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Unstable particles as open quantum systems
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We present the probability-preserving description of the decaying particle within the framework of quantum
mechanics of open systems, taking into account the superselection rule prohibiting the superposition of the
particle and vacuum. In our approach the evolution of the system is given by a family of completely positive
trace-preserving maps forming a one-parameter dynamical semigroup. We give the Kraus representation for
the general evolution of such systems, which allows one to write the evolution for systems with two or more
particles. Moreover, we show that the decay of the particle can be regarded as a Markov process by finding
explicitly the master equation in the Lindblad form. We alsoshow that there are remarkable restrictions on the
possible strength of decoherence.

PACS numbers: 03.65.Yz

I. INTRODUCTION

Recently, the tests of Bell inequalities [1] in the system of
correlated neutral kaons [2, 3] orB mesons [4] has attracted
some attention. The crucial point in studying correlationsin
this system are the oscillations of the strangeness and bottom,
respectively. However, the instability of kaons makes the anal-
ysis of correlation experiments difficult. The state of the com-
plete system is a superposition (or a mixture) of the states of
the decaying particles and the decay products. The whole sys-
tem undergoes a unitary evolution described usually in terms
of quantum field theory. On the other hand, in correlation ex-
periments of Einstein–Podolsky–Rosen–Bohm type [5, 6], it
is more useful to neglect the evolution of decay products and
consider solely the decaying particles. Unfortunately, such
a description within the framework of quantum mechanics re-
ferring to the case with finite degrees of freedom leads to some
difficulties. This is usually done by means of the Weisskopf–
Wigner approach [7, 8], where the probability of detecting the
particle is not conserved during the time evolution and, there-
fore, the Hamiltonian in such theories must be non-Hermitian.
Moreover, this formalism leads to some ambiguities when ap-
plied to the description of correlation experiments. The reason
is the probability loss caused by the decrease of the trace ofthe
reduced density operator. This prevents one to calculate un-
ambiguously the probability of finding the system in a given
state after the projective measurement. Therefore, in our opin-
ion, we need an approach enabling a description of the system
that can be in two-particle states as well as the one-particle
and even zero-particle states, which can arise during the time
evolution (decay) of the initial system. It seems to us that the
mentioned issues can be resolved by an assumption that the
decaying particle can be found in a particle state as well as in
the state ofthe absence of the particle, i.e., in thevacuumstate
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(it is not a vacuum in the sense used in quantum field theory,
but rather in a sense used in [9]).

In this paper, we give the probability preserving descrip-
tion of the decaying particle within the framework of quan-
tum mechanics of open systems. This approach is introduced
in Sec. II, where the evolution of the system is given by a
family of completely positive trace preserving maps forming
a one-parameter dynamical semigroup [10, 11, 12]. Thus,
in our approach the Hamiltonian is Hermitian and therefore
the reduced density operator has a unit trace. We also find
the operator-sum representation (Kraus representation) for the
evolution of such systems, which immediately allows one to
write the evolution for systems of two or more noninteract-
ing particles. This is useful if we study quantum correlations
between unstable particles. We would like to point out that
we use the dynamical semigroup approach for the entire evo-
lution of the unstable particle, not only for the description of
its decoherence, as was done in [3, 13, 14, 15, 16]. Finally,
in Sec. III we study the restrictions on the possible strength
of decoherence that arise as a side effect of completely posi-
tive evolution of the system as well as we estimate the upper
bound for the decoherence strength forK0 andB0 mesons.

II. THE TIME EVOLUTION OF UNSTABLE PARTICLES

In this section we discuss the evolution of unstable parti-
cles, neglecting their spatial degrees of freedom. In orderto
sketch our approach, we begin with the discussion of the case
of the neutral pion. This example is rather elementary, but
it helps us to illustrate the main idea of our approach. Next,
we go toK0 (B0) mesons. The evolution of these particles is
more complicated because of the phenomenon of transmuta-
tion betweenK0 andK̄0 (B0 andB̄0). We shall regard them as
open systems, it means that their evolution is not unitary, but
it must be treated as a one-parameter family of quantum op-
erations forming a dynamical semigroup. Consequently, the
density operator of the system must obey the master equation
rather than the von Neumann equation.
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A. Unstable (pseudo)scalar particle

In this section we describe briefly the evolution of an unsta-
ble (pseudo)scalar particle,π0, and we show that this evolu-
tion can be regarded as a family of amplitude damping quan-
tum operations [17].

The key point of the presented approach is that the system
under consideration can be regarded as a two-level system:
one can find the system in the particle state or in the vacuum
state. Of course, this system must be an open one and we treat
the decay products as a part of the environment.

The space of states of the system is a direct sum of the
Hilbert space of the particleHπ0, spanned by the vector|π0〉,
and the Hilbert space of the vacuumH0, spanned by the vec-
tor |0〉; i.e., H = Hπ0 ⊕H0. Since we are looking for a de-
scription of a decaying particle in terms of quantum mechan-
ics with finite degrees of freedom (not in the language of field
theory; cf. [18]) we assume that the decay process is a Markov
process and it is not described in the dynamical manner (i.e.,
it is not governed by a Hamiltonian).

