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Abstract. A fully self-contained model of homochirality is presentédt contains the effects
of both polymerization and dissociation. The dissociaffagments are assumed to replenish
the substrate from which nhew monomers can grow and undergopol/merization. The
mean length of isotactic polymers is found to grow slowlyhitie normalized total number of
corresponding building blocks. Alternatively, if one asms that the dissociation fragments
themselves can polymerize further, then this correspoods dtrong source of short poly-
mers, and an unrealistically short average length of onBy3contrast, without dissociation,
isotactic polymers becomes infinitely long.
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1. Introduction

Central to the question of the origin of life is the polymatinn of the first
complex molecules that can have catalytic properties aativilould even-
tually carry genetic information. It is widely accepted ttlwaur current life
form involving DNA carrying the genetic code and RNA prochgithe pro-
teins that, in turn, catalyze the production of nucleotidesist have been
preceded by a simpler life form called the RNA world (Woese67; Crick,
1968; Orgel, 1968; see also Wattis & Coveney 1999). Here RINA has
multiple functionality, it carries genetic code and it is@lable to catalyze
the production of new nucleotides.

The RNA of all terrestrial life forms involves a backbone ektrorotatory
(right-handed) ribose sugars. Theoretically, life coudstdnbeen equally well
based on levorotatory (left-handed) sugars. Unless thestsen was some-
how externally imposed, e.g. via circularly polarized tigBailey, 2001),
magnetic fields (Thiemann 1984), or via effects involving garity-breaking
electroweak force (e.g., Hegstrom, 1984), this must haes lblee result of
some bifurcation process. Indeed, the homochirality aflahded amino
acids and of right-handed sugars in living cells can be éexpthas the re-
sult of two combined effects, auto-catalytic productiorsiofilar nucleotides
during their first polymerization events and a competiti@eteen left- and
right-handed nucleotides. The general idea goes back lpwark of Frank
(1953), and has been developed further by Kondepudi andoN€E984),
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Goldanskii and Kuzmin (1989), Avetisov and Goldanskii (3p@nd more
recently by Saito and Hyuga (2004a). Of particular interesee is the re-
cently proposed detailed polymerization model of Sand2093); see also
Brandenburget al. (2005, hereafter referred to as BAHN) and Wattis and
Coveney (2005). The main point of Sandars’ model is the apamthat
the polymerization of monomers of opposite handednessiriatas further
growth on the corresponding end of the polymer. This is reteto as enan-
tiomeric cross-inhibition. Such inhibition makes it gesigr quite hard for
any polymer to grow successfully. However, once a polymer lbecome
successful in reaching an appreciable length, it will haatalgtic properties
promoting the production of monomers of the same chiraliytheat of the
catalyzing polymer.

All the polymerization models presented so far ignore thssitmlity of
polymers breaking at an arbitrary location. Without thisqass polymers
would, in the homochiral case, grow to infinite length whishclearly un-
realistic. We begin by discussing a model for the disscmiatf isotactic
polymers, where all the building blocks have the same dtyrdlext, we
consider the dissociation of polymers whose one end haagiteeen spoiled
with a monomer of the opposite chirality. We then incorperidie dissocia-
tion model into the full polymerization model of Sandars@@pand discuss
an important modification that is necessary to prevent tiezage polymer
length from being too short.

2. Outline of the model

The model that we are proposing has arisen through the aéalizthat the
obvious generalization of the polymerization model of Sasd2003), to
include dissociation, leads to two important difficulti#tswas our desire to
resolve these problems in a way that seemed most natural, @ndsthat
involves the least amount of assumptions and new param¥éthis we came
up with is a closed model that is fully self-contained. As le toriginal
model of Sandars, new monomers of either chirality are bpioduced from
an achiral substrate. However, unlike the original modelexternal source
of the substrate is required. Instead, the substrate caepbenished by the
“waste” generated by fragmented polymers.

