, lattice hierarchy (2.9) possesses infinitely many conservation laws

(3.15), where the associated fluxes Jr(f) (i = 0,1,2,.....) are described by equation (3.20), and the
(1)

conserved density pn’ (i =0,1,2,.....) are written in the form,

(z’+1) aflali™d 0<i<m-—1,
P =14 Ingy + (m+ a [l ol m“ at, i=m, (3.21)
o™ 4 (i + Da ff a “*1 i>m+1

Conserved quantities H;,7 > 0 of lattice hierarchy (2.3) possess the following forms,
-1 1 1
_|_

1
HOZZZTLQTL) HIZZ H2:Z 5 —)7

Gnln-1’ ~ r _1Gn Gn-2  2qn
Z 2

1 1 1 1
+ + 3 +
@202 _1qn qn 1 -3’  Qn—2@o_1G2  3¢3_,q3

: (3.22)



¢
Hypi1 = Za(mH, H; = Z )+ a(i—m —1)/a£f_m_1)dt],i2m+2.
0

For lattice hierarchy (2.9), conserved quantities H;,i > 0 can be described by

(i + Da Lo a 0<i<m-—1,
Hy =< ¥, [lng, + (m+1)a fi af m“ ], i=m, (3.23)
Salad ™™ + (i + Da fga ““ 1, i>m+1

Example 1 For lattice equation (2.6), since

o0

Qn=—ATut (3 + i)a ()" = S (1) g (3.24)

k=0

(4)

it possesses infinitely many conservation laws (3.15), where the associated fluxes Jp’,7 > 0 are written
by the following equations, respectively,

n
IO = (5 + a—ca(=1)" = > (=1 s,
k=0
g _ —L g@_ 1 g —1 1 1
n n 2 2 ’
gn—1 gn—29,_1 9n—29n—-1 4n-3 gn—1
1 1 1 2 11 1
T = [ (—+—)+5—(—+—) (3.25)

qrzL—2Q72L_1 dn—2qn—1 4n—1 qn—3 Q,%_g qn—2 qn—4
JO = =1 i>5

n n )

For lattice equation (2.7), notice that

Qn = (NEA_| + \EA))T,, + A\C_; — By, (3.26)
hence it admits infinitely many conservation laws (3.15), where the associated fluxes J,gi),i > 0 are
given by,

JO = B, g — EAy o T2 = EA_,  FEA 7
dn—1 qn—1 Qn—2Q%—1

JD = wDEA | +wVEA), >3 (3.27)
Example 2 For lattice equation (2.11), note that

1— 1
@, = =1, (3.28)
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we thus obtain its infinitely many conservation laws (3.15), where the associated fluxes Jy),i > 0 have
the formula,

JO = @ i>0 (3.29)
dn
For lattice equation (2.12), we have
Qn = (EAN ' + EAT,, — B\ Y, (3.30)

so, its infinitely many conservation laws (3.15) is given, where the associated fluxes Jy),i > 0 are

described by

oo

JO— o5 Y
be—1 In+kdn+k+1

J(l)_na—l 1 n 1 . 1-(n+la  2a = 1 1-(n+1a
T 1@ Gt @1 G205 10n Gn—1Gn (2 Gotkntktl dn—20n_1dn
I =3 wPEs,  ix2 (3.31)
s+l=i

here A; =0 for [ > 2.

4 Conclusions

It is well known that the Lax pairs and infinitely many conservation laws are two important integrable
properties for a discrete lattice system. Specially, infinitely many conservation laws for the lattice
hierarchy with n-dependent coefficient has little work in the literature. In this article, by means of
discrete zero curvature representation and constructing opportune time evolution equations, two new
discrete integrable lattice hierarchies with n-dependent coefficients are proposed, which associated
with a new discrete Schrodinger nonisospectral problem. Further, it has been shown that lattice
hierarchy (2.9) is equivalent to the positive Volterra hierarchy with n-dependent coefficients and lattice
hierarchy (2.3) related to isospectral problem is equivalent to the negative Volterra hierarchy. We also
demonstrate the existence of infinitely many conservation laws for the proposed two lattice hierarchies
and give the corresponding conserved densities and the associated fluxes formulaically. Thus their
integrability is confirmed. The meaning of lattice hierarchy (2.3) related to nonisospectral problem is
worth further investigation.
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