We represent the vectors|π0〉 and|0〉 by

|π0〉=
(

1
0

)

, |0〉=
(

0
1

)

. (1)

The time evolution of the system can be represented by the
continuous one-parameter family of linear superoperatorsSt
such that

ρ̂(t) = St ρ̂(0), (2)

whereρ̂(t) is the density operator of the system at the time
t. These superoperators must be trace-preserving completely
positive maps and they must form a one-parameter semigroup
(see, e.g., [19, 20] and refereces therein), i.e.,

tr[St ρ̂(0)] = tr[ρ̂(0)] = 1, (3a)

St1+t2 = St1St2, ∀t1, t2 ≥ 0, (3b)

and the mapt 7→ St is continuous in strong topology.
We study the time evolution of the state of the system,

ρ̂ = ρ11|π0〉〈π0|+ρ12|π0〉〈0|+ρ∗
12|0〉〈π0|+ρ22|0〉〈0|, (4)

assuming that it is consistent with phenomenological
Weisskopf–Wigner evolution [7, 8],

|π0(t)〉= e−t(im+Γ/2)|π0〉, (5)

wherem is theπ0 mass andΓ is its decay width.
From (5), it follows thatρ11(t) = e−tΓρ11(0) and there-

fore ρ22(t) = 1−e−tΓρ11(0). Taking into account the linear-
ity of St , we can writeρ12(t) as the time-dependent linear
combinations of all the elements of the initial density ma-
trix, i.e. ρ12(t) = ∑2

i, j=1Ai j (t)ρi j (0), with the initial condi-
tionsA12(0) = 1 and all remainingA’s vanish att = 0.

Therefore the action of the mapSt can be written as fol-
lows:

Stρ(0) = ρ(t) =









e−tΓρ11(0)
2
∑

i, j=1
Ai j (t)ρi j (0)

2
∑

i, j=1
A∗

i j (t)ρ∗
i j (0) ρ22(t)









,

(6)
where

ρ22(t) = ρ22(0)+
(

1−e−tΓ)ρ11(0). (6a)

To find conditions under which the map (6) is completely
positive, we use the Choi’s theorem [19, 21], which states that
St is completely positive iff the corresponding Choi’s matrix,

ChoiSt =









e−tΓ A11(t) 0 A12(t)
A∗

11(t) 1−e−tΓ A∗
21(t) 0

0 A21(t) 0 A22(t)
A∗

12(t) 0 A∗
22(t) 1









(7)

is positive. This implies that

|A12(t)|2 ≤ e−tΓ, (8a)

|A11(t)|2 ≤
(

1−e−tΓ)(e−tΓ −|A12(t)|2
)

, (8b)

A21(t) = 0, (8c)

A22(t) = 0. (8d)

One can check by straightforward calculation that the com-
position law (3b) leads to the conditions

A12(t1+ t2) = A12(t2)A12(t1), (9a)

A11(t1+ t2) = A11(t2)e
−t1Γ +A12(t2)A11(t1). (9b)

It is easy to see that the only possible solution of (9a) fulfill-
ing (8a) and the initial conditions is

A12(t) = e−t[(Γ+λ )/2+iµ], (10)

whereλ ≥ 0 andµ ≥ 0. Taking into account the fact that the
one-parameter semigroup must be Abelian, we get from (9b),
and (10)

A11(t) =
{

z
{

e−tΓ −e−t[(Γ+λ )/2+iµ]
}

, whenλ 6= Γ or µ 6= 0,

zte−tΓ, whenλ = Γ andµ = 0,
(11)

wherez∈ C are such that the inequality (8b) is satisfied (for
λ = 0 we have to putz= 0). Therefore, the most general form
of the time-dependent density matrix is given by
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ρ(t) =
(

e−tΓρ11(0) e−t[(Γ+λ )/2+im]ρ12(0)+A11(t)ρ11(0)
e−t[(Γ+λ )/2−im]ρ∗

12(0)+A∗
11(t)ρ11(0) 1−e−tΓρ11(0)

)

, (12)

where the consistency with (5) requiresµ =m. The parameter
λ is interpreted as the decoherence parameter.

Since the evolution of the system (12) is given by a com-
pletely positive map, it can also be written in the operator-sum
form [22]

ρ̂(t) =
N

∑
i=0

Êi(t)ρ̂(0)Ê†
i (t), (13)

where the Kraus operatorŝEi(t) satisfy the condition

∑N
i=0 Ê†

i (t)Êi(t) = I . One can easily check that the Kraus op-
erators leading to the evolution (12) are given by

Ê0(t) = e−t[(Γ+λ )/2+im]|π0〉〈π0|+ |0〉〈0|, (14a)

Ê1(t) =

√

1−e−tΓ − |A11(t)|2etΓ

1−e−tλ |0〉〈π0|, (14b)

Ê2(t) = e−tΓ/2
√

1−e−tλ |π0〉〈π0|+ A∗
11(t)e

tΓ/2
√

1−e−tλ
|0〉〈π0|.