Before we can discuss the dissociation model, let us exphaia few
words the polymerization model of Sandars. Here, polymansgrow by the
addition of monomers that can have either the same or thesapphirality,
and the corresponding reaction coefficients fageand k7, respectively. The
subscriptS indicates that the chirality of both reaction partners ssgsame
The addition of a monomer of opposite chirality leads to itif@bition of
further growth at that end of the polymer, which is indicabgdthe subscript
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1. The process of such an inhibition, also referred to as “&m@eric cross-
inhibition”, is the single most important aspect of the mog&hout which
there would be no bifurcation from a racemic (i.e. equallyngnaght and left
handed building blocks) to a homochiral state.

The fragmentation involves a new parameter: the decaykgtat which
a polymer can break up anywhere in the chain. Again, the sipbstrefers
to the situation where the partners involved in the bond hlgesame chi-
rality. If the chirality is different, we call the decay rate, in analogy to the
corresponding reaction coefficieht in the original polymerization model of
Sandars (2003).

The perhaps most obvious assumption for dissociation wbaldo let
the fragments continue to polymerize with new monomerss Tdds to two
undesired features of the model. In the previous case withmrlymeriza-
tion the homochiral equilibrium had the property that pogymof different
lengths are all equally abundant. This goes on all the wanfiaity. If we
now allow these polymers to break, there is potentially astedphe in that
arbitrarily many short polymers can form. This is also supgmb by the nu-
merical simulations discussed below. Furthermore, theanioal solutions
show that, even in the best possible case, the average polgnggh never
exceeds 3, which is clearly unrealistically short. We ps@ptwo alternative
ways to allow for the formation of longer chains. One podigjbis to in-
clude an additional degradation of polymers leading to a tesm in the
polymerization equations and a corresponding source terrtné substrate.
Another possibility is to recycle the dissociation produictto the substrate
without invoking an additional degradation of polymers.both cases the
total number of building blocks in the system is constantthso substrate
plays now an integral part of the model. As a mechanical guapwe can
think of the mass of the substrate as being similar to patestiergy, and
the mass of all polymers as being similar to kinetic energghghat the total
number (corresponding to the total energy) is conserveds,Titot only goes
the production of new left and right handed building blocktha expense of
the substrate, but now the substrate is being replenishalebgtissociation
fragments such that the total number of building blocksdrafgss of their
chirality) remains constant.

In the following we develop the model step by step. We firsdrieeshow
that the mean polymer length is never more than 3 if the fragsnare reused
for further polymerization.

3. Developing the dissociation procedure

Following the basic idea behind Sandars’ polymerizatiordehove assume
the presence of left and right handed polymers of lengtdenoted byL,,
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and R,,, respectively. We also assume the presence of polymersewgiees
end has been spoiled by a reaction with a monomer of oppdsitaity. The
resulting polymers of this form are denoted byR; andR,, ;.

3.1. ISOTACTIC DISSOCIATION

We begin with the description of a dissociation model by ussing isotactic
polymers of lengthn, which are assumed to break (dissociation) at a mean
rateys (assumed independent of, at positionm, according to

Here, L refers to left-handed building blocks, but a correspondiggation
is also valid for right-handed polymers, denoted ByIn the present case,
the fragments.,,, and L,,_,,, will be reused for further polymerization. As
an exampleL, can break up into twd.,, or into oneL; and oneLg, but
for the latter there are two possibilities to do this. Thas,f = 4 there are
altogethem — 1 = 3 different ways of destroyind.4. This then leads to an
evolution equation for the concentration of polymérs, |,

d N
&[Ln] =...+2vs Z [Lm] - (n - 1)73[Ln]a (2)
m=n+1

wheren > 2, and the last term represents the decrease of the congamtrat
[L,] due to then — 1 different ways of breaking up the polymer. The first term
represents the corresponding gain from breaking up polymghm = n—1

or more building blocks. The evolution equation fas | has only a gain term
from breaking up polymers of length > 2, so

d N
bl =+ 2ys > [Ln]. (3)
n=2

The absence of any negative terms (sinks) on the right haedrsiplies that,
if there is only dissociation,L;] can only grow. The dots in Egs. (2) and (3)
denote the possible presence of extra terms (discussed irext subsection)
that would be needed to model the primary polymerizatiorcgse.