(14c)

From the operator-sum representation, using standard pro-
cedures [23, 24], we can easily find the local form of the time
evolution—the master equation in the Lindblad form [12],

dρ̂(t)
dt

=−i[Ĥ, ρ̂(t)]+ {K̂, ρ̂(t)}+
N

∑
i=1

L̂i ρ̂(t)L̂†
i , (15)

whereĤ is the Hamiltonian of the system, the operatorsL̂i

are the Lindblad operators, and̂K = − 1
2 ∑N

i=1 L̂†
i L̂i . For the

density operator (12), the Hamiltonian is

Ĥ = m|π0〉〈π0|, (16a)

and the Lindblad operators are of the form

L̂1 =
√

Γ(1−α)|0〉〈π0|, (16b)

L̂2 =
√

λ |π0〉〈π0|+ β ∗

√
λ
|0〉〈π0|, (16c)

where

α =

{

|z|2[4m2+(Γ−λ )2]/(4Γλ ), λ 6= Γ or m 6= 0,
|z|2/Γ2, λ = Γ andm= 0,

(17a)

β =

{

z|im+(Γ−λ )/2|, λ 6= Γ or m 6= 0,
z, λ = Γ andm= 0.

(17b)

Now, we take into account the fact that superpositions of
the particle and vacuum are not observed in the nature. Con-
sequently, there is no physical observable with nonvanish-
ing matrix elements between vacuum state and particle state,

which leads to thesuperselection rule. Therefore, the ele-
ment ρ12 of the density operator (4) does not contribute to
the expectation value of any observable, and we can assume
that ρ12(t) = 0 for any time [25], which implies thatz= 0.
Therefore in this case the decoherence parameterλ becomes
irrelevant, so we are free to putλ = 0. Thus the density matrix
describing the evolution ofπ0 is

ρ(t) =
(

e−tΓρ11(0) 0
0 1−e−tΓρ11(0)

)

. (18)

The corresponding Kraus operators have the following form:

Ê0(t) = e−t[Γ/2+im]|π0〉〈π0|+ |0〉〈0|, (19a)

Ê1(t) =
√

1−e−tΓ|0〉〈π0|, (19b)

while the generators of the master equation are

Ĥ = m|π0〉〈π0|, (20a)

L̂1 =
√

Γ|0〉〈π0|. (20b)

Note that the evolution ofπ0 is thus simply the ampli-
tude damping quantum operation [17] with the probability of
damping depending on time, namelyp= 1−e−tΓ. If the ini-
tial state of the system iŝρ(0) = |π0〉〈π0|, then, as expected,
the probability of detectingπ0 at the timet is

p(π0) = tr[ρ̂(t)|π0〉〈π0|] = e−tΓ, (21)

i.e., it is given by the Geiger–Nutall law.

B. The time evolution of K0 (B0)

Now, we consider the case of aK0 (B0) meson. This parti-
cle needs special treatment because during the time evolution
it transmutes into its antiparticle. Because bothK0 and B0

mesons evolve according to the same scheme, hereafter we
shall deal withK0, but the results are also valid forB0 after
appropriate changes of notation.

The Hilbert space of the kaon–vacuum systemHK0 ⊕H0
is spanned by orthonormal vectors|K0〉, |K̄0〉, and|0〉, which
are the eigenstates of the strangeness operatorŜ:

Ŝ|K0〉= |K0〉, Ŝ|K̄0〉=−|K̄0〉, Ŝ|0〉= 0. (22)

These states (except of|0〉) are not eigenstates of the opera-
tor ĈP̂, whereP̂ is the space reflection and̂C is the charge
conjugation. ThêCP̂ eigenstates|K0

1〉 and|K0
2〉,

ĈP̂|K0
1〉= |K0

1〉, ĈP̂|K0
2〉=−|K0

2〉, ĈP̂|0〉= |0〉, (23)
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are related tôSeigenstates by

|K0
1〉=

1√
2

(

|K0〉+ |K̄0〉
)

, (24a)

|K0
2〉=

1√
2

(

|K0〉− |K̄0〉
)

. (24b)

On the other hand, the time evolution operator is not diag-
onal in the basis (23) due toCP violation, but it is diagonal in
the basis (see, e.g., [26])

|K0
S〉=

1
√

1+ |ε|2
(

|K0
1〉+ ε|K0

2〉
)

, (25a)

|K0
L〉=

1
√

1+ |ε|2
(

ε|K0
1〉+ |K0

2〉
)

, (25b)

with ε being the complex CP-violation parameter,|ε| ≈
2.284×10−3 [27]. The time evolution in this basis is assumed
to follow the Weisskopff–Wigner phenomenological prescrip-
tion,

|K0
S(t)〉= e−t(imS+ΓS/2)|K0

S〉, (26a)

|K0
L(t)〉= e−t(imL+ΓL/2)|K0

L〉, (26b)

whereΓS andΓL are decay widths ofK0
S andK0

L , respectively;
mS andmL are some parameters—their physical meaning is
provided by the formulas (39). We would like to point out
that these masses cannot be the eigenvalues of a Hermitian
Hamiltonian because of a CP violation. Indeed, the basis (25)
is no longer orthonormal, since

〈K0
S|K0

L〉=
2ℜ(ε)
1+ |ε|2 ≡ δL ≈ 3.27×10−3, (27)

and these statescannot be the eigenstates of a Hermitian op-
erator.