The same set of equations (2) and (3) applies al€®),tol he mean rate of
dissociation is againg, so the model is completely symmetric with respect
to exchanging. = R. Using the identity

N N N
Son Y [Lal = 3(n—Dn[Ly), (4)
n=1 m=n+1 n=1

one can easily see that these reaction equations (2) anth {Be absence
of extra terms, conserve the total number of left and rightdea building
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Figure 1. Evolution of [L,], using as initial conditionL00] = 1 and[L,] = 0 for n # 0.

blocks, i.e.
N N
Ep = Z n[Ly] = const, Egr= Z n[R,] = const. (5)
n=1 n=1

As anillustration we show in Figure 1 a numerical integnatidé the evolution
of [L,], using as initial conditiofL00] = 1 and[L,,] = 0 for n # 100. Thus,
we haveFE = 100 initially, and this value is preserved by the model for all
times.

As can be seen from Figure 1, both monomers and short polyaneis-
mediately being produced. Far> 2 the concentration reaches a maximum
at a time that is of the ordeygl, and decays then exponentially to zero.

3.2. EMI-SPOILED POLYMERS

For polymers whose one end has been spoiled by a monomer ositgp
chirality, we have two types of reactions: those where tludisg enantiomer
breaks off (ratey;) and those where the polymer breaks up somewhere else
in the isotactic part (rates). Thus, we assume

L,Ry % L, + Ry, (6)
and
LnRy 55 Ly + Ly_ Ry @)

for 1 < m < n — 1. Ignoring a particular complication that will be discussed
in a moment, oupreliminary set of equations for these additional reactions
is then given by

N
SRl = o trs Y [LnBi] =+ (= s} LaRi), @
m=n+1
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N
L= b5 Y LRi] +wlLaR] ©
m=n-+1

d N
bl = +7s Y [LaRa] +y1[LiRi), (10)

n=2

d N

&[Rl] = ..+ Y [LnRi]. (11)

n=1
These equations ignore the dissociation of isotactic petgrdiscussed in the
previous section, but they can simply be added to the pres¢onf equations.
Again, the system of equations has to be completely symmetth respect
to exchangingl. = R. However, the reaction (7) fon = n — 1 produces
LiR; at a rate that is proportional td.,, R;]. In general, sincéL, R;] #
[R, L], this would lead tdLiR;] # [R1L4], which is not permitted. We
therefore have to discard the reaction (7) for= n — 1, i.e. we have to
discard the reactions

LoRy 2% L,y + LR, (discarded) (12)

and likewise for the dissociation @t,, L. Since we have therefore one reac-
tion less, this means that in Eq. (8), which now applies oaltyrf > 2, the
n — 1 factor changes effectively intora— 2 factor. Furthermore, in Eqgs. (9)
and (10) the sums start only with = n + 2 andn = 3, respectively.

When writing down the full set of equations we have to treatdtolution
of [L1 R;] separately, so

d

—[LlRl] = ... — Wj[Lan], (13)
dt
while for n > 2 we have a pair of equations
d
gLl =t w — {y1 + (n = 2)ys} [LaRa), (14)
d
Gnl] =+l — {4 (0= 2)ys} [Rala]. (15)
Here,
N N
wit =55 3 [LaRi), wif™ =75 Y [Rali),  (16)
m=n-+1 m=n-+1

are all the terms that have resulted from dissociation. Dineesponding pair
of equations foL,] and[R,,] is automatically valid also fon = 1, so we
have

) = ot ) — (0= (L), (17)
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d

g [fn] = o w0 = (0= )[R, (18)

N N N
wi =275 3" [Li]+7s > LB +71[LoBa]+0m Y [RmLa], (19)

m=n+1 m=n-+2 m=1
N N N
wi® = 295> [Rn]+75 Y [RmLi]+71[RaLi] +001 Y [LiRi]. (20)
m=n+1 m=n+2 m=1

Here,d,,; = 1 forn =1, andd,,; = 0 for n > 2.

We have calculated solutions using as initial conditjgn k] = 1 for
different values of. and found that the evolution df.,,] is very similar to
that shown in Figure 1, so we do not need to reproduce thist feste.