The most convenient way of analyzing the evolution of the
density operator is to decompose it as follows:

ρ̂(t) = ρ̃SS(t)|K0
S〉〈K0

S|+ ρ̃SL(t)|K0
S〉〈K0

L |+ ρ̃S0(t)|K0
S〉〈0|

+ ρ̃∗
SL(t)|K0

L〉〈K0
S|+ ρ̃LL(t)|K0

L〉〈K0
L |+ ρ̃L0(t)|K0

L〉〈0|
+ ρ̃∗

S0(t)|0〉〈K0
S|+ ρ̃∗

L0(t)|0〉|K0
L〉+ ρ̃00(t)|0〉〈0|. (28)

The superselection rule for aK0 meson allows one to put
ρ̃S0(t) = ρ̃L0(t) = 0 for physical states.

Because the basis (25) is nonorthogonal, the matrixρ̃(t)
built from the coefficients of the decomposition (28)is not
formed from matrix elements of the density operatorρ̂(t) in
this basis, therefore one should be careful while operatingon
ρ̃(t), especially tr[ρ̂(t)] = 1 implies that

tr[ρ̃(t)] = 1−2δLℜ[ρ̃SL(t)]. (29)

(see Appendix B).
Let us denote byρ(t) the matrix formed by matrix elements

of ρ̂(t) in the orthonormal basis{|K0
1〉, |K0

2〉, |0〉}. From (25)
it follows that these two matrix representations ofρ̂(t) are
connected by

ρ(t) =Vρ̃(t)V†, (30)

where

V =





(1+ |ε|2)−1/2 ε(1+ |ε|2)−1/2 0
ε(1+ |ε|2)−1/2 (1+ |ε|2)−1/2 0

0 0 1



 . (31)

Now, we find the time evolution of the density operator in
terms of the matrix̃ρ. Using (30) we can write

ρ(t) = Stρ(0) = StVρ̃(0)V† =VS̃t ρ̃(0)V†, (32)

whereρ̃(t) = S̃t ρ̃(0) [cf. (30)].
The mapsSt must be completely positive and must form a

one-parameter semigroup. By virtue of (32) the mapsSt are
composed fromS̃t and the map (30). One can easily check
using Choi’s theorem that the map (30) is completely positive,
so the mapsSt are completely positive iff the maps̃St are also
completely positive. It is much easier to find the conditions
under which the latter maps are completely positive.

After checking the conditions for complete positivity (see
Appendix A) and taking into account the superselection rule,
we get the following time evolution of the matrix̃ρ(t):

ρ̃(t) =





e−tΓSρ̃SS(0) e−t(Γ+λ−i∆m)ρ̃SL(0) 0
e−t(Γ+λ+i∆m)ρ̃∗

SL(0) e−tΓL ρ̃LL(0) 0
0 0 ρ̃00(t)



 ,

(33)
where∆m= mL −mS (see later),Γ = (ΓS+ΓL)/2, and be-
cause of (29),

ρ̃00(t) = (1−e−tΓS)ρ̃SS(0)+ (1−e−tΓL)ρ̃LL(0)

+2δLℜ[(1−e−t(Γ+λ−i ∆m))ρ̃SL(0)]+ ρ̃00(0). (33a)

Note that, contrary to the case ofπ0, the decoherence param-
eterλ is no longer irrelevant for evolution of physical states.

The condition that the evolution of the density operator
should be completely positive requires that the inequality
[see (A9)],

δ 2
L (1−2e−t(Γ+λ )cos(t∆m)+e−2t(Γ+λ ))≤ (1−e−tΓS)(1−e−tΓL),

(34)
must be valid for anyt ≥ 0. This inequality restricts the range
of the parametersλ , ΓS, ΓL, ∆m, andδL. For the physical
values ofΓS, ΓL, ∆m, andδL for K0 mesons and corresponding
parameters forB0 mesons, inequality (34) implies an upper
bound onλ (see Sec. III).

We can write the evolution of the density operator given
by (28) and (33) in the form of the operator-sum repre-
sentation (13) with the following Kraus operators (see Ap-
pendix B):

Ê0(t) =
1

1− δ 2
L

[

e−t[(ΓS+λ )/2+imS]|K0
S〉〈K0

S|

+e−t[(ΓL+λ )/2+imL]|K0
L〉〈K0

L |− δL

(

e−t[(ΓS+λ )/2+imS]|K0
S〉〈K0

L |

+e−t[(ΓL+λ )/2+imL]|K0
L〉〈K0

S|
)]

+e−tλ/2|0〉〈0|,
(35a)
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Ê1(t) =
1

1− δ 2
L

√

1−e−tΓS− δ 2
L

∣

∣1−e−t(Γ+λ−i∆m)
∣

∣

2

1−e−tΓL

(

|0〉〈K0
S|

−δL|0〉〈K0
L |
)

, (35b)

Ê2(t) =
1

1− δ 2
L

[(

√

1−e−tΓL − δ 2
L

1−e−t(Γ+λ−i∆m)

√
1−e−tΓL

)

|0〉〈K0
L |

−δL

(

√

1−e−tΓL − 1−e−t(Γ+λ−i∆m)