3.3. FOLYMERIZATION AND DISSOCIATION

We now add the polymerization equations of Sandars (2008g® (13)-
(18). Again, we begin by discussing first the homochiral casthat case we
have only two reactions,

L1+ Ly 2hs, Ly, (21)
Ly 55 Ly + Ly—m, (22)

wherekg is the reaction coefficient for attaching a monomer with thees
handedness. The factor 2 ég indicates that polymerization can proceed on
both ends of the polymer. This agrees with earlier appraacied may be
realistic for PNA polymerization, but not for RNA or DNA patyerization
which usually proceeds only on one end. Since the monomebeattached

to any one of the two ends of the polymer, the overall reagiimteeds with
the coefficienkg. The full reaction equations for the homochiral case can
then be written as (for > 3)

d[L] a
o = QkS[Ll]([Ln_l] - [Ln]) +295 Y [Lm] — (n— 1)ys[Ly], (23)

m=n-+1

while for n = 2 we have

d[Lo)] al
qi = ks(La (L) = 20La]) + 235 3 (L] —ys[La). (24)
m=3

where an extra 1/2 factor has occurred in front of[thg? term. (Forn = 2,
two pieces of the same species react with each other, whiereas> 2 there
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Figure 2. Isotactic equilibrium states with polymerization and disation, for different
values of the universal paramet®t changing over a range of six orders of magnitude.

are always two different species, i.e. monomers and polynsee BAHN for
a more detailed discussion). For= 1 we have

d N-1 N
L) = ~2kslLa) Y [Eal + 295 D (Ll 25)
n=1 n=2

Note that this problem is governed by three parametgrsys, and the con-
served quantity¥,, which only depends on the initial condition. These three
parameters can be combined into a single non-dimensionaineder,

M = Erkgs/vs (homochiral case) (26)

that characterizes all possible solutions. Moreover gleggiations possess a
unique equilibrium state which is in general different faifetent values of
M, see Figure 2. Here we have normalifég | in terms ofvys/ks to make

it dimensionless.

Given that there is a non-dimensional paramete) {n the problem, there
is no unique choice for a non-dimensional representatiotinué. Possible
non-dimensional combinations argt (as used in Figure 1) andkgt.

In Figure 3 we show the time dependence[bf] (normalized byFE;) as
a function ofygt toward the equilibrium solution shown in Figure 2. Note
that the approximate position of the maximum is always atiadathe same
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Figure 3. Relaxation phase toward the isotactic equilibrium statethé presence of poly-
merization and dissociation, for the same six differenugal of the parameteM as in
Figure 2.

value ofvgt for values of M changing over six orders of magnitude. This
shows that the typical relaxation time scale is governedgbly

Itis somewhat surprising that with dissociati¢h,, | always peaks at small
values ofn (atn = 2 or M > 10 or atn = 1 for smaller values of\1). This
can be quantified in terms of the mean polymer lenghthat can be defined
asNy = Y n[L,]/ > [L,] (see BAHN). The resulting values 9f;, approach
3 for large values oM, but are otherwise always less than 3.

3.4. COUPLING TO A SUBSTRATE

It is natural to proceed as in the model of Sandars (2003) angle the
polymerization equation to a substrate from which new mogrsntan be
produced in a catalytic fashion. It is sufficient to discusstfihe isotactic

Table I. Mean polymer length, for different values
of M, for isotactic polymers (here left-handed).

M | 0.1 1 10 102 10® 10

NL|1.09 155 245 292 299 3.00
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case, so we add a sour€g, to the right hand side of Eq. (25),

d N-1 N
I —[L1] = Qr — 2ks[L1] Z I+ 275 > [Lnl, (27)

n=1 n=2

where(@;, quantifies the source of new left-handed monomers. Sinsédim
provides of source of left-handed building block;, is no longer conserved.
Instead, as discussed by BAHN;, obeys the evolution equation

L — Qu — ahs[LalLn] (28)
In the absence of dissociation, a homochiral steady stgiessible, where
[L,] is constant for alln > 2, so[Ly] is finite and@;, is balanced by
2kg|L1][LN].

Obviously, @, should depend on the concentration of the substféaie,
so it is natural to write);, = kc[S]CL, whereC, determines the efficiency
of the production of left-handed monomers from the substr8ince this
generation is supposed to be a catalytic proc€gssshould depend in some
way on[L,] itself; here we assum€; = Ey, but different proposals have
been made in the past (see BAHN for a discussion). The stbésalf obeys
an evolution equation of the form

o ran. 29)

where(@ is a source for the substrate, a@g; in the present case. For the
moment, this source can be thought of as being externallgngias in the
model of Sandars (2003), but we will assume that this comemkhge from
the dissociation fragments.

Regardless of the particular choice, we face a general gmobi that dis-
sociation causes the polymers to have finite lengthLsd — 0 and hence no
equilibrium state is possible any more. This causes a se@inl@ar) growth,
so at some point the numerical integration develops anmaegtic overflow.
An obvious way to balance this secular growth is to add a srfgds term,
d[L,]/dt = ... — vy[Ly,], where~ is the degradation rate and the dots denote
all the other terms that are already present. The resuloiw gihFigure 4.

3.5. FEEDING THE FRAGMENTS BACK INTO THE SUBSTRATE

Clearly, the dissociation model developed so far requioesesmodifications
that are necessary to prevent the model from displayingaegrowth when
combined with the polymerization model of Sandars (2008 tarallow for
an average polymers length of more than 3. One possibilitylavoe to make
the decay rate,s dependent om, for example in such a way that, = 0
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Figure 4. Isotactic equilibrium states with polymerization, disstion, and uniform degra-
dation, for different values oM /10* (left), and the mean polymer lengtiy, (right), for

v/vs = 20.

for small values of:. One could also think of adding an overall loss term.
Yet another possibility, that is close to our final proposslto recycle the
monomers resulting from dissociation back into the subestrm the end,
however, we found it most plausible to assume that all fragmeesulting
from dissociation are recycled back into the achiral salbstiThus, the source
term would then be

Q=Wr+Wr+Wrr+Wgrr + Wrrr + WLrL (30)
where
N N
W =Y nwl, Wrp=> nuwi, (31)
n=1 n=1

is the total number of recycled building blocks (both ledtaded and right-
handed),

N N
Wir =Y (n+Dwl®, Wgy=> (n+ 1w (32)

n=1 n=1
are the corresponding contributions from fragmented spuiled polymers,
and

N N
Werrr =Y (n+2)[Ri][LnR], Wirr =Y (n+2)[L1][R,L] (33)

n=2 n=2

are the contributions from terminally spoiled chains. The/system of equa-
tions is then

%[Ln] = — (n— Ds[Lal, (34)
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12 Brandenburg et al.

SRl = B — (0~ 1)ns[Ra), (@)
SR =~ (o (0= s} LR, (30
SRl =P — (31 + (0= 2s} Baa], (30)

wherepﬁlL), pﬁLR), pﬁlRL), andp,(@LR) indicate the terms due to polymerization

(see Sandars 2003, BAHN, Wattis & Coveney 2005); see thengippeEqua-
tions (34) and (35) are valid for all > 1, but Egs. (36) and (37) are only
valid forn > 2. Forn = 1 these equations reduce to

d

Gk =i L), (38)
We note thaiR; L] = [L;R;]. These equations are constructed in such a
way that the total number (or mass) of right and left handeltlimg blocks
is conserved, i.e.

M = [S]+ Egr + EL + Ef, + Ef = const. (39)

Here, B3 = Y (n + 1)[R,] andEf = Y(n + 1)[L,] have been introduced.
We recall that due to recycling of the right and left handedding blocks
through an achiral substrate, the total chirality, whickolwes £, and £},
is not conserved; see Section 5 of BAHN. The quaniifycan be expressed
in non-dimensional form,

M = Mkg/~vs (general case) (40)

which is conserved for all times. This is therefore the maintwl parameter
of our model. It generalizes our earlier definition for thélyfuthomochiral
cases; see Eq. (26).

In Figure 5 we show that increasing the valueMfleads to an increased
range over which the racemic solution is unstable and amaaechiral state
emerges. Likewise, increasing the rate at which the sgpitionomers break
off also broadens the range of permissible values of thetfydel which the
racemic solution is unstable.