√
1−e−tΓL

)

|0〉〈K0
S|
]

,

(35c)

Ê3(t) =
e−tΓS/2

√

1−e−tλ

1− δ 2
L

(

|K0
S〉〈K0

S|− δL|K0
S〉〈K0

L |
)

,

(35d)

Ê4(t) =
e−tΓL/2

√

1−e−tλ

1− δ 2
L

(

|K0
L〉〈K0

L |− δL|K0
L〉〈K0

S|
)

,

(35e)

Ê5(t) =
√

1−e−tλ |0〉〈0|. (35f)

Note that (34) ensures the reality of the square root in (35b).
The density operator̂ρ(t) fulfills the master equation (15)

with the following Lindblad operators:

L̂1 =

√

ΓS− δ 2
L |Γ+λ − i ∆m|2/ΓL

1− δ 2
L

(

|0〉〈K0
S|− δL|0〉〈K0

L |
)

,

(36a)

L̂2 =

√
ΓL − δ 2

L (Γ+λ − i ∆m)/
√

ΓL

1− δ 2
L

|0〉〈K0
L |

− δL

√
ΓL − (Γ+λ − i ∆m)/

√
ΓL

1− δ 2
L

|0〉〈K0
S|, (36b)

L̂3 =

√
λ

1− δ 2
L

(

|K0
S〉〈K0

S|− δL|K0
S〉〈K0

L |
)

, (36c)

L̂4 =

√
λ

1− δ 2
L

(

|K0
L〉〈K0

L |− δL|K0
L〉〈K0

S|
)

, (36d)

L̂5 =
√

λ |0〉〈0|, (36e)

and with the Hamiltonian of the form (this is exactly the Her-
mitian part of the Weisskopf–Wigner Hamiltonian):

Ĥ =
1

1− δ 2
L

{

mS|K0
S〉〈K0

S|+mL|K0
L〉〈K0

L |

−δL
[

(m− i ∆Γ/4)|K0
S〉〈K0

L |+(m+ i ∆Γ/4)|K0
L〉〈K0

S|
]}

,

(37)

where∆Γ = ΓS− ΓL andm= (mL +mS)/2 is the meanK0

mass (measured experimentally;m = 497.648 MeV/c2 for
K0, mB0 = 5279.4 MeV/c2 for B0 [27]):

mK0 = 〈K0|Ĥ|K0〉= m, (38a)

mK̄0 = 〈K̄0|Ĥ|K̄0〉= m. (38b)

Note thatmK0 = mK̄0, as it is required byCPT theorem.∆m is
measured by an observation ofK0 flavor oscillation. This fi-
nally gives us the interpretation ofmS andmL, which appeared
in (33), as the expectation values of Hamiltonian in|K0

L〉 and
|K0

S〉 states:

mL = 〈K0
L |Ĥ|K0

L〉= m+∆m/2, (39a)

mS= 〈K0
S|Ĥ|K0

S〉= m−∆m/2. (39b)

We would like to stress that the|K0
S〉 and|K0

L〉 are not eigen-
statesof the Hamiltonian (37).

From (33), it follows that the probabilities of detectingK0

andK̄0 are given by

pK0(t) = tr[ρ̂(t)|K0〉〈K0|] = 1+ δL

2

{

e−tΓSρ̃SS(0)+e−tΓL ρ̃LL(0)

+2ℜ
[

e−t(Γ+λ−i∆m)ρ̃SL(0)
]}

, (40a)

pK̄0(t) = tr[ρ̂(t)|K̄0〉〈K̄0|] = 1− δL

2

{

e−tΓSρ̃SS(0)+e−tΓL ρ̃LL(0)

−2ℜ
[

e−t(Γ+λ−i∆m)ρ̃SL(0)
]}

. (40b)

If the initial state is|K0〉, these probabilities are

pK0(t) =
1
4

[

e−tΓS+e−tΓL +2e−t(Γ+λ )cos(t ∆m)
]

, (41a)

pK̄0(t) =
1
4

1− δL

1+ δL

[

e−tΓS+e−tΓL −2e−t(Γ+λ )cos(t ∆m)
]

.

(41b)

The strangeness operator forK0 is Ŝ = |K0〉〈K0| −
|K̄0〉〈K̄0|, and its average is

〈Ŝ〉= tr[ρ̂(t)Ŝ] = δL
[

e−tΓSρ̃SS(0)+e−tΓL ρ̃LL(0)
]

+2ℜ
[

e−t(Γ+λ−i ∆m)ρ̃SL(0)
]

. (42)

Regardless of the initial state limt→∞〈Ŝ〉 = 0, as expected,
because in the limitt →∞ we have vacuum only. If the initial
state is|K0〉, we get

〈Ŝ〉= 1
1+ δL

(

e−t(Γ+λ ) cos(t ∆m)+
δL

2
(e−tΓS+e−tΓL)

)

.

(43)
Finally, we would like to point out that we are dealing

with the Hermitian Hamiltonian and unit-trace density oper-
ator. This assures us that there is no ambiguity in calculat-
ing either conditional or joint probabilities for the results of
measurements performed on the system. Moreover, we can
unambiguously determine the states after the projective mea-
surement using the standard quantum mechanical procedures
(i.e., the von Neumann postulate of the state reduction).