When f exceeds a critical value, the enantiomeric excess

_ Ep—Eg

=== = 41
Er + ER (41)

n
increases exponentially with time like'!, where \ is the growth rate. For
f = 1, the growth rate is (see Figure B)= 1.2M'/%2yg = (Mkgvs)'/?, so
it is the geometrical mean between the polymerization iéd#g; on the one
hand and the dissociation rajg on the other.
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Figure 5. The effects ofM and~; on the bifurcation diagram. Increasing the values\df
and~; allow near-homochiral states with decreased fidelity.
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Figure 6. Dependence of normalized growth ratgys for the racemic solution and mean
polymer lengthV;, for the homochiral solution on the total normalized masspeaterM
for f =1, kr/ks = 1andyr/vs = 1.

Contrary to the model without recycling, the present modeistallow for
polymer lengths that can easily exceed the previous bouBdTiis requires
large values of\M; see Figure 6, where we plot the resulting valued/gfas
a function of M. In fact, we find that to a good approximation,

N; or Ng~112MY*  (for M > 10); (42)

see Figure 6. We regard the possibility of long chains as @alrproperty of
any reasonable polymerization model. Furthermore, thdfat the model is
now fully self-contained §/ is conserved) makes it an appealing alternative
to previous models.
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4, Conclusions

Dissaociation of polymers appears to be an important computasfeany poly-
merization model. The present work has shown, however,ttigastraight-
forward usage of dissociation fragments for further polsizagion does not
yield realistic model behavior, because the maximum potyierggth would
not be more than 3. Various other maodifications that coulowafior longer
polymers have been discussed, and it is likely that thereare possibilities.
The main problem is that the fragments from dissociatior tenproduce
excessive amounts of short polymers that cause the aveohgegr length
to be very short. Consequently, we have postulated thatdgenents result-
ing from polymerization are instead recycled into the sibst The average
polymer length then depends on the normalized dissocidiioa. In this
model, no external source of the substrate is required, ssontbdel is now
fully self-contained.

The model is governed by the total number of left and rightdeahho-
mochiral building blocks, the reaction rates for polymatian with the same
and the opposite chirality, and the corresponding distiociaates. These
numbers can be combined into a single non-dimensional nuthbe char-
acterizes the behavior of the system. At the moment we havdeao idea
about its value, but laboratory experiments should be ablietermine not
only this coefficient, but they should also allow us to testaizs aspects and
predictions of the model.

We recall that in order to draw conclusions about the timéesza which
homochirality can be achieved, it is important to discussgpatial extent of
the system (Saito and Hyuga 2004b). Homochirality may agvehpidly at
one point in space, but the handedness may be differenfetatif locations.
The relevant time scale for achieving global homochirdBttherefore much
longer and is given either by the diffusion time scale, whiglvery long,
or by a turbulent turnover time which can be much shorterrifuient flows
are present (Brandenburg & Multamaki 2005). Obviouslg,dbneralizations
given in the present paper can directly be applied to theatehprovided the
local growth remains still large enough.

Appendix

A. Polymerization terms

In this appendix we state the terms describing the polyragom process.
These terms are equivalent to those given and discussed HINBAqua-
tions (20)—(27). For. > 2 we have

i) = 2kg[La] (0D (L] = [La]) = 2ki[L][RA),  (43)
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) = 2ks[Ri] (o) [Rur] = [Ra]) = 2Ki[Ral[La],  (44)
™) = ks[Ri] (01 [Ru-rL] = [RaL]) + ks [L] (2[R0] = [RaL]), (45)

() = ks[La] (00 [Lo-1R] = [LuR]) + ki[Ra)(2(La] — [LoR]). (46)

whereas fon = 1 we haveng) = —Ar[L1] andpgR) = —Ag[R1], where
N—1 N N—-1 N
AL = 2kg Z [Ln] + 2k; Z [Rn] + ks Z [LnR] + ki Z[RnL]y (47)
n=1 n=1 n=2 n=2
N—1 N N-1 N
AR = 2kg Z [Rn] + 2k Z [Ln] + ks Z [RnL] + k1 Z [LnR]a (48)
n=1 n=1 n=2 n=2
andpgRL) = ngR) =0.
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