III. CP VIOLATION AND DECOHERENCE

Now, let us analyze the inequality (34) in more detail. Tak-
ing into account thatλ ≥ 0, we can treat (34) as a quadratic
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FIG. 1: The discriminant of inequality (34) as a function of time for
K0 andB0; in both cases∆ ≥ 0, implying the validity of (44).

inequality ine−t(Γ+λ ). This inequality has real solutions pro-
vided that its discriminant∆ fulfills

∆/δ 2
L = [(1−e−tΓS)(1−e−tΓL)− δ 2

L sin2(t ∆m)]≥ 0 (44)

for any t ≥ 0, where, according to [27]: ∆m =
0.5292×1010 s−1, τS ≡ 1/ΓS = 0.8953×10−10 s, τL ≡
1/ΓL = 5.18×10−8 s. ∆mB0 = 0.502×1012 s−1 (∆mB0 ≈
mB0

H
− mB0

L
), τ ≡ 1/Γ = 1.536×10−12 s, andℜ(εB0)/(1+

|εB0|2) = 0.5× 10−3. Fortunately, the inequality (44) holds
for any t ≥ 0 for both K0 and B0 mesons because the first
term rapidly grows from 0 to 1 while the second one oscil-
lates between 0 andδ 2

L ∼ 10−6 (see Fig. 1). Indeed, the series
expansion of (44) is

∆/δ 2
L ≃ [ΓSΓL − δ 2

L (∆m)2]t2+O(t3). (45)

Therefore the condition

δL ≤
√

ΓSΓL

∆m
(46)

is necessary for the existence of the solutions of inequal-
ity (34). This condition is satisfied for bothK0 andB0 mesons.

Now, let us analyze the restrictions imposed by the in-
equality (34) on the range of the decoherence parameterλ .
From (34) we have, for anyt ≥ 0,

cos(t ∆m)−
√

∆
δ 2

L

≤ e−t(Γ+λ ) ≤ cos(t ∆m)+

√
∆

δ 2
L

. (47)
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FIG. 2: The allowed region for the decoherence parameter (gray) for
K0 andB0 mesons: dashed curves are the upper and lower bound
from (48); the lower bound is always negative. The values oft+ and
λmax for K0 andB0 are given in the text.

The left inequality gives a restriction only when its left-
hand side is positive, which holds forK0 and B0 only for
t ≤ t+, where t+ ≈ 7.18517×10−12 s for K0 and t+ ≈
1.53677×10−15s forB0. Therefore

λ ≤−1
t

ln[cos(t ∆m)−
√

∆]−Γ, (48a)

λ ≥−1
t

ln[cos(t ∆m)+
√

∆]−Γ, (48b)

where the upper inequality must hold for 0≤ t ≤ t+ and the
lower one for anyt ≥ 0; moreover, as mentioned earlier,λ ≥
0. These bounds are presented in Fig. 2 forK0 andB0. Thus,
for K0 andB0,

0≤ λ ≤ λmax= inf
0≤t≤t+

(

−1
t

ln[cos(t ∆m)−
√

∆]−Γ
)

≃ 1
δL

√

ΓSΓL − δ 2
L (∆m)2−Γ,

(49)

where the last equality comes from the first-order expan-
sion. ForK0 we getλmax = 1.3629×1011 s−1 and for B0

we get λmax = 6.5039×1014 s−1. The experimental value
for the decoherence parameter in an entangledK0K̄0 system
is λ = (1.84+2.50

−2.17)×10−12 MeV = 2.80+3.80
−3.30×109 s−1 [28]

and for aB0B̄0 system isλ = (−47±76)×10−12 MeV =



7

(−0.71±1.15)×1011s−1 [29] and they fit in the allowed
range.

IV. CONCLUSIONS

In this paper, we have found the probability-preserving de-
scription of the decaying particle within the framework of
quantum mechanics of open systems, taking into account the
superselection rule prohibiting the superposition of the parti-
cle and vacuum. It has been shown that some limitations of
the Weisskopf–Wigner approach can be removed if we assume
that the particle can be found in one of its possible states as
well as in the state ofthe absence of the particle, i.e., in the
vacuumstate. In our approach the evolution of the system
is given by a family of completely positive trace-preserving
maps forming a one-parameter dynamical semigroup; thus the
Hamiltonian is Hermitianand therefore thereduced density
operator has a unit trace. It should be noted that we have
used the dynamical semigroup approach for the description
of the entire unstable particle, not only for the description
of its decoherence, as in [3, 13, 14, 15, 16]. The advantage
of the introduced approach is that there is no ambiguity in
calculating either conditional or joint probabilities forthe re-
sults of measurements performed on the system. Furthermore,
we can unambiguously determine the states after the measure-
ment using the standard quantum mechanical procedures (i.e.,
the von Neumann postulate on the state reduction). We have
also shown that there are restrictions on the possible strength
of decoherence that arise as a remarkable side effect of com-
pletely positive evolution of the particle. Moreover, we have
found the operator sum representation (Kraus representation)

for the general evolution of such systems, which allows one
to write the evolution for systems with two or more particles.
This is extremely useful if we study quantum correlations be-
tween unstable particles. Moreover, we have shown that the
decay of the particle can be regarded as a Markov process by
finding explicitly the Lindblad form of the master equation for
such a system.
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APPENDIX A: TIME DEPENDENCE OF DENSITY
MATRICES FOR K0

In this appendix we show that the evolution given by (33) is
the most general completely positive trace-preserving linear
map that possesses the semigroup property and leads to the
Weisskopff–Wigner evolution (26). This implies that we have
well-definedρ̃SS(t) = ρ̃SS(0)e−tΓS andρ̃LL(t) = ρ̃LL(0)e−tΓL .
Because kaons carry some quantum numbers like strangeness,
we impose the superselection rule from the very beginning.

The most general form of the evolution can be written in
the form

S̃t ρ̃(0) =











e−tΓSρ̃SS(0) ∑
i, j=S,L,0

Ai j (t)ρ̃i j (0) ∑
i, j=S,L,0

Bi j (t)ρ̃i j (t)

∑
i, j=S,L,0

A∗
i j (t)ρ̃∗

i j (0) e−tΓL ρ̃LL(0) ∑
i, j=S,L,0

Ci j (t)ρ̃i j (0)

∑
i, j=S,L,0

B∗
i j (t)ρ̃∗

i j (0) ∑
i, j=S,L,0

C∗
i j (t)ρ̃∗

i j (0) ∑
i, j=S,L,0

Di j (t)ρ̃i j (0)











. (A1)

The superselection rule causes that the only nonvanishing
B’s andC’s are Bi0(t), B0i(t), Ci0(t), andC0i(t); moreover,
sinceρ̃00(t) must be real,DLS(t) = D∗

SL(t), D0S(t) = D∗
S0(t),

D0L(t) = D∗
L0(t), and the otherD’s are real functions. The

initial conditions areASL(0) = BS0(0) = CL0(0) = 1 and the
other functions vanish att = 0; moreover,D00(t)≡ 1 because

the vacuum must be a fixed point of this dynamics, i.e.,

ρ(0) = |0〉〈0| ⇒ ∀t ≥ 0: ρ(t) = |0〉〈0|. (A2)

The corresponding Choi’s matrix is
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ChoiS̃t =



























e−tΓS ASS(t) 0 0 ASL(t) 0 0 AS0(t) BS0(t)
A∗

SS(t) 0 0 A∗
LS(t) 0 0 A∗

0S(t) 0 CS0(t)
0 0 DSS(t) 0 0 DSL(t) B∗

0S(t) C∗
0S(t) DS0(t)

0 ALS(t) 0 0 ALL(t) 0 0 AL0(t) BL0(t)
A∗

SL(t) 0 0 A∗
LL(t) e−tΓL 0 A∗

0L(t) 0 CL0(t)
0 0 D∗

SL(t) 0 0 DLL(t) B∗
0L(t) C∗

0L(t) DL0(t)
0 A0S(t) B0S(t) 0 A0S(t) B0L(t) 0 A00(t) B00(t)

A∗
S0(t) 0 C0S(t) A∗

L0(t) 0 C0L(t) A∗
00(t) 0 C00(t)

B∗
S0(t) C∗

S0(t) D∗
S0(t) B∗

L0(t) C∗
L0(t) D∗

L0(t) B∗
00(t) C∗

00(t) 1



























(A3)

The positivity of this matrix requires that from the functions
A’s, B’s, andC’s the only nonvanishing functions areASL(t),
BS0(t), andCL0(t). Moreover, the condition on the trace of
ρ̂(t) implies that tr[ρ(t)] = tr[Vρ̃(t)V†] = 1, so we have

[e−tΓS+DSS(t)]ρ̃SS(0)+ [e−tΓL +DLL(t)]ρ̃LL(0)

+2ℜ{[δLASL(t)+DSL(t)]ρ̃SL(0)}
+2ℜ[DS0(t)ρ̃S0(0)]+2ℜ[DL0(t)ρ̃L0(0)]

= ρ̃SS(0)+ ρ̃LL(0)+2δLℜ[ρ̃SL(0)]. (A4)

Because this equation must be valid for anyρ̂(0), this implies
thatDi0(t) = 0 for i 6= 0, and

D00(t)≡ 1, (A5a)

DSS(t) = 1−e−tΓS, (A5b)

DLL(t) = 1−e−tΓL , (A5c)

DSL(t) = δL[1−ASL(t)]. (A5d)

Therefore, the matrix (A3) is positive, provided that

|ASL(t)|2 ≤ e−t(ΓS+ΓL), (A6a)

|BS0(t)|2 ≤ e−tΓL , (A6b)

|CL0(t)|2 ≤ e−tΓS, (A6c)

|BS0(t)|2e−tΓL + |CL0(t)|2e−tΓS+ |ASL(t)|2

−2ℜ[ASL(t)B
∗
S0(t)CL0(t)]≤ e−t(ΓS+ΓL), (A6d)

and

|DSL(t)|2 ≤ DSS(t)DLL(t). (A6e)

Taking into account the composition law for theSt super-
operator and (A6a)–(A6c), we get

ASL(t) = e−t[(ΓS+ΓL)/2+a−iµSL], (A7a)

BS0(t) = e−t[ΓS/2+b+iµS], (A7b)

CL0(t) = e−t[ΓL/2+c+iµL], (A7c)

wherea,b,c,µSL,µS,µL ≥ 0. Now, one can observe that the
concrete time dependence of the functionsBS0(t) andCL0(t) is
irrelevant, since the superselection rule requires thatρ̃S0(0) =

ρ̃L0(0) = 0 and, therefore,̃ρS0(t) andρ̃L0(t) still remain van-
ishing (as required), so, without loss of any generality, we
can choosea = b = c = λ andµS = mS, µL = mL, and then
µSL= ∆m. Thus, finally, we can put

ASL(t) = e−t[(ΓS+ΓL)/2+λ−i ∆m], (A8a)

BS0(t) = e−t[ΓS/2+λ+imS], (A8b)

CL0(t) = e−t[ΓL/2+λ+imL], (A8c)

and, consequently,

DSL(t) = δL

(

1−e−t[(ΓS+ΓL)/2+λ−i ∆m]
)

. (A8d)

Now, taking the solutions (A5a)–(A5c) and (A8), one can
easily see that among conditions (A6) for positivity of the
matrix ChoiS̃t the only one that is not identically fulfilled
is (A6e); it can be written in the form

δ 2
L

∣

∣

∣1−e−t[(ΓS+ΓL)/2+λ−i ∆m]
∣

∣

∣

2
≤ (1−e−tΓS)(1−e−tΓL),

(A9)
for anyt ≥ 0.

APPENDIX B: OPERATOR SUM REPRESENTATION FOR
EVOLUTION OF K0

Let us denote

g≡V†V =





1 δL 0
δL 1 0
0 0 1



 . (B1)

We have

tr[ρ(t)] = tr[ρ̃(t)g], (B2)

and therefore we can easily find Eq. (29).
Now, let us find the operator sum representation for the evo-

lution given by the map (33). Let us define the set of matrices
Ĕi(t), such that

ρ̃(t) = ∑
i

Ĕi(t)ρ̃(0)Ĕ†
i (t). (B3)
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After a little algebra, we find that the matricesĔi(t) are

Ĕ0(t) =





e−t[(ΓS+λ )/2+imS] 0 0
0 e−t[(ΓL+λ )/2+imL] 0
0 0 e−tλ/2



 ,

(B4a)

Ĕ1(t) =

√

1−e−tΓS− δ 2
L

∣

∣1−e−t(Γ+λ−i∆m)
∣

∣

2

1−e−tΓL





0 0 0
0 0 0
1 0 0



 ,

(B4b)

Ĕ2(t) =
√

1−e−tΓL







0 0 0
0 0 0

δL
1−e−t(Γ+λ−i∆m)

1−e−tΓL
1 0






, (B4c)

Ĕ3(t) = e−tΓS/2
√

1−e−tλ





1 0 0
0 0 0
0 0 0



 , (B4d)

Ĕ4(t) = e−tΓL/2
√

1−e−tλ





0 0 0
0 1 0
0 0 0



 , (B4e)

Ĕ5(t) =
√

1−e−tλ





0 0 0
0 0 0
0 0 1



 . (B4f)

These matrices can be helpful in finding the Kraus operators
Êi(t). Indeed,

∑
i

VĔi(t)ρ̃(0)Ĕ†
i (t)V

† = ρ(t) = ∑
i

Ei(t)ρ(0)E†
i (t), (B5)

where matrices on the right-hand side are written in the or-
thonormal basis (23). This gives

Ei(t) =VĔi(t)V
−1. (B6)

More interesting than finding explicitly the matricesEi(t)’s
is finding the decomposition of̂Ei(t) into the sum

Êi(t) = Ẽi(t)SS|K0
S〉〈K0

S|+ Ẽi(t)SL|K0
S〉〈K0

L |+ Ẽi(t)S0|K0
S〉〈0|

+ Ẽi(t)LS|K0
L〉〈K0

S|+ Ẽi(t)LL|K0
L〉〈K0

L |+ Ẽi(t)L0|K0
L〉〈0|

+ Ẽi(t)0S|0〉〈K0
S|+ Ẽi(t)0L|0〉〈K0

L |+ Ẽi(t)00|0〉〈0|.
(B7)

Using Eqs. (25) and (B6), we get finally that

Ẽi(t) =V−1Ei(t)V
−1† = Ĕi(t)g

−1. (B8)

[1] J. S. Bell, Physics1, 195 (1965).
[2] R. A. Bertlmann and B. C. Hiesmayr, Phys. Rev. A63, 062112

(2001).
[3] R. A. Bertlmann, quant-ph/0410028.
[4] A. Go, J. Mod. Opt.51, 991 (2004).
[5] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev.47, 777

(1935).
[6] D. Bohm, Quantum Theory(Prentice–Hall, Englewood Cliffs,

NJ, 1951).
[7] V. Weisskopf and E. Wigner, Z. Phys.63, 54 (1930).
[8] V. Weisskopf and E. Wigner, Z. Phys.65, 18 (1930).